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Abstract. Let k be a commutative ring and assume that R is a commutative k-algebra. Let Ω2 (R) be the second
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1. INTRODUCTION

In order to prove conclusions about algebraic sets and their coordinate rings, one of the meth-

ods is to study the universal module of differential operators. This ideas of studying the uni-

versal module may decrease questions about algebras to questions of module theory. The idea

of using the universal module goes as far back as [6] which was proved some propeties of

Ω1 (R) . The universal modules of higher differential operators of an algebra were introduced

by [10]. After on the like thought has appeared in [4] and [7]. During the recent years, subject

of universal modules of high order differential operators has studied by [1]. In this study, it was
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acquired important outcomes about projective dimension of universal modules and he show that

if R = k [x1,x2, ...,xs] and I is an ideal of R generated by f ∈ R, then, pd (Ω2 (R/I)) ≤ 1. Also

in [1], the author has speak of exterior powers of universal derivation modules. In [3], it was

indicated that, if R is an affine algebra then, there is a split exact sequence of R-modules. In

[8], the authors were also remarked that some substantial results on the universal modules and

in [9],has studied universal modules of finitely generated algebras. In [2], given any R-module

B, there is an R-module Ji (B) and a differential operator ∆i : B→ Ji (B) of order i which is uni-

versal with regard to that for any R-module T and any differential operator D : B→ T of order

≤ i, there is a unique R-homomorphism v : Ji (B)→ T such that, D = v∆i. In [5], it was stated

that a differential operator d of order i if d (1) = 0. For a diversified consideration of a higher

derivation you can see [5].

The purpose of this study is introduced second order exterior derivation on high order univer-

sal modules. We will construct the second order exterior derivation on high order universal mod-

ules of commutative ring extension R/k and show their fundamental properties. In particular our

exact sequence of high order universal modules were not known related to regularity of the com-

mutative rings. Throughout this paper, unless the contrary is stated explicitly, we will let R be a

commutative algebra over an algebraically closed field k with charasteristic zero. When R is a

k-algebra, Jn (R/k) or Jn (R) denotes the universal module of n-th order differentials of R over k

and Ω(q) (R/k) denotes the module of q-th order universal modules of R over k and δ
(q)
R/k or δ

(q)

denotes the canonical q-th order k-derivation R→Ω(q) (R/k) of R. The pair
{

Ω(q) (R/k) ,δ (q)
R/k

}
has the universal mapping property with respect to the q-th order k-derivations of R. IR/k or IR

denotes the kernel of the canonical mapping R⊗k R→ R(a⊗b→ ab). Ω(q) (R/k) is identified

with IR/Iq+1
R . It ıs very well known that Jn (R) u Ωn (R)+R. Ω(q) (R/k) is generated by the

set
{

δ
(q) (r) : r ∈ R

}
. Therefore, if R is finitely generated k-algebra, then Ω(q) (R/k) will be a

finitely produced R-module.

2. PRELIMINARIES

Let M and N be R-modules. A bilinear map γ : M×M→N is named alternating if γ ((m,m))=

0 for any m ∈M. Let M⊗R M be the tensor product of M with itself and let U be the submod-

ule of M⊗R M generated by the elements of the form m⊗m where m ∈ M. Bear in mind the
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following factor module

Λ
2 (M) := (M⊗R M)/U

Definition 1. The module Λ2 (M) is said to be the second exterior power of M.[1]

Lemma 1. Let N be an R-module and γ : M×M→ N be a linear alternating map. Then,there

exist an R-module homomorphism f : Λ2 (M)→ N such that the following diagram

M×M
γ→ N

Λ↘ ↗ f

Λ2 (M)

commutes.[5]

Proposition 1. Let M be an R-module and N be a submodule of M and that LN is the submodule

of Λ2 (M) generated by the set

{mΛn : m ∈M and n ∈ N} .

Then,there is an R-module isomorphism

Λ
2 (M)/LN u Λ

2 (M/N) .[1]

Lemma 2. Let K be a commutative k-algebra.We assume that, Ω1 (K) is the universal module

of derivations of K with the universal derivation ∆ : K→Ω1 (K) . Then, the map

D : Ω1 (K)→ Λ
2 (Ω1 (K)) , D

(
∑

i
ai∆bi

)
= ∑

i
∆aiΛ∆bi

is a differential operator of order 1 on Ω1 (K) where ai,bi ∈ K. [11]

Proposition 2. There is a split exact sequence of R-modules

0→Ω2→ J1 (Ω1)→ Λ
2 (Ω1)→ 0.[3]

