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Abstract: Fisher [4] proved a related fixed point theorem in two metric spaces. We generalized new results
concerning the related fixed point theorems on two complete intuitionistic generalized fuzzy metric spaces are
proved and deduced some corollaries.
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1. INTRODUCTION
Atanassov [1] introduced and studied the concept of intuitionistic fuzzy sets. Park [11] using
the idea of intuitionistic fuzzy sets defined the notion of intuitionistic fuzzy metric spaces with

the help of continuous t- norms and continuous t-conorms. George and Veeramani [5] showed
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that every metric induces fuzzy metric, every fuzzy metric induces an intuitionistic fuzzy metric.
Fisher [4] proved a related fixed point theorem in two metric spaces.

Mustafa and Sims introduced [9] more appropriate notion of generalized metric space which
called G- metric spaces, and obtained some topological properties. Later Zead Mustafa, Hamed
Obiedat and Fadi Awawdeh [14], Mustafa, Shatanawi and Bataineh [8], Mustafa and Sims [9],
Obtained some fixed point theorems for a single map in G- metric spaces. Then, Rao, Lakshmi,
and Mustafa [12] obtained a unique common fixed point theorem for a six weakly compatible
mappings in G-metric spaces and obtained some theorems of as corollaries also. Sun and Yang [5]
introduced the concept of G-fuzzy metric spaces and proved two common fixed point theorems
for four mappings. In this paper, new results concerning the related fixed point theorems on
two complete intuitionistic generalized fuzzy metric spaces are proved and deduced some

corollaries.

2. PRELIMINARIES
Definition: 2.1.

A5-tuple (X, G, H, *, O) is said to be a Intuitionistic Generalized Fuzzy Metric Space
(briefly IGFMS),  if X'is an arbitrary non-empty set, * is a continuous t-norm, ¢ is a
continuous t- conorm, G and H are fuzzy sets on X3 x (0, o) satisfying the following conditions:
forevery x,y,z,a € Xandt,s>0

Q) GKX,y,z,t) T HX,y,z t) <1,

@i G, xy,t)>0forx £y,

@) G, x,y,t) >G(x,y,2t) fory#z,

(iv) G(xy,z,t)=1ifandonlyifx=y =z,

(V) G(x, Y, z,t) =G(p(x, y, 2), t) , where p is a permutation function,
(vi) G(x,a,a,t) *G(a,y,2z8)<G(X,y,2zt+ts),

(vil)  G(x,Y,z,.):(0,0) — [0, 1] is continuous,

(viii) G is a non-decreasing of R* *tlim G(x,y,zt)=1,
ltin?, G(x,y,z,t)=0forall x,y,zeXand t >0,

(ixX) HE,x,y,t)<Ilforx+#y,
(x) Hx,x,y,t) < H(x,y,zt)fory#z,
(xi)  H(x,y,z,t)=0 ifandonlyifx=y=z2,
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(xit)  H(x,y,z,t)=H(p(x,Y, z),t), where p is a permutation function,
(xiii) H(x,a,a,t) O H(a, y, z s) >H(x,y, z,t +5),
(xiv) H(x,y,z,.): (0,0)— [0, 1] is continuous,

(xv) G isanon-increasing of R™ tlim H(x,y, z,t)=0,

ltin3 H(x,y,z,t)=1,forall x,y,z€e Xandt>0.

In this case, the pair (G, H) is called an intuitionistic generalized fuzzy metric on X.
Definition: 2.2.
Let (X, G, H,*, ¢) be an intuitionistic generalized fuzzy metric space, then

(i) A sequence {xn} in X is said to be convergent to x if

lim G(x,, X,, X, t)=1and limH(x,, x,, x,t) =0.
n—oo n—-oo

(i) A sequence {xn} in X is said to be Cauchy sequence if

lim G(xp, X, Xm,t) =1and  lim H(x,, X, X, t) =0thatis, forany e >0
n,m-oo

n,m-oo

and foreach t>0, thereexistsno € N such that G(x,,Xp, Xy, t)>1- ¢

and H(xp, Xp, Xm,t) <& for n,m = no.

