Available online at http://scik.org
Adv. Fixed Point Theory, 8 (2018), No. 2, 131-143
https://doi.org/10.28919/afpt/3598
ISSN: 1927-6303

APPROXIMATION OF FIXED POINT FOR MULTI-VALUED NONEXPANSIVE
MAPPING IN BANACH SPACES
YOGESH KUMAR SAHU1,∗ , RAJLAXMI GUPTA1 , B.L. MALAGER1 AND SAMIR DASHPUTRE2

1 Department

of Applied Mathematics, SSTC, SSGI, Bhilai, 490020, India
2 Govt.

College Arjunda, Balod, (C.G), India

Copyright c 2018 Sahu, Gupta, Malager and Dashputre. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. This paper we deals with the approximation of fixed point for multi-valued nonexpansive mappings
through a new iterative process which is independent and faster than the iterative processes discussed by Khan and
Yildirim [7], Panyank [14], Sastry and Babu [15], Shahzad and Zegeye [18], Song and Wang [19], and Song and
Cho [20], in uniformly convex Banach spaces. Thus, our results extend and improve the results which appears on
multi-valued and single valued mappings in the contemporary literature.
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1. Introduction
In this paper, N denotes the set of all positive integers and F(T ) denotes the set of all fixed
points of T that is F(T ) = {T x = x; x ∈ K}, where T is a mapping from a nonempty subset of
K of a normed space X. A mapping T : K → K is said to be
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(i) nonexpansive, if kT x − Tyk ≤ kx − yk, for all x, y ∈ K,
(ii) quasi-nonexpansive, if kT x − pk ≤ kx − pk, for all x ∈ K and p ∈ F(T ).
Many nonlinear equations are naturally formulated as fixed point problems,

(1.1)

x = T x,

where T , the fixed point mapping, may be nonlinear. A solution x∗ of the problem (1.1) is called
a fixed point of the mapping T . Consider a fixed point iteration, which is given by

(1.2)

xn+1 = T xn .

The iterative method (1.2) is also known as Picard iteration. For the Banach contraction mapping theorem, the Picard iteration converges at unique fixed point of T , but it fails to approximate fixed point for nonexpansive mappings, even when the existence of a fixed point of T is
known. Thus, when a fixed point of nonexpansive mappings exists, other approximation techniques are needed to approximate it. In the last fifty years the numerous numbers of researchers
have been attracted in this direction and developed iterative processes have been investigated
to approximate fixed point for not only nonexpansive mapping, but also for some wider class
of nonexpansive mappings (see e.g., Agarwal et al. [2], Ishikawa [5], Krasnosel’skiı̌ [8], Mann
[9], Noor [12], Schaefer [16]), and compare which one is faster.
In 2007, Agarwal et al. [2] introduced a new iterative process whose rate of convergence is
faster than the iteration processes cited in above paragraph. Motivation of the results of Agarwal
et al. [2] several researches work in this direction and developed new iteration processes whose
rate of convergence are faster than S iteration process (see e.g., Abbas et al. [1] Kadioglu and
Yildirim [6], Thakur et al. [21],) and approximate the fixed points, for nonexpansive in Banach
spaces.
Recently, the following iteration process developed by Thakur et al.[21] for approximating
the fixed point for nonexpansive mapping and establish some strong and weak convergence
theorems in uniformly convex Banach spaces (see e. g. Thakur et al.[21, Theorem 2.3]).
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For K a convex subset of normed space X and a nonlinear mapping T of K into itself, for
each x0 ∈ K, the sequence {xn } in K is defined by



xn+1 = (1 − αn )T xn + αn Tyn




(1.3)
yn = (1 − βn )zn + βn T zn





zn = (1 − γn )xn + γn T xn , n ∈ N,
where {αn }, {βn } and {γn } are the real sequences in (0, 1).
On the other hand the approximation of fixed points for multi-valued nonexpansive maps
using Hausdorff metric was initiated by Markin [10] (see also [11]). Later, an interesting and
rich fixed point theory for such maps was developed which has applications in control theory,
convex optimization, differential inclusion and economics (see [4] and references cited therein).
The theory of multi-valued nonexpansive mappings are harder than the corresponding theory of
single valued nonexpansive maps. Different iterative processes have been used to approximate
the fixed points of multi-valued nonexpansive mappings (see e.g, Khan and Yildirim [7], Panyank [14], Sastry and Babu [15], Shahzad and Zegeye [18], Song and Wang [19], and Song
and Cho [20]).
A subset K ⊂ X 6= φ is said to be proximal, if for each x ∈ X, there exists an element y ∈ K
such that
d(x, y) = dist(x, K) = inf{kx − zk : z ∈ K}.
It is well known that each weakly compact convex subset of a Banach space is proximal, as
well as each closed convex subset of a uniformly convex Banach space is also proximal.
Let CB(K) and P(K), the collection of all nonempty and closed bounded subsets, and the
collection of all nonempty proximal bounded and closed subsets of K, respectively.
Let H(., .) be the Hausdorff distance on CB(K), is define by