Proposition 3. Assume that Jm (Ωn (R)) is the universal module of differential operators of

order m on Ωn (R) with the universal differential ∆m. Then, there exist a unique R-module
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homomorphism θ : Ωm+n (R)→ Jm (Ωn (R)) where ∑i aidm+n (bi)→ ∆m (∑i aidm+n (bi)) such

that the following diagram

R dn→ Ωn (R)

↓ dm+n ↓ ∆n

Ωm+n (R)
θ→ Jm (Ωn (R))

commutes.[1]

Remark 1. Let R be a k-algebra and θ : Ωm+n (R)→ Jm (Ωn (R)) be an R−module homomor-

phism given in proposition 3. Then, we have an exact esquence of R-modules as follows

0→ kerθ
i→Ωm+n (R)

θ→ Jm (Ωn (R))
p→ cokerθ → 0

where i is the inlusion map and p is the natural surjection Jm (Ωn (R))→ Jm (Ωn (R))/ Imθ .[1]

Under favour of this test, the which condition kerθ = 0 and cokerθ = 0 is found in the

following result.

Proposition 4. Assume that R is a regular local ring with dimension s. Then, θ is injective.[1]

Theorem 1. Let I is the kernel of R-module homomorphism R⊗k R→ R. Then, there exist an

R-module isomorphism Ωn (R)' I/In+1.[4]

Theorem 2. If R regular and m = n = 1, then Ωm+n (R)' Jm (Ωn (R)) with dimension 1.[1]

Lemma 3. Let R = k [x1,x2, ...,xs] be an affine k-algebra. Then, there is a short exact squence

of R-modules

0→ kerθ 1→ J2 (Ω2 (R))
θ 1→Ω2 (R)→ 0.[12]

Lemma 4. Let R = k [x1,x2, ...,xs] be an affine k-algebra. Then,

Ω2 (R)
∆2→ J2 (Ω2 (R))

α→ Λ
2 (Ω2 (R))→ 0

is an exact sequence of R-modules.[12]



SECOND EXTERIOR DERIVATION OF HIGH ORDER UNIVERSAL MODULES 5

3. MAIN CONCLUSIONS

Throughout this study, R denotes a commutative algebra over an algebrically closed field

k with characteristic zero. In this section, we inspired from Lemma 2 and we introduced a

generalized version of Lemma 2 for Ω2 (R). Afterwards, we we define the function Ω2 (R)→

Λ2 (Ω2 (R)) of second order exterior derivation and investigate the homological properties of

Λ2 (Ω2 (R)) .

Lemma 5. Let R be a commutative k-algebra. Suppose that Ω2 (R) is the universal module of

derivations of R with universal derivations d2 : R→Ω2 (R) .Then, the map

D2 : Ω2 (R)→ Λ
2 (Ω2 (R)) ,∑

i
aid2 (bi)→ D2

(
∑

i
aid2 (bi)

)
= ∑

i
d2 (ai)Λd2 (bi)

is a differential operator of order 2 on Ω2 (R) where ai,bi ∈ R.

Proof. Let R⊗k R ω→Λ2 (Ω2 (R)) denote the k-linear map. ω
(
∑i, j ai⊗b j

)
=∑i, j d2 (ai)Λd2

(
b j
)

and assume that ∑i, j ai⊗b j ∈ I,∑i, j a
′
i⊗b

′
j ∈ I,∑i, j a

′′
i ⊗b

′′
j ∈ I. Here µ : R⊗k R→R,µ

(
∑i, j ai⊗b j

)
=

∑i, j aib j and I = ker µ. Then, since ∑i, j aib j =∑i, j a
′
ib
′
j =∑i, j a

′′
i b
′′
j = 0, for ker µ = I, there exist

a R-module homomorphism Ψ : I/I3→ Λ2 (Ω2 (R)) such that the following diagram

R⊗R ω→ Λ2 (Ω2 (R))

↘ ↗Ψ

I/I3

commutes. Now, we must show that ω
(
I3)= 0. We know that

∑
i, j

(
aia

′
ia
′′
i ⊗b ja

′
jb
′′
j

)
∈ I3.
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Then, we have

ω

(
∑aa

′
a
′′⊗bb

′
b′′
)
= ∑d2

(
aa
′
a
′′
)

Λd2

(
bb
′
b′′
)

= ∑

 (
ad2

(
a
′
a
′′
)
+a

′
d2

(
aa
′′
)
+a

′′
d2

(
aa
′
)
−aa

′
d2

(
a
′′
)
−aa

′′
d2

(
a
′
)
−a

′
a
′′
d2 (a)

)
Λ

((
bd2

(
b
′
b
′′
)
+b

′
d2

(
bb
′′
)
+b

′′
d2

(
bb
′
)
−bb

′
d2

(
b
′′
)
−bb

′′
d2

(
b
′
)
−b

′
b
′′
d2 (b)