(iii) A intuitionistic generalized fuzzy metric space (X, G, H,*, ¢)is said to

be complete if every Cauchy sequence inX is convergent.

3. MAIN RESULTS
In this section we prove the fixed point theorems in two complete intuitionistic generalized

fuzzy metric spaces

Our main result follows:

Let W be the set of all continuous real functions : R*x R*XR"*— R* such that:

() w1 1)=0.
(i) If  u?>y(uv,1,1)oru> (1,1, uv)oru’> (1, uv, 1), forallu v € R,

then there exists 0 <k <1 such that u > % kv .

Let @ be the set of all continuous real functions ¢ : R*x R*XxR"— R* such that :
(iii)  ¢(0,0,0)=0.
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If u?< @(uv, 0,0) or u?< @(0,0,uv) oru’< @(0,uv,0), forallu,v €R",then

there exists 0 < A <1 such thatu < %AV .

Theorem: 3.1.

metric spaces and T be a mapping of X into Y and let S be a mapping of Y into X
the inequalities

G5 (Tx, TSy1, TSy, t) = P(Go(y1, TSY1, TSY2 ) G2 (¥4, Y2, T, 1),
G2(y1, Y2, Tx, t) Gy (x, Sy1,Sy2, £),
G1 (X, $y1,5Y2, 1) G2 (¥1, TSy1, TSy, 1))
HZ(Tx,TSy1,TSY2, t) < @(Hy(y1, TSY1, TSY2, ) Hy (V1, Y2, T, ),
Hy(y1,¥2, Tx, )H1 (X, Sy1, Sy2, 1),
Hy(x, Sy1,Sy2, t)Hz(y1, TSY1, TSy, 1))
GF(Sy1,5Y2,8Tx, t) = P (G, (x, x, STx, )G, (x, Sy1, Sy7, 1),
G1(x, SY1,5Y2,8) G2 (Y1, ¥2, Tx, £),
G,(¥1,Y2, Tx,t)G1(x, x,STx, t))
HE (Sy1,Sy2,STx,t) < @(Hy(x, x, STx, t)H, (X, Sy1, Sy, t),
Hy(x, Sy1, Sy, ) Hy (y1, ¥2, T, ©),
H,(yq,v,, Tx, t)H,(x, x,STx, t))

in X and TS has a unique fixed point w in Y. Further, Tz = w and Sw= z.

We define the sequences (x,,) in X and (v,,) inY by x,, = (ST)"x, y, = T(ST)" 1x,
for n = 1, 2.... We will assume that x, # x,,1; and y, # yn+, for all n. Applying the
inequalities (3.1.1), (3.1.2), using the properties (ii) and (iv), we have

G5 Vns Ynats Ve t) = G5 (Txn_1, TSYy, TSyp, t)
= Y(G2 (Y TSYn, TSYn, )G (Y Yo TXp—1, 1),
GZ (yn’ yn' Txn—l' t) Gl (xn—lf Syn' SYn» t):

Gl (xn—l' Syn' Syn' t) GZ (yn: TSyn: TSyn: t))

2 1,11(1, 1» Gl (xn—lf Syn' Syn’ t)GZ (yn' TSyn' TSyn' t)
> (1,1, 61 (Xn—1, X, X, ) G2 Vs Y 15 Yn 15 ),
HE Vs Vs 1s Yns1:t) = Hy (Txn_1, TSYn, TSy, t)

Let (X, G;, Hy, *, 0) and (Y, G,, H,, *, 0) be two complete intuitionistic generalized fuzzy
satisfying

(3.1.1)

(3.1.2)

(3.1.3)