H(A, B) = max sup dist(x, B), sup dist(y, A) , for all A, B ∈ CB(X).
x∈A

y∈B

Let T : K → 2K be multi-valued mapping. An element x ∈ K is said to be fixed point of T , if
x ∈ T x. The set of fixed points of T will be denoted by Ω(T ).
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Definition 1.1. A multi-valued mapping T : K → CB(K) is said to be
(i) nonexpansive, if
H(T x, Ty) ≤ d(x, y), for all x, y ∈ K,
(ii) quasi-nonexpansive, if Ω(T ) 6= φ and
H(T x, T p)) ≤ d(x, p), for all x ∈ K, and all p ∈ Ω(T ).

In this paper, we define a multi-valued version of iterative scheme (1.3) and deals with the
approximation of fixed point for multi-valued nonexpansive mappings through a new iterative process which is independent and faster than the iterative schemes discussed by Khan and
Yildirim [7], Panyank [14], Sastry and Babu [15], Shahzad and Zegeye [18], Song and Wang
[19], and Song and Cho [20], in uniformly convex Banach spaces. Thus, our results extend and
improve the results appears on multi-valued and single valued mappings in the contemporary
literature.
2. Preliminaries

Definition 2.1. Let a sequence {xn } in X is said to be Fejer monotone with respect to subset K
of X if
kxn+p − pk ≤ kxn − pk,
for all p ∈ K, n ≥ 1.
Definition 2.2. A Banach space X is said to satisfy Opial’s condition [13], if for any sequnce
xn in X, xn * x implies that
lim sup kxn − xk < lim sup kxn − yk,
n→∞

n→∞

for all y ∈ E with y 6= x.
Examples of Banach spaces satisfying the Opial’s condition are Hilbert spaces and all ` p
spaces (1 < p < ∞). On the other hand, L p [0, 2π] with 1 < p 6= 2 fail to satisfy Opial’s condition.
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Definition 2.3. A multi-valued mapping T : K → P(X) is called demiclosed at y ∈ K if for any
sequence {xn } in K weakly convergent to an element x and yn ∈ T xn strongly convergent to y,
we have y ∈ T x.

The following is the multi-valued version of condition(I) of Senter and Dotson [17].

Definition 2.4. A multi-valued nonexpansive mapping T : K → CB(K), where K a subset of X
is said to satisfy condition (I) if there exists a nondecreasing function f : [0, ∞) → [0, ∞) with
f (0) = 0, f (r) > 0 for all r ∈ (0, ∞) such that d(x, T x) ≥ f (d(x, F(T ))) for all x ∈ K.

Lemma 2.5. [3, Lemma 2.3] Let T : K → P(K) be a multi-valued mapping with Ω(T ) 6= φ and
let PT : K → 2K be a multi-valued mapping defined by

(2.1)

PT (x) = {y ∈ T x : kx − yk = d(x, T x)}, x ∈ K.

Then the following conclusions is hold:
(1) Ω(T ) = Ω(PT );
(2) PT (p) = {p}, for each p ∈ Ω(T );
(3) for each x ∈ K, PT (x) is a closed subset of T (x) and so it is compact;
(4) d(x, T x) = d(x, PT (x)), for each x ∈ K;
(5) PT is a multi-valued mapping from K to P(K).

Lemma 2.6. [7, Lemma 3] Let X be a uniformly convex Banach space and 0 < p ≤ tn ≤ q < 1
for all n ∈ N. Suppose that {xn } and {yn } are two sequences of X such that lim sup kxn k ≤ r and
n→∞

lim sup kyn k ≤ r and lim ktn xn + (1 − tn )yn k = r hold for some r ≥ 0. Then lim kxn − yn k = 0.
n→∞

n→∞

3. Main results

We now define multi-valued version of iterative process of (1.3).