))


= ∑abd2

(
a
′
a
′′
)

Λd2

(
b
′
b
′′
)
+∑ab

′
d2

(
a
′
a
′′
)

Λd2

(
bb
′′
)
+∑ab

′′
d2

(
a
′
a
′′
)

Λd2

(
bb
′
)

−∑abb
′
d2

(
a
′
a
′′
)

Λd2

(
b
′′
)
−∑abb

′′
d2

(
a
′
a
′′
)

Λd2

(
b
′
)
−∑ab

′
b
′′
d2

(
a
′
a
′′
)

Λd2 (b)

+∑a
′
bd2

(
aa
′′
)

Λd2

(
b
′
b
′′
)
+∑a

′
b
′
d2

(
aa
′′
)

Λd2

(
bb
′′
)
+∑a

′
b
′′
d2

(
aa
′′
)

Λd2

(
bb
′
)

−∑a
′
bb
′
d2

(
aa
′′
)

Λd2

(
b
′′
)
−∑a

′
bb
′′
d2

(
aa
′′
)

Λd2

(
b
′
)
−∑a

′
b
′
b
′′
d2

(
aa
′′
)

Λd2 (b)

+∑a
′′
bd2

(
aa
′
)

Λd2

(
b
′
b
′′
)
+∑a

′′
b
′
d2

(
aa
′
)

Λd2

(
bb
′′
)
+∑a

′′
b
′′
d2

(
aa
′
)

Λd2

(
bb
′
)

−∑a
′′
bb
′
d2

(
aa
′
)

Λd2

(
b
′′
)
−∑a

′′
bb
′′
d2

(
aa
′
)

Λd2

(
b
′
)
−∑a

′′
b
′
b
′′
d2

(
aa
′
)

Λd2 (b)

−∑aa
′
bd2

(
a
′′
)

Λd2

(
b
′
b
′′
)
−∑aa

′
b
′
d2

(
a
′′
)

Λd2

(
bb
′′
)
−∑aa

′
b
′′
d2

(
a
′′
)

Λd2

(
bb
′
)

+∑aa
′
bb
′
d2

(
a
′′
)

Λd2

(
b
′′
)
+∑aa

′
bb
′′
d2

(
a
′′
)

Λd2

(
b
′
)
+∑aa

′
b
′
b
′′
d2

(
a
′′
)

Λd2 (b)

−∑aa
′′
bd2

(
a
′
)

Λd2

(
b
′
b
′′
)
−∑aa

′′
b
′
d2

(
a
′
)

Λd2

(
bb
′′
)
−∑aa

′′
b
′′
d2

(
a
′
)

Λd2

(
bb
′
)

+∑aa
′′
bb
′
d2

(
a
′
)

Λd2

(
b
′′
)
+∑aa

′′
bb
′′
d2

(
a
′
)

Λd2

(
b
′
)
+∑aa

′′
b
′
b
′′
d2

(
a
′
)

Λd2 (b)

−∑a
′
a
′′
bd2 (a)Λd2

(
b
′
b
′′
)
−∑a

′
a
′′
b
′
d2 (a)Λd2

(
bb
′′
)
−∑a

′
a
′′
b
′′
d2 (a)Λd2

(
bb
′
)

+∑a
′
a
′′
bb
′
d2 (a)Λd2

(
b
′′
)
+∑a

′
a
′′
bb
′′
d2 (a)Λd2

(
b
′
)
+∑a

′
a
′′
b
′
b
′′
d2 (a)Λd2 (b) .

If we rearrange the terms for above identity, the expression is reduced to as below:

ω

(
∑aa

′
a
′′⊗bb

′
b′′
)
= ∑d2

(
aa
′
a
′′
)

Λd2

(
bb
′
b′′
)

= ∑ab
′
d2

(
a
′
a
′′
)

Λd2

(
bb
′′
)
+∑ab

′′
d2

(
a
′
a
′′
)

Λd2

(
bb
′
)
−∑a

′
b
′
b
′′
d2

(
aa
′′
)

Λd2 (b)

+∑a
′
bd2

(
aa
′′
)

Λd2

(
b
′
b
′′
)
+∑a

′
b
′′
d2

(
aa
′′
)

Λd2

(
bb
′
)
−∑a

′
bb
′′
d2

(
aa
′′
)

Λd2

(
b
′
)

+∑a
′′
bd2

(
aa
′
)

Λd2

(
b
′
b
′′
)
+∑a

′′
b
′
d2

(
aa
′
)

Λd2

(
bb
′′
)
−∑a

′′
bb
′
d2

(
aa
′
)

Λd2

(
b
′′
)

−∑aa
′
b
′′
d2

(
a
′′
)

Λd2

(
bb
′
)
−∑aa

′′
b
′
d2

(
a
′
)

Λd2

(
bb
′′
)
−∑a

′
a
′′
bd2 (a)Λd2

(
b
′
b
′′
)
.