(3.1.4)

forall xin X and y;,y, inY where p € ¥ and ¢ € @. Then ST has a unique fixed point z
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< @(Hy (Vo TSYn, TSYn, O Hz (Y Yy TXn-1, 1),
Hy (Vs Y Txp—1, ) Hy (X1, SYns SYns 1),
Hy (n—1, SYn, SYn, ) Hy (Vi TSYn, TSV, 1))
< ¢(0,0, Hy(Xp-1,SYn, S¥n, ) Ha (Vo TSYn, TSYn, )
< (0,0, Hy (p—1, Xp, X, ) Hy (Vs Yrs 1, Yns 1, ),
and it follows that

1
622 (yn' yn+1, yn+1' t) = Z k { Gl (xn—li Xn» Xn, t)GZ (yn: yn+11 yn+11 t)}

Go(Vn» Yn+1 Yns1st) 2 % k Gy (xp—1, Xp, X, t)

1
HZ2 (ynJ Yn+1 Yn+1) t) < Z/l{ Hl (xn—li Xn» Xn, t)' HZ (yn: Yo+ Yn+1r t)}

1
Hy (Y, Yns1: Yns1, t) < 2/1( Hy(Xp—1, Xp, X, t)).

Similarly, applying the inequalities (3.1.3) and (3.1.4),
GE (Xn) X Xni1,t) = GE(SYn, Syn, STxp, )
2 Y(G1(Xn, X, Xn+1, £) G2 (X, SYn, SYn, t),
G1(Xn, SYn» SYn, ) Go (Vs Yy T, 1),
Go (Vns Yo, TXy ) G1 (X, Xy X1, 1))
= Y(G1(Xn, X, Xny1, £) Gy (X, X, X, £),
Gy (Xn) X, X, ) G2 (Y Yo Vg1, £),
G2 (Vn» Yo Yna1, £) Gy (Xn, Xy Xpg1, )
HE (o, Xn, Xny1,t) = HE(SYn, SYn, ST, t)
< @(Hy (X, Xn, Xnt1, ) H1 (n, SYn, Sy, t),
Hy (xn, Sy, Sy, OH2 (V) Y, T, ),
Hy (Y, Yo Ty ) Hy (X, Xy X1, 1))
< @ ((Hy Ceny X, Xpg1, O Hy (X, X, X, £),
Hy (X, Xy X, ) Hy Vo Yo Va1, £,
Hy (Y Yo Yna1, O H1 (O, X, Xgq, £))-
Using properties (ii), (iv) and the definition (2.2.), we have

1
Gl2 (xnl X Xn+1) t) = Z k lp(GZ (yn' Yo Yn+1 t)’ Gl (xn' X Xn+1s t))

1
> Gy (xn' Xn+1 Xn+1 t) = Gy (xnr X Xn+1 t)

(3.1.5)

(3.1.6)
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1 1
= Z k Gz()’m Yn yn+1:t) = E k Gz()’n, Yn+1 Yn+1s t)
Gl(xnr xn+1rxn+1’t) = k Gz()’n» Yn+1 Yn+1s t)

1
le (xnr X Xn+ 1) t) < ZA (P(Hz (yn: Yo Yn+1s t): Hl (xn: X Xn+1s t))
1
E Hl (xn: Xn+1 Xn+1 t) < Hl (xn' Xns Xn+1) t)
1
< ZAHZ(yn'yn» Yn+1r t)

1
< EAHZ (yn' Yn+1 Yn+1r t)

Hy (X, Xp 41, Xns1, t) < AH, (Vo Yns1s Vs £)-
Now, it follows from the inequalities (3.1.5), (3.1.6), (3.1.7) and (3.1.8) that

1
Gl (xnr Xn+10 Xn+1, t) = Zkz Gl (xn—ll Xn» Xn, t)
1
Hl (xn! Xn+10 Xn+1 t) < ZAZ Hl (xn—lﬂ Xns» Xn, t)'
Hence, by induction we get

Gl (xn' Xn+1 Xn+1 t) = (i)nkzn Gl (x; X1,X1, t) forn = 1529- .

