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Abstract: In this paper, we generalize common fixed point theorems under contractive condition of Ćirić’s type on a 

dislocated metric space. We give basic facts about dislocated metric spaces, and we prove common fixed point 

theorems under contractive condition of Ćirić’s type on a dislocated metric space. 
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1. Introduction 

The Banach contraction principle is the basic result in fixed point theory. It has many 

applications in various branches of mathematics. The root of fixed point theory lies in work of 

Brouwer and Banach. In 1912 Brouwer [1] proved a result that a unit closed ball in  has a 

fixed point Since then, many authors generalized the Banach fixed point theorem in various ways 

[2-7]. Recently, Samet et al. [8] introduced the notion of -  contractive mappings and proved 
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the related fixed point theorems. The generalization of well known Banach Contraction Principle 

of metric space to the dislocated metric space proved by P. Hitzler and A. K. Seda, played a key 

role in the development of logic programming semantics [9]. This concept of dislocated metric 

space was further generalized into dislocated quasi, right dislocated, left dislocated metric spaces 

by M.A. Ahmed et.al ([10], [11]).  The article is organized as follows. In Section 2, we repeat 

some definitions and well known results which will be needed in the sequel. In Section 3, we 

prove common fixed point theorems on a dislocated metric type space. 

 

2. Definitions and notation  

Definition 2.1. Let  be a family of functions  satisfying the following 

conditions: 

(i)  is nondecreasing; 

(ii) There exist  and  and a convergent series of nonnegative terms 

 such that  

   for  and any . 

 

Lemma 2.2.   then the following hold: 

(i) converges to  as  for all  

(ii)  for any  

(iii) is continuous at  

(iv)  the series converges for any  

 

Recently, Samet et al. [8] introduced the following concepts. 
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Definition 2.3. let  and  we say that  is -admissible if for 

all  we have  

 

 

Definition 2.4. let  be a metric space and let  be a given mapping. We say that 

 is an -contractive mapping if there exist two functions  and  

such that 

 

For all  

 

Clearly, any contractive mapping, that is, a mapping satisfying Banach contraction, is an 

-contractive mapping with  for all  and  for all  

and some  

Various examples of such mappings are presented in [8]. The main results in [8] are the 

following fixed point theorems: 

 

Theorem 2.5. Let  be a complete metric space and be an - -contractive 

mapping. Suppose that 

(i)  is -admissible; 

(ii) There exist  such that ; 

(iii)  is continuous. 

Then there exist  such that  
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Theorem 2.6. Let  be a complete metric space and  be an - -contractive 

mapping. Suppose that  

(i)   is -admissible; 

(ii) There exist  such that ; 

(iii) if   is a sequence in  such that  for all  and  as 

 then  for all  

Then there exist  such that  . 

 

Theorem 2.7. Adding the condition (iv) to the hypothesis of the Theorem 2.5 and Theorem 2.6 

we obtain the uniqueness of a fixed point of . 

 

(iv) For all , there exists  such that  and . 

 

Hitzler and Seda [9] introduced the concept of dislocated metric space  as follows: 

Definition 2.8. Let X be a non empty set and let  be a function satisfying the 

following conditions: 

 

(i)  

(ii)  

(iii)  

 

Then  is called dislocated metric (or simply d-metric) on X and the pair  is called 
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dislocated metric space. 

 

Example 2.9. Let  be a metric space. The function , defined as  

 

       for all  is a dislocatedmetric on  

 

Definition 2.10. A sequence  in a dislocated metric space  is said to be dislocated 

convergent if for every given  there exist an   and such that  

for all   and it is denoted by . 

 

Definition 2.11. A sequence  in a dislocated metric space  is said to be dislocated 

Cauchy sequence if for every  there exist such that  for all 

 

 

Definition 2.12. A dislocated metric space  is called complete if every Cauchy sequence 

is convergent. 

 

Lemma 2.13. let  be a dislocated metric space,  be a sequence in X and  . 

Then  if and only if  

 

Lemma 2.14: let ( ) be a dislocated metric space and let  be a sequence in X. If the 

sequence  is convergent then the limit point is unique. 
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Theorem 2.15 Let   be a complete dislocated metric space and let  be a 

mapping satisfying the following condition for all : 

 

                      ,  

                                                                                         

where  then  has a unique fixed point. 

 

3. Main results 

Theorem 3.1. Let (X,d) be a complete dislocated metric space . Let {F,T} be a pair of self 

mappings on X such that for some constant  ∈ (0,1/2) for all x,y ∈ X there exists 

                 (3.1)             

such that the following inequality 

                                      (3.2)       

holds.Then F and T have a unique common fixed point. 

Proof. Let us choose x0 ∈X arbitrary and define sequence {xn} as follows: 

x2n+1 = Fx2n , x2n+2 = Tx2n+1,      n = 0,1,2……..we shall show that 

d(xk+1, xk) d(xk, xk-1), k 1,                                                (3.3) 

where  ∈(0,1) . In order to prove this, we consider the cases of an odd integer k and of an even 

integer k. 