According to definition of exterir derivation, we construct all terms for previous equation as

noted below
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ω

(
∑aa

′
a
′′⊗bb

′
b′′
)
= ∑d2

(
aa
′
a
′′
)

Λd2

(
bb
′
b′′
)

= ab
′
[(

a
′
d2

(
a
′′
)
−a

′′
d2

(
a
′
))

Λ

(
bd2

(
b
′′
)
−b

′′
d2 (b)

)]
+ab

′′
[(

a
′
d2

(
a
′′
)
−a

′′
d2

(
a
′
))

Λ

(
bd2

(
b
′
)
−b

′
d2 (b)

)]
−a

′
b
′
b
′′
[(

ad2

(
a
′′
)
−a

′′
d2 (a)

)
Λd2 (b)

]
+a

′
b
[(

ad2

(
a
′′
)
−a

′′
d2 (a)

)
Λ

(
b
′
d2

(
b
′′
)
−b

′′
d2

(
b
′
))]

+a
′
b
′′
[(

ad2

(
a
′′
)
−a

′′
d2 (a)

)
Λ

(
bd2

(
b
′
)
−b

′
d2 (b)

)]
−a

′
bb
′′
[(

ad2

(
a
′′
)
−a

′′
d2 (a)

)
Λd2

(
b
′
)]

+a
′′
b
[(

ad2

(
a
′
)
−a

′
d2 (a)

)
Λ

(
b
′
d2

(
b
′′
)
−b

′′
d2

(
b
′
))]

+a
′′
b
′
[(

ad2

(
a
′
)
−a

′
d2 (a)

)
Λ

(
bd2

(
b
′′
)
−b

′′
d2 (b)

)]
−a

′′
bb
′
[(

ad2

(
a
′
)
−a

′
d2 (a)

)
Λd2

(
b
′′
)]

−aa
′
b
′′
[
d2

(
a
′′
)

Λ

(
bd2

(
b
′
)
−b

′
d2 (b)

)]
−aa

′′
b
′
[
′
d2

(
a
′
)

Λ

(
bd2

(
b
′′
)
−b

′′
d2 (b)

)]
−a

′
a
′′
b
[
d2 (a)Λ

(
b
′
d2

(
b
′′
)
−b

′′
d2

(
b
′
))]

.

Now, we will product the terms considering the exterior product, hence we have,

ω

(
∑aa

′
a
′′⊗bb

′
b′′
)
= ∑d2

(
aa
′
a
′′
)

Λd2

(
bb
′
b′′
)

= ab
′
[
a
′
bd2

(
a
′′
)

Λd2

(
b
′′
)
−a

′
b
′′
d2

(
a
′′
)

Λd2 (b)−a
′′
bd2

(
a
′
)

Λd2

(
b
′′
)
−a

′′
b
′′
d2

(
a
′
)

Λd2 (b)
]

+ab
′′
[
a
′
bd2

(
a
′′
)

Λd2

(
b
′
)
−a

′
b
′
d2

(
a
′′
)

Λd2 (b)−a
′′
bd2

(
a
′
)

Λd2

(
b
′
)
+a

′′
b
′
d2

(
a
′
)

Λd2 (b)
]

−a
′
b
′
b
′′
[
ad2

(
a
′′
)

Λd2 (b)−a
′′
d2 (a)Λd2 (b)

]
+a

′
b
[
ab
′
d2

(
a
′′
)

Λd2

(
b
′′
)
−ab

′′
d2

(
a
′′
)

Λd2

(
b
′
)
−a

′′
b
′
d2 (a)Λd2

(
b
′′
)
+a

′′
b
′′
d2 (a)Λd2

(
b
′
)]

+a
′
b
′′
[
abd2

(
a
′′
)

Λd2

(
b
′
)
−ab

′
d2

(
a
′′
)

Λd2 (b)−a
′′
bd2 (a)Λd2

(
b
′
)
+a

′′
b
′
d2 (a)Λd2 (b)

]
−a

′
bb
′′
[
ad2

(
a
′′
)

Λd2

(
b
′
)
−a

′′
d2 (a)Λd2

(
b
′
)]

+a
′′
b
[
ab
′
d2

(
a
′
)

Λd2

(
b
′′
)
−ab

′′
d2

(
a
′
)