Hy (%5, Xp41) Xns1, t) < (i)“/lzn H,(x,x1,x,,t) forn=1,2,... (3.1.10)

So (x,,) and (y,,) are Cauchy sequences with limits zin X and w in Y.
Using the inequalities (3.1.1) and (3.1.2), we have
G3 (T2, Y, Yo ) = G5 (T2, TSYy_1,TSYn_1,t)
= Y(G, (V-1 TSYn-1,TSYn-1,6)G2(Yn-1,Yn-1, T2 t),
Go(Vn-1Yn-1,T2,6)G1(2,SYn_1,SYn-1, 1),
G1(2,SYn-1,SYn-1,)G2(¥n-1, TSYn-1, TSYn-1, 1))
2 Y(G2(Vn—1, Y Yoo ) G2 (Vn—-1, Yn-1, TZ, 1),
Go(Vn-1Yn-1,T2,t)G1(2, Xp_1, Xp_1, 1),
G1(Z, Xp—1, Xn—1, ) G2 (Vn-1, Y Yn, 1))
G2(Tz,w,w,t) 29y (1,1,1) = 1.
H3 (T2, Yn, Y ) = HF(TZ,TSyn_1,TSYn_1,t)
S OH2(Vn-1TSYn-1,TSYn-1, OH2(Yn-1,Yn-1,T2t),
Hy(Yn-1,Yn-1,T2, )H,(Z,Syn_1,Syn-1,t),
Hy(2,5Yn-1,SYn-1, OHy (Vn—1, TSYn—1, TSYn_1,t))
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< @(Hy(Yn-1, Y Yo OH2 V-1, Yn-1, T2, 1),
Hy(Yn—1,Yn-1,T2, )H1(2, Xn_1, Xn_1, 1),
Hy(z, Xp—1, Xn—1, ) Hy (Y1, Yn, Vs £))-
H2(Tz,w,w,t) < ¢ (0,0,0) = 0.
It follows that G,(Tz,w,w,t) =1 and H,(Tz,w,w,t) =0, hence w =Tz.
Using the inequalities (3.1.3) and (3.1.4), we have
GZ(Sw,Sw, x,,t) = G*(Sw,Sw, STx,_4,t)
2 P(G1(Xn-1, Xn—1, STXp—1,t) G1 (X1, SW, SW, 1),
G (xp—1,SW, 5w, t)G, (W, w, Tx,_q,t),
Gy (W, W, Txy—1,t) Gy (Xn—1, Xp—1, STXp 1, 1)).
HZ(Sw,Sw, x,,t) = HZ(Sw,Sw,STx,_1,t)
< @(Hy(Xn-1, Xn-1, STxp—1, ) H1 (Xy—1, SW, SW, 1),
Hy(xp_1,SW,Sw,t)H,(Ww,w, Tx,_4,t),
Hy(w,w, Txp 1, t)Hy (Xp—1, Xn—1, STXp 1, 1))
Letting n tends to infinity, using (i) and (iii), we have
G2(Sw,Sw,x,,t) =¥ (1,1,1) = 1 and HZ(Sw, Sw,x,,,t) < ¢ (0,0,0) = 0 and it
follows thatz =S w. Thus STz =Sw =2z, TSw =Tz =w and so ST has a fixed point z and TS has
a fixed point w. To prove uniqueness, suppose that ST has a second fixed point z; and TS has a
second fixed point w, . Then applying the inequalities (3.1.1), (3.1.2) and using properties (ii)
and (iv), we have
G2(w,wy,wy,t) = G2(TSw,TSwy,TSwy,t) = G2(Tz, TSw,, TSwq,t)
> P (G, (wy, TSWy, TSWq, t)G,(Wy,wy, Tz, t),
G,(wy,wy,Tz,t)G,(z,Swy, Swy, t),
G1(z, Swy,Swy, t) Go(wy, TSwy, TSWy, t))
> (1, Gy (wq, Wy, w, t)G(Sw, Swy, Swy, t), 1)).
H2(w,wy,wy,t) = H2(TSw,TSw;,TSwy,t) = H2(Tz TSwy, TSwy,t)
< @(Hy(Wy, TSw;, TSwq, t)Hy(Wy,wy, Tz, t),
H,(wy,wy, Tz, t)H;(z,Swy, Swy, t),
H,(z,Swy, Swy,t) Hy(wy, TSWy, TSwy, t))
< (0, H,(wy, wy,w, t)H{ (Sw, Swy, Swy, t), 0)).
It follows that
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1
622 (WJ Wi, Wy, t) = Z k lp( Gl (SW, SW]J SWII t) GZ (Wll Wi, W, t))
1
H22 (WJ Wi, W1, t) < ZA (p(Hl(SWr SW]J SWII t) HZ(WII Wi, W, t))