For k = 2n + 1, from (3.2) we have d(x2n+2 x2n+l) = d(Fx2n, Tx2n+1 )  u(x2n, x2n+1), 

where, according to (3.1), 

u(x2n,x2n+1 ) ∈{d(x2n,x2n+l ), d(x2n Fx2n), d(x2n+1,Tx2n+1), d(x2n+l , Fx2n), d(x2n, Tx2n+l )} 

 

={ d(x2n,x2n+l ), d(x2n, x2n+1), d(x2n+1,x2n+2), d(x2n+l, x2n+1), d(x2n, x2n+2 )} 
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= {d(x2n, x2n+1), d(x2n+l, x2n+2), d(x2n, x2n+2)} 

Thus, we get the following cases: 

 d(x2n+2  ,x2n+1) ≤ d(x2n+1,x2n+2 ) which Implies d(x2n+2,x2n+1 ) = 0 

 d(x2n+2 x2n+1) ≤ d(x2n,x2n+1) ; 

 d(x2n+2  ,x2n+1) ≤ d(x2n, x2n+2 ) that is beacause of (iii) of definition 2.8 , d(x2n+2 , x2n+l) ≤ 

(d(x2n,x2n+1) + d(x2n+1, x2n+2)) 

which implies d(x2n+2  ,x2n+1) ≤  d(x2n,x2n+1) 

Hence, (3.3) is satisfied, where  = max{  =   ⟹ α ∈(0,1) 

Now, for k = 2n + 2,we have d(x2n+3,x2n+2 ) = d(Fx2n+2, Tx2n+1) ≤  (x2n+2, x2n+1) 

where  

u(x2n+2, x2n+1) ∈{d(x2n+2 , x2n+1), d(x2n+2 , Fx2n+2), d(x2n+l ,Tx2n+1 ), d(x2n+2,Tx2n+1 ), d(x2n+1,Fx2n+2 )}  

      = {d(x2n+2 x2n+l), d(x2n+2 ,x2n+3) , d(x2n+1  x2n+3)}  

and we get the following cases:  

 d(x2n+3, x2n+2) ≤ d(x2n+2, x2n+1), 

  d(x2n+3 ,x2n+2) ≤  d(x2n+3 ,x2n+2) which gives d(x2n+3, x2n+2) = 0. 

 d(x2n+3 x2n+2 ) ≤  d(x2n+3 ,x2n+1) ≤  d(x2n+3 ,x2n+2)+ d(x2n+2 ,x2n+1)) 

Which implies  

 d(x2n+3 ,x2n+2) ≤   d(x2n+2, x2n+1). 

So, inequality (3.3) is satisfied in this case, too. Therefore, (3.3) is satisfied for all k ∈ N0 and by 

iterating we get  

d(xk, xk+1) ≤ αkd(x0 ,x1 )                               (3.4)                                                                                                
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Since k ≥ 1, for m > k we have  

d(xk, xm) ≤ d(xk ,xk+1)+
 d(xk+1, xk+2) + ….. +  d(xm-1,xm) 

                ≤ (  +  +1 +….+ ) d(xo,x1)  

                  ≤ d(x0,x1) . 

Hence, {xk} is a Cauchy sequence in X  

Since X is complete dislocated metric space, there exists v ∈ X such that xk ⇢ v, as k ⇢ ∞∙  

Let us show that Fv = Tv = v. We have d(Fx2n,Tv) ≤ u(x2n, v), 

 Where   

      u(x2n , ) ∈ {d(x2n v), d(x2n,Fx2n),d(v,Tv), d(x2n Tv), d(v, Fx2n)}. 

Thus, for sufficiently large n, at least one of the following cases hold:  

 

 d(Fx2n ,T ) ≤ d(x2n ,  ) → 0 

 

 d(Fx2n ,T ) ≤ d(x2n, Fx2n ), i.e., d(Fx2n T ) ≤ (d(x2n , ) + ( , x2n+1)) → 0 

 

 d(Fx2n,T ) ≤ d( ,T ) ≤ d( ,Fx2n)+d(Fx2n , T )), i.e., d(Fx2n ,T ) ≤ ( , x2n+1) → 

0  

 

 d(Fx2n, T )≤ d(x2n T ) (d(x2n, )+d( ,Fx2n)+d(Fx2n, T )),i.e.,  

 

d(Fx2n,T ) ≤ d(x2n, )+ x2n+1 ) → 0 
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 d(Fx 2n ,T ) ≤ d( , Fx2n )= d( , x2n+1) → 0  

 

In all these cases, we obtain that Fx2n ⇢ T , as n  ∞ ,that is xn ⇢ T ,n → ∞∙  

Since the limit of a convergent sequence in a dislocated metric space is unique, we have that = 

T . Now, we  have to prove that F  = T . Since  

d(F , ) = d(F ,T )  ( , ),  

where  

u( , ) ∈ {d( , )d ( ), d( , T ),d( ),d( , F )} = {d( ,F ), d( , )}.  

Hence, we get the following cases:  d(F , ) ≤  {d(v,Fv) + (Fv,v)} 

and According to (iii) of theorem 2.8, it follows that F  = , that is,  is a common fixed point 

of F and T. It can be easily verified that v is the unique common fixed point of F and T.  
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