Λd2

(
b
′
)
−a

′
b
′
d2 (a)Λd2

(
b
′′
)
+a

′
b
′′
d2 (a)Λd2

(
b
′
)]

+a
′′
b
′
[
abd2

(
a
′
)

Λd2

(
b
′′
)
−ab

′′
d2

(
a
′
)

Λd2 (b)−a
′
bd2 (a)Λd2

(
b
′′
)
+a

′
b
′′
d2 (a)Λd2 (b)

]
−a

′′
bb
′
[
ad2

(
a
′
)

Λd2

(
b
′′
)
−a

′
d2 (a)Λd2

(
b
′′
)]

−aa
′
b
′′
[
bd2

(
a
′′
)

Λd2

(
b
′
)
−b

′
d2

(
a
′′
)

Λd2 (b)
]

−aa
′′
b
′
[
bd2

(
a
′
)

Λd2

(
b
′′
)
−b

′′
d2

(
a
′
)

Λd2 (b)
]

−a
′
a
′′
b
[
b
′
d2 (a)Λd2

(
b
′′
)
−b

′′
d2 (a)Λd2

(
b
′
)]

.
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If we use some basic mathematical operations, we obtain

ω

(
∑aa

′
a
′′⊗bb

′
b′′
)
= ∑d2

(
aa
′
a
′′
)

Λd2

(
bb
′
b′′
)

ab
′
a
′
bd2

(
a
′′
)

Λd2

(
b
′′
)
−ab

′
a
′
b
′′
d2

(
a
′′
)

Λd2 (b)−ab
′
a
′′
bd2

(
a
′
)

Λd2

(
b
′′
)
−ab

′
a
′′
b
′′
d2

(
a
′
)

Λd2 (b)

+ab
′′
a
′
bd2

(
a
′′
)

Λd2

(
b
′
)
−ab

′′
a
′
b
′
d2

(
a
′′
)

Λd2 (b)−ab
′′
a
′′
bd2

(
a
′
)

Λd2

(
b
′
)
+ab

′′
a
′′
b
′
d2

(
a
′
)

Λd2 (b)

−a
′
b
′
b
′′
ad2

(
a
′′
)

Λd2 (b)+a
′
b
′
b
′′
a
′′
d2 (a)Λd2 (b)

a
′
bab

′
d2

(
a
′′
)

Λd2

(
b
′′
)
−a

′
bab

′′
d2

(
a
′′
)

Λd2

(
b
′
)
−a

′
ba
′′
b
′
d2 (a)Λd2

(
b
′′
)
+a

′
ba
′′
b
′′
d2 (a)Λd2

(
b
′
)

+a
′
b
′′
abd2

(
a
′′
)

Λd2

(
b
′
)
−a

′
b
′′
ab
′
d2

(
a
′′
)

Λd2 (b)−a
′
b
′′
a
′′
bd2 (a)Λd2

(
b
′
)
+a

′
b
′′
a
′′
b
′
d2 (a)Λd2 (b)

−a
′
b
′
b
′′
ad2

(
a
′′
)

Λd2 (b)+a
′
b
′
b
′′
a
′′
d2 (a)Λd2 (b)

+a
′
bab

′
d2

(
a
′′
)

Λd2

(
b
′′
)
−a

′
bab

′′
d2

(
a
′′
)

Λd2

(
b
′
)
−a

′
ba
′′
b
′
d2 (a)Λd2

(
b
′′
)
+a

′
ba
′′
b
′′
d2 (a)Λd2

(
b
′
)

+a
′
b
′′
abd2

(
a
′′
)

Λd2

(
b
′
)
−a

′
b
′′
ab
′
d2

(
a
′′
)

Λd2 (b)−a
′
b
′′
a
′′
bd2 (a)Λd2

(
b
′
)
+a

′
b
′′
a
′′
b
′
d2 (a)Λd2 (b)

−a
′′
bb
′
ad2

(
a
′′
)

Λd2

(
b
′
)
+a

′′
bb
′
a
′′
d2 (a)Λd2

(
b
′
)

−aa
′
b
′′
bd2

(
a
′′
)

Λd2

(
b
′
)
+aa

′
b
′′
b
′
d2

(
a
′′
)

Λd2 (b)

−aa
′′
b
′
bd2

(
a
′
)

Λd2

(
b
′′
)
+aa

′′
b
′
b
′′
d2

(
a
′
)

Λd2 (b)

−a
′
a
′′
bb
′
d2 (a)Λd2

(
b
′′
)
+a

′
a
′′
bb
′′
d2 (a)Λd2

(
b
′
)

= 0.