n→∞
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Let K be a nonempty closed and convex subset of X and T : K → P(K) be a multi-valued
mappings. Let {xn } in K defined by



xn+1 = (1 − αn )yn + αn νn




(3.1)
yn = (1 − βn )zn + βn wn





zn = (1 − γn )xn + γn un , n ∈ N,
where un ∈ PT (xn ), νn ∈ PT (yn ) and wn ∈ PT (zn ) and {αn }, {βn } and {γn } are sequences in
(0, 1).
We start with the following couple of Lemmas.
Lemma 3.1. Let X be a normed space and K be a nonempty closed convex subset of X. Let T :
K → P(K) be a multi-valued mapping such that Ω(T ) 6= φ and PT is a nonexpansive mapping.
Let {xn } be the sequence as defined in (3.1), then {xn } is a Fejer monotone with respect to Ω(T )
and lim kxn − pk exists for all p ∈ Ω(T ).
n→∞

Proof. Let p ∈ Ω(T ), then by using Lemma 2.5, we have p ∈ PT (p) = {p}. It follows from
(3.1), we have
kxn+1 − pk = k(1 − αn )yn + αn νn − pk
≤ (1 − αn )kyn − pk + αn kνn − pk
≤ (1 − αn )kyn − pk + αn H(PT (yn ), PT (p))
≤ (1 − αn )kyn − pk + αn kyn − pk,
(3.2)

≤ kyn − pk,

from (3.1), we have
kyn − pk = k(1 − βn )zn + βn wn − pk
≤ (1 − βn )kzn − pk + βn kwn − pk
≤ (1 − βn )kzn − pk + βn H(PT (zn ), PT (p))
≤ (1 − βn )kzn − pk + βn kzn − pk
(3.3)

≤ kzn − pk,
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again from (3.1), we have
kzn − pk = k(1 − γn )xn + γn un − pk
≤ (1 − γn )kxn − pk + γn kun − pk
≤ (1 − γn )kxn − pk + γn H(PT (xn ), PT (p))
≤ (1 − γn )kxn − pk + γn kxn − pk
≤ kxn − pk.

(3.4)

Hence, from (3.2), (3.3) and (3.4), we have
kxn+1 − pk ≤ kxn − pk.

(3.5)

This shows that {xn } is a Fejer monotone with respect to Ω(T ). Notice from (3.5) that kxn+1 −
pk ≤ kxn − pk for all n ≥ 1. This implies that {kxn − pk} is bounded and decreasing. Hence
lim kxn − pk exists for each p ∈ Ω(T ).



n→∞

Lemma 3.2. Let X be uniformly convex Banach space and K be a nonempty closed convex
subset of X. Let T : K → P(K) be a multi-valued mapping such that Ω(T ) 6= φ and PT is
nonexpansive mapping. Let {xn } be the sequence as defined in (3.1), then lim d(xn , T xn ) = 0.
n→∞

Proof. By Lemma 3.1, lim kxn − pk exists, for p ∈ Ω(T ). Let it be lim kxn − pk = c ≥ 0. If
n→∞

n→∞

c = 0, then
d(xn , T xn ) ≤ kxn − yn k

The conclusion holds for c = 0. If c > 0, taking lim sup both the sides of (3.4), we have
lim sup kzn − pk ≤ c,

(3.6)

n→∞

taking lim sup both the sides of (3.3), we have
(3.7)

lim sup kyn − pk ≤ lim sup kzn − pk ≤ c.
n→∞

n→∞
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In addition to
lim sup kyn − pk ≤ lim sup H(PT (xn ), PT (p))
n→∞

n→∞

≤ lim sup kxn − pk ≤ c,

(3.8)

n→∞

and using (3.7), we have
lim sup kνn − pk ≤ lim sup H(PT (yn ), PT (p))
n→∞

n→∞

≤ lim sup kyn − pk ≤ c.

(3.9)

n→∞

Since lim kxn+1 − pk = c, therefore from (3.8), (3.9) and applying Lemma (2.6), we have
n→∞

lim kyn − vn k = 0.

(3.10)

n→∞

On the other hand, from (3.1), we have
kxn+1 − pk = k(1 − αn )yn + αn νn − pk
≤ (1 − αn )kyn − pk + αn kνn − pk
≤ (1 − αn )kxn − pk + αn kyn − pk
kxn − pk − kxn+1 − pk
+ kyn − pk,
αn

kxn − pk ≤
taking lim inf both the sides, we get
(3.11)

c ≤ lim inf kyn − pk.
n→∞

Hence from (3.7) and (3.11), we have
lim kyn − pk = c,

n→∞

by Lemma 2.6, we have
(3.12)

lim kzn − wn k = 0.