G,(w,wy,wy, t) 2% kG,(Sw,Swy,Swy, t) and

Hy,(w,wy,wy, t) < %/1 H,(Sw, Swy, Swy, t). (3.1.11)

Further, applying the inequalities (3.1.3), (3.1.4), using properties (ii) and (iv), we have
GZ(Sw,Sw,Swy,t) = G2(STSw,STSw, STSwy, t)
> (G, (Swy, Swy, STSWy, t) G, (Swy , STSwW, STSw, t),
G,(Swy,STSw, STSw, t)G,(TSw,TSw,TSw,, t),
G,(TSw, TSw,TSwy, t)G,(Swy, Swy, STSwy, t))
> P(1, G (Swy,Sw,Sw, t)G,(w,w,wy, t),1).
HZ(Sw,Sw,Swy,t) = H?(STSw,STSw, STSw,, t)
< @(H;(Swq,Sw;,STSwy, t)H (Swy ,STSw,STSw, t),
H{(Sw, ,STSw,STSw, t)H,(TSw,TSw,TSwy, t),
H,(TSw,TSw, TSw, t)H,(Swy, Swy, STSwy, t))
< @(0,H,(Swy,Sw,Sw, t)H,(w,w,wy, t),0)).

Which implies that
GZ(Sw,Sw,Swy, t) > i kY (G,(w,w,wy, t) G, (Sw, Sw, Swy, t))

Gy (Sw, Sw, 5wy, 1) 2 7 k (Go(w,w,wy, 1)) (3.1.12)
HZ(Sw,Sw,Swy, t) < il @(Hy,(w,w,wy, t) H; (Sw, Sw, Swy, t))
H,(Sw,Sw, Swy, t) < i/l (Hy(w, w, wy, t)). (3.1.13)
Again by using the definition (2.2.), we get,
~G1(Sw, Swy, Swy, £) = Gy (Sw, Sw, Swy, t)
> i k (Gy(w,w,wq,t)) = ; k (G,(w,wy,wy,t)
(3.1.14)

Gl (SWr Ser SWl) t) = k (GZ (W) Wi, Wq, t))

%Hl (Sw, Swy, Swy, t) < Hy(Sw, Sw, Swy, t)
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1 1
< ZA (HZ(Wi w, Wy, t)) < EA (HZ(W! Wllwlit))

Hi(Sw,Swy,Swy,t) < 1 (Hy(w, wy, wy, t)). (3.1.15)
Now it follows from the inequalities (3.1.11), (3.1.14) and (3.1.15) that

G,(w,wy,wy, t) = %k (GL(Sw, Swy, Swq, 1))
> %kz (GZ (Wr Wi, Wq, t)) > GZ (W' Wi, Wy, t)
Hz(W, Wi, Wy, t) < %k (HI(SW; SWl; SWl; t))

<22 (Hy(w, wy, i, 8)) < Hy(w, wy,wy, t)

and sow = w;. Since k, 4 < 1. The fixed point w of TS must be a unique.
Now TSz, = z; impliesTSTz; = Tz; andso T z; =w.
Thusz=STz=Sw =STz,= z,;, provingthatz isa unique fixed point of ST.
Thus the proof of the theorem is completes.
Corollary 3.2.
Let (X, G;, Hy,* , 0) and (Y, G,, H,,*, 0) be two complete intuitionistic generalized
fuzzy metric spaces, and T be a mapping of X into Y and let S be a mapping of Y into X

satisfying the inequalities:
1 .
622 (Tx, TSyll TSyZI t) = Zk mln(GZ (yl' TSylr TSyZ' t)GZ (yl' Y2, TX, t))