Therefore, we construct our main aim such that ω
(
I3)= 0. �

Let R⊗k R ω→ Λ2 (Ω2 (R)) denote the k-linear map

ω

(
∑

i
bi⊗ai

)
= ∑

i
d2 (bi)Λd2 (ai)

and assume that ∑i bi⊗ai ∈ J and ∑ j b
′
j⊗a

′
j ∈ J . Then, since ∑i biai = ∑ j b

′
ja
′
j = 0, it follows

that

ω

(
∑
i, j

bib
′
j⊗aia

′
j

)
=

(
∑
i, j

bia
′
jd2

(
b
′
j

)
Λd2 (ai)+b

′
jaid2 (bi)Λd2

(
a
′
j

))
.

We know that,

∑
i
(bid2 (ai)+aid2 (bi)) = ∑

j
b
′
jd2

(
a
′
j

)
+a

′
jd2

(
b
′
j

)
= 0

the latter two terms cancel each other. Hence, ωJ2 = 0 and one verifies directly that induced

map

J/J2→ Λ
2 (Ω2 (R))
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is the restriction to degree 2 of an exterior derivation of Λ2 (Ω2 (R)) .Let R be a k-algebra and

Ω2 (R) be the universal module of second order derivation of R. Let J2 (Ω2 (R)) be the universal

module of differantial operators of order less than or equal to 2 on Ω2 (R) with the univer-

sal differantial operator ∆2 : Ω2 (R)→ J2 (Ω2 (R)) . Recall from [1], there exist θ : Ω3 (R)→

J2 (Ω2 (R)) such that the following diagram

R
d2→ Ω2 (R)

↓ d3 ↓ ∆2

Ω3 (R) →
θ

J2 (Ω2 (R))

commutes. Let D2 : Ω2 (R)→ Λ2 (Ω2 (R)) where D2 (∑i aid2 (bi)) = ∑i d2 (ai)Λd2 (bi) . By the

universal property of J2 (Ω2 (R)) , there is a R-module homomorphism

β : J2 (Ω2 (R))→ Λ
2 (Ω2 (R))

such that the following diagram

Ω2 (R)
D2→ Λ2 (Ω2 (R))

∆2↘ ↗ β

J2 (Ω2 (R))

commutes.

Proposition 5. Let S be an affine algebra presented by S = R/I and R = k [x1,x2, ...,xs] . Then,

there is a split exact sequence

Ω3 (S)
θ→ J2 (Ω2 (S))

β→ Λ
2 (Ω2 (S))→ 0.

Proof. First of all we must show that β is surjective. Let R be a commutative algebra with

unity and Ω2 (R) be the universal module of second order derivation of R. For xi,x j,xk,xl ∈ R,

m,n, t,r = 0,1,2 and 1≤ i, j,k, l ≤ s the map

Ã2 : Ω2 (R)→ Λ
2 (Ω2 (R)) , where Ã2

(
∑

i, j,k,l
xm

i xn
jd2
(
xt

kxr
l
))

= ∑
i, j,k,l

d2
(
xm

i xn
j
)

Λd2
(
xt

kxr
l
)

is a second order differential operator identify on Ω2 (R) . Since universal property of J2 (Ω2 (R)) ,

there exist a unique an R-module homomorphism β : J2 (Ω2 (R))→Λ2 (Ω2 (R)) such that β∆2 =
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Ã2 and the following diagram

Ω2 (R)
Ã2→ Λ2 (Ω2 (R))

∆2↘ ↗ β

J2 (Ω2 (R))

commutes. Since

β∆2 =
(
xm

i xn
jd2
(
xt

kxr
l
))

= Ã2
(
xm

i xn
jd2
(
xt

kxr
l
))

= d2
(
xm

i xn
j
)

Λd2
(
xt

kxr
l
)
,

β is surjective. Now, we shall show that Imθ = kerβ . We know that Imθ generated by the set

θ (d3 (xi)) ,θ
(
d3
(
xix j
))

,θ
(
d3
(
xix jxk

))
for i, j,k = 1,2, ...,s. Therefore, we can write the following equality

d2 (xi)Λd2
(
x jxk

)
+d2

(
x j
)

Λd2 (xixk)+d2 (xk)Λd2
(
xix j
)
+d2

(
xix j
)

Λd2 (xk)

+d2 (xixk)Λd2
(
x j
)
+d2

(
x jxk

)
Λd2 (xi) = 0.