n→∞
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Since
kyn − pk = k(1 − βn )zn + βn wn − pk
≤ (1 − βn )kzn − pk + βn kwn − pk
≤ kzn − pk + βn kwn − zn k,
applying (3.12) and taking lim inf both the sides, we get
(3.13)

c ≤ lim inf kzn − pk,
n→∞

using (3.6) and (3.13), we have
lim kzn − pk = c,

n→∞

hence, applying Lemma 2.6, we have
(3.14)

lim kxn − yn k = 0,

n→∞

since
d(xn , T xn ) ≤ kxn − yn k,
therefore, taking lim as n → ∞ both the sides of the above inequality, we have
lim d(xn , T xn ) = 0.

n→∞


Next, we approximate fixed points of the mapping T through weak convergence of the sequence {xn } defined by (3.1).
Theorem 3.3. Let X be a uniformly convex Banach space satisfying Opial’s condition and K a
nonempty closed convex subset of X. Let T : K → P(K) be a multi-valued mapping such that
Ω(T ) 6= φ and PT is a nonexpansive mapping. Let {xn } be the sequence defined in (3.1). Let
I − PT be demiclosed with respect to zero, then {xn } converges weakly to a fixed point of T .
Proof. Let p ∈ Ω(T ) = Ω(PT ), from Lemma 3.1, we have lim kxn − pk exists. Now we prove
n→∞

that {xn } has a unique weak sequential limit in Ω(T ). For this let z1 and z2 be weak limits of
the subsequences {xni } and {xn j } of {xn } respectively. By (3.14) there exists yn ∈ T xn such
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that kxn − yn k = 0. Since I − PT is demiclosed with respect to zero, therefore we obtained
z1 ∈ Ω(PT ) = Ω(T ). In the same way, we can prove that z2 ∈ Ω(T ).
Next, we prove that uniqueness. For this, suppose that z1 6= z2 . Then by Opial’s condition,
we have
lim kxn − z1 k =

n→∞

<

lim kxni − z1 k

ni →∞

lim kxni − z2 k

ni →∞

= lim kxn − z2 k
n→∞

=
<

lim kxn j − z2 k

n j →∞

lim kxn j − z1 k

n j →∞

= lim kxn − z1 k,
n→∞

which is a contradiction. Hence {xn } converges weakly to a point in Ω(T ). This completes the


proof.

Next we give some strong convergence theorems, our first strong convergence theorem is
valid in the setting of general Banach spaces, then we apply this theorem to obtain a strong
convergence theorem in the setting of uniformly convex Banach spaces.
Theorem 3.4. Let X be a real Banach space and K a nonepmty closed convex subset of X.
Let T : K → P(K) be a multi-valued mapping such that Ω(T ) 6= φ and PT is a nonexpansive
mapping. Let {xn } be the sequence as defined in (3.1), then {xn } converges strongly to a point
of Ω(T ), if and only if lim inf d(xn , Ω(T )) = 0.
n→∞

Proof. The necessity is obvious. Conversely, suppose that the
lim inf d(xn , Ω(T )) = 0.
n→∞

By Lemma 3.1, sequence {xn } is a Fejer monotone, that is
kxn+1 − pk ≤ kxn − pk,
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it gives that
d(xn+1 , Ω(T )) ≤ d(xn , Ω(T )).
This implies that lim d(xn , Ω(T )) exists and so by hypothesis, lim inf d(xn , Ω(T )) = 0. Theren→∞

n→∞

fore, we must have lim d(xn , Ω(T ))) = 0.
n→∞

Next, we suppose that {xn } is a Cauchy sequence in K . Let ε > 0 be arbitrarily chosen.
Since lim d(xn , Ω(T )) = 0, there exists a constant n0 such that for all n ≥ n0 , we have
n→∞

ε
d(xn , Ω(T )) < .
4
ε
In particular, inf{x0 − pk : p ∈ Ω(T )} < . There must exists a p∗ ∈ Ω(T ) such that
4
ε
kxn0 − p∗ k <
.
2
Now for m, n ≥ n0 , we have
kxn+m − xn k ≤ kxn+m − p∗ k + kxn − p∗ k
≤ 2kxn0 − p∗ k
 
ε
= ε.
≤ 2
2
Hence, {xn } is a cauchy sequence in a closed subset of K of a Banach space E, and so it must
convergence in K. Let lim xn = q. Now
n→∞

d(q, PT (q)) ≤ kxn − qk + d(xn , PT (xn )) + H(PT (xn ), PT (q))
≤ kxn − qk + kxn − yn k + kxn − qk
→ 0 as n → ∞,
which gives that d(q, PT (q)) = 0. But PT is a nonexpansive mappings, so that F(PT ) is closed.
Therefore, q ∈ Ω(PT ) = Ω(T ). This completes the proof.