GZ(ylf Y2, TX, t)Gl(x' Syli SyZ' t)'
G1(x,5Y1,5Y2,6)Go(y1, TSy1, TSy, 1))

1
H2(Tx,TSy,,TSy,, t) < Z/l max (H,(y1, TSy1, TSy,, )Hy (V1, yo, Tx, t),

HZ (yl: Y2, Tx' t)Hl(x' Syli SyZ' t)'
Hy(x, Sy1, Sy2, ) Hy (¥4, TSY1, TSy, 1))

GZ(Sy1,5y2,STx, t) 2 7k min(Gy (x, x, STx, )Gy (x, Sy, Sy, 1),

G1(x,8y1,5Y2, )G (1, Y2, Tx, t),
G,(y1,V2, Tx,t)G,(x,x,5Tx, t))

H?(Syy1,Sy,,STx,t) < il max(H,(x, x,STx, t)H; (x, Sy, Sy,, t),

Hi(x,Sy1,5y2, ) Hy(y1,¥2, Tx, 1),
H,(yy,v,, Tx, t)H,(x,x,STx,t))
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forall xin Xand y;,y, inY,0 < Kk, A<1.Then ST has a unique fixed point z in X and TS has
a unique fixed point w in Y. Further Tz = w and Sw=z.
Proof:

It is immediate to see that, if we take a function ¥, ¢ : R*x R*XR'—> R",

Y(u, v, w) = %min{uw, vu, w}and ¢(u, v, w) = i max{uw, vu, wv}, forallu,v, w € R

where 0 < k, A<1.
Corollary 3.3.
Let (X, G1, Hy,*, ) and (Y, G, Hy,*, 0) be two complete intuitionistic generalized
fuzzy metric spaces and T be a mapping of X into Y and S be a mapping of Y into X
satisfying the inequalities:

1
GZ(Tx, TSy, TSy, t) = " (a1G2(¥1, TSY1, TSY2, ) G2 (V1, Y2, Tx, t) +

b1Gy (Y1, Y2, Tx, t)G1(x,Sy1,Sy,, t) +
1 G1(x, 81, 5Y2,£) G2 (¥1, TSy1, TSy», t))

1
HZ(Tx, TSy, TSy, t) < " (a1Hy (71, TSY1, TSy, ) Hy (¥1, Y2, Tx, t) +

by Hy(y1,¥2, Tx, t)H; (x, Sy, Sy,, t) +
c1 Hi(x,5y1,5y2, ) Hy (¥1, TSy1, TSy, t))

GZ(Sy1, Sy2, STx, 1) = 7 (a2G1(x, %, STX, )Gy (x, Sy1, Sya, ) +

b,G1(x,SY1,5Y2,t)G,(y1,y2, Tx, t) +
CZGZ ()’1; )’2; Tx’ t)Gl (x’ X, STX, t))

HE(Sy1, Sy2, STx, t) < = (azHy (x,x, STx, ) Hy (x, Sy, Sy, t) +

by Hy(x, SY1,Sy2, ) Hy (1, Y2, Tx, £) +
coHy(y1,y2, Tx, ) Hy (x, x, STx, 1)),
forall xin X and y,,y, inY,ay,a,,bq, by, cq,c, € RT with
(ay + by + c;)(ay, + b, + ¢;) < 1. Then ST has a unique fixed point z in X and TS has a unique
fixed point w in Y. Further Tz = w and Sw= z.
Theorem: 3.4.
Let (X, G1, Hy, *, 0)and (Y, G,, H,, *, ¢) be two complete intuitionistic generalized
fuzzy metric spaces, and T be a mapping of X into Y and S be a mapping of Y into X satisfying

the inequalities:
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G