Hence, we have

βθ (d3 (xi)) = β (∆2 (d2 (xi))) = D2 (d2 (xi)) = d2 (1)Λd2 (xi) = 0

βθ
(
d3
(
xix j
))

= β
(
∆2
(
d2
(
xix j
)))

= D2
(
d2
(
xix j
))

= d2 (1)Λd2
(
xix j
)
= 0

βθ
(
d3
(
xix jxk

))
= β

(
∆2
(
d2
(
xix jxk

)))
= D2

(
d2
(
xix jxk

))
= D2

[
xid2

(
x jxk

)
+ x jd2 (xixk)+ xkd2

(
xix j
)
− xix jd2 (xk)− xixkd2

(
x j
)
− x jxkd2 (xi)

]
βθ
(
d3
(
xix jxk

))
= β

(
∆2
(
d2
(
xix jxk

)))
= D2

(
d2
(
xix jxk

))
= D2

[
xid2

(
x jxk

)
+ x jd2 (xixk)+ xkd2

(
xix j
)
− xix jd2 (xk)− xixkd2

(
x j
)
− x jxkd2 (xi)

]
= d2 (xi)Λd2

(
x jxk

)
+d2

(
x j
)

Λd2 (xixk)+d2 (xk)Λd2
(
xix j
)

−d2
(
xix j
)

Λd2 (xk)−d2 (xixk)Λd2
(
x j
)
−d2

(
x jxk

)
Λd2 (xi) = 0.

We have an induced map p : J2 (Ω2 (S))/ Imθ → Λ2 (Ω2 (S)) defined by

p
(
∆2
(
xid2

(
x jxk

)))
= d2 (xi)Λd2

(
x jxk

)
.



SECOND EXTERIOR DERIVATION OF HIGH ORDER UNIVERSAL MODULES 11

Now suppose that Λ2F and LN are defined as [1] and Λ2 (Ω2 (S)) = S = LN . Here, J2 (Ω2 (S))/

Imθ is generated by the set{
∆2

(
xid2

(
x jxk

))
: 1≤ i < j < k ≤ s

}
.

We can define a map

q : Λ
2F → J2 (Ω2 (S))/ Imθ , q

(
d2 (xα)Λd2

(
xβ

))
= ∆2

(
xαd2

(
xβ

))
.

Thus, if { fk} is generating set for I , then we have

q(d2 ( fk)Λd2 (xα)) = q

(
∑

i

∂ fk

∂xi
d2 (xi)Λd2 (xα)

)

= ∑
i

∂ fk

∂xi
∆2 (xid2 (xα))

= ∆2 ( fkd2 (xα))

= 0.

Hence, q(LN) = 0. Therefore, q induces an S-module homomorphism and

q : Λ
2 (F/LN)→ J2 (Ω2 (S))/ Imθ ,q

(
d2 (xα)Λd2

(
xβ
))

= ∆2
(
xαd2

(
xβ
))
.

It is evident that, qp and pq are the identitier. So, ker p= kerβ/ Imθ and thus, kerβ = Imθ . �

Example 1. Let R = k [x,y] polynomial algebra and I be an ideal of R such that, generating by

elements f = y2− x3. Let S = k [x,y]/( f ) . Here Ω2 (S) = F/LN and F is a free S-module with

basis {
d2 (x) ,d2 (y) ,d2 (xy) ,d2

(
x2) ,d2

(
y2)}

and LN is a submodule of Λ2 (F) generated by the set

{d2 ( f ) ,d2 (x f ) ,d2 (y f )} .

Since

d2 ( f ) = d2
(
y2)−3xd2

(
x2)+3x2d2 (x)

d2 (x f ) = xd2
(
y2)−6x2d2

(
x2)+2yd2 (xy)+7x3d2 (x)−2xyd2 (y)

d2 (y f ) = 3yd2
(
y2)−3xyd2

(
x2)−3x2d2 (xy)+6x2d2 (x)− y2d2 (y)
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and rankΩ2 (S) =

 2+1

1

−1 = 2,

rankLN = rankF− rankΩ2 (S) = 5−2 = 3.

Therefore, LN is a free S-module. Now, Λ2 (F) is a free module with the basis d2 (x)Λd2 (y) ,d2 (x)Λd2 (xy) ,d2 (x)Λd2
(
x2
)
,d2 (x)Λd2

(
y2
)
,d2 (y)Λd2 (xy) ,d2 (y)Λd2

(
x2
)

,d2 (y)Λd2
(
y2
)
,d2 (xy)Λd2

(
x2
)
,d2 (xy)Λd2

(
y2
)
,d2
(
x2
)

Λd2
(
y2
)


and LN is a submodule of Λ2 (F) generated by the set,

d2 ( f )Λd2 (x) = d2
(
y2)

Λd2 (x)−3xd2
(
x2)

Λd2 (x)

d2 ( f )Λd2 (y) = d2
(
y2)

Λd2 (y)−3xd2
(
x2)