Theorem 3.5. Let X be a real Banach space and K a nonepmty closed convex subset of X.
Let T : K → P(K) be a multi-valued mapping such that Ω(T ) 6= φ and PT is a nonexpansive
mapping. If T satisfies condition (I) with respect to sequence {xn } and lim d(xn , T xn ) = 0, then
n→∞

lim d(xn , Ω(T )) = 0.

n→∞
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Proof. By the assumption, we can find a nondecreasing function f : [0, ∞) → [0, ∞) with f (0) =
0 and f (r) > 0 for r ∈ (0, ∞) such that f (d(xn , Ω(T ))) ≤ d(xn , T xn ) for all n ∈ N, so we have
lim d(xn , Ω(T ))) ≤ lim d(xn , T xn ) = 0.

n→∞

n→∞

Therefore, lim d(xn , Ω(T )) = 0. This completes the proof.



n→∞

Theorem 3.6. Let X be uniformly convex Banach space and Ka nonempty closed convex subset
of X. Let T : K → P(K) be a multi-valued mapping with Ω(T ) 6= φ and PT is nonexpansive
mapping. Assume that T satisfies condition(I), then Let {xn } be a sequence as defined by (3.1)
converges strongly to a point Ω(T ).
Proof. By Lemma 3.1, sequence {xn } is bounded and by Lemma 3.2, we have lim d(xn , T xn ) =
n→∞

0. Since T satisfies condition(I) with respect to {xn }. Then by Theorem 3.5, lim d(xn , Ω(T )) =
n→∞

0, therefore the rest of the result follows by Theorem 3.4. This completes the proof.



Remark 3.7. Our Theorems 3.3 and 3.6 specially improves Theorems 1 and 2 of Khan and
Yildirim [7], and iterative processes discussed by Panyank [14], Sastry and Babu [15], Shahzad
and Zegeye [18], Song and Wang [19], and Song and Cho [20], in the sense of faster iterative
processes.
Conflict of Interests
The authors declare that there is no conflict of interests.

R EFERENCES

[1] M. Abbas and T. Nazir, A new faster iteration process applied to constrained minimization and feasibility
problems. Mat. Vesnik 66 (2014), 223–234.
[2] R. P. Agarwal, D. O’Regan and D. R. Sahu, Iterative construction of fixed points of nearly asymptotically
nonexpansive mappings. J. Convex Anal. 8(1) (2007), 61-79.
[3] S. S. Chang, R. P. Agarwal and L. Wang, Existence and convergence theorems of fixed points for multi-valued
SCC, SKC, KSC, SCS and C-type mappings in hyperbolic spaces, Fixed Point Theory Appl. 2015 (2015),
Article ID 83.
[4] L. Gorniewicz, Topological Fixed Point Theory of Multivalued Maps. Kluwer Academic, Dordrecht (1999).

APPROXIMATION OF FIXED POINT FOR MULTI-VALUED NONEXPANSIVE MAPPING

143

[5] S. Ishikawa, Fixed points by new iteration method, Proc. Amer. Math. Soc. 149 (1974), 147–150.
[6] N. Kadioglu and I. Yildirim, Approximating fixed points of nonexpansive mappings by faster iteration process, arXiv:1402.6530v1 [math.FA], 2014.
[7] S. H. Khan and I. Yildirim, Fixed points of multivalued nonexpansive mappings in Banach spaces, Fixed
Point Theory Appl. 2012 (2012), Article ID 73.
[8] M. A. Krasnosel’skiı̌, Two remarks on the method of successive approximations. Uspehi Mat. Nauk 10
(1955), 123-127.
[9] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953), 506–510.
[10] J. T. Markin, Continuous dependence of fixed point sets. Proc. Amer. Math. Soc. 38 (1973), 545-547.
[11] S. B. Jr Nadler, Multi-valued contraction mappings. Pacif. J. Math. 30 (1969), 475-488.
[12] M. A. Noor, New approximation schemes for general variational inequalities, J. Math. Anal. Appl. 251
(2000), 217-229.
[13] Z. Opial, Weak convergence of the sequence of successive approximations for nonexpansive mappings. Bull.
Amer. Math. Soc. 73 (1967), 591-597.
[14] B. Panyanak, Mann and Ishikawa iterative processes for multivalued mappings in Banach spaces. Comput.
Math. Appl. 54 (2007), 872-877.
[15] K. P. R. Sastry, and G. V. R.Babu,: Convergence of Ishikawa iterates for a multi-valued mapping with a fixed
point. Czechoslovak Math J. 55 (2005), 817-826.
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