Λd2 (y)+3x2d2 (x)Λd2 (y)

d2 ( f )Λd2 (xy) = d2
(
y2)

Λd2 (xy)−3xd2
(
x2)

Λd2 (xy)+3x2d2 (x)Λd2 (xy)

d2 ( f )Λd2
(
x2) = d2

(
y2)

Λd2
(
x2)+3x2d2 (x)Λd2

(
x2)

d2 ( f )Λd2
(
y2) = −3xd2

(
x2)

Λd2
(
y2)+3x2d2 (x)Λd2

(
y2)

d2 (x f )Λd2 (x) = xd2
(
y2)

Λd2 (x)−6x2d2
(
x2)

Λd2 (x)+2yd2 (xy)Λd2 (x)−2xyd2 (y)Λd2 (x)

d2 (x f )Λd2 (y) = xd2
(
y2)

Λd2 (y)−6x2d2
(
x2)

Λd2 (y)+2yd2 (xy)Λd2 (y)+7x3d2 (x)Λd2 (y)

d2 (x f )Λd2 (xy) = xd2
(
y2)

Λd2 (xy)−6x2d2
(
x2)

Λd2 (xy)+7x3d2 (x)Λd2 (xy)−2xyd2 (y)Λd2 (xy)

d2 (x f )Λd2
(
x2) = xd2

(
y2)

Λd2
(
x2)+2yd2 (xy)Λd2

(
x2)+7x3d2 (x)Λd2

(
x2)−2xyd2 (y)Λd2

(
x2)

d2 (x f )Λd2
(
y2) = −6x2d2

(
x2)

Λd2
(
y2)+2yd2 (xy)Λd2

(
y2)+7x3d2 (x)Λd2

(
y2)−2xyd2 (y)Λd2

(
y2)

d2 (y f )Λd2 (x) = 3yd2
(
y2)

Λd2 (x)−3xyd2
(
x2)

Λd2 (x)−3x2d2 (xy)Λd2 (x)− y2d2 (y)Λd2 (x)

d2 (y f )Λd2 (y) = 3yd2
(
y2)

Λd2 (y)−3xyd2
(
x2)

Λd2 (y)−3x2d2 (xy)Λd2 (y)+6x2d2 (x)Λd2 (y)

d2 (y f )Λd2 (xy) = 3yd2
(
y2)

Λd2 (xy)−3xyd2
(
x2)

Λd2 (xy)+6x2d2 (x)Λd2 (xy)− y2d2 (y)Λd2 (xy)

d2 (y f )Λd2
(
x2) = 3yd2

(
y2)

Λd2
(
x2)−3x2d2 (xy)Λd2

(
x2)+6x2d2 (x)Λd2

(
x2)− y2d2 (y)Λd2

(
x2)

d2 (y f )Λd2
(
y2) = −3xyd2

(
x2)

Λd2
(
y2)−3x2d2 (xy)Λd2

(
y2)+6x2d2 (x)Λd2

(
y2)− y2d2 (y)Λd2

(
y2) .

ACKNOWLEDGEMENT

The first author is thankful to The Scientific and Technological Research Council of Turkey

(TUBITAK) for their support with the Ph.D. scholarship BIDEB 2211-A.



SECOND EXTERIOR DERIVATION OF HIGH ORDER UNIVERSAL MODULES 13

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] A. Erdogan, Differential Operators and Their Universal Modules, Ph.D. Thesis, University of Leeds, (1993).

[2] A. Grothendieck, Elements de geometrie algebrique, Publ. Math. 32, I.H.E.S. Paris, (1967).

[3] R. Hart, Higher Derivations and Universal Differential Operators, J. Algebra, 184 (1996), 175-181.

[4] R.G. Heyneman, M.E. Sweedler, Affine Hopf Algebras, J. Algebra, 13 (1969), 192-241.

[5] H. Matsumura, Commutative Ring Theory, Cambridge Univ. Press, Cambridge, UK, (1986).

[6] Y. Nakai, Theory of Differentials in Commutative Rings, J. Math. Soc. Japan, 13 (1961), 68-84.

[7] Y. Nakai, High order derivations I, Osaka J. Math. 7 (1970), 1-27.

[8] N. Olgun, A. Erdogan, Some Results on Universal Modules, Int. Math. Forum, 1(15) (2006), 707-712.

[9] N. Olgun, The Universal Modules of Finitely Generated Algebras, Ph.D. Thesis, Hacettepe University,

(2005).

[10] H. Osborn, Modules of Differentials I, Math. Ann. 170 (1967), 221-244.

[11] H. Osborn, Modules of Differentials II, Math. Ann. 175 (1968), 146-158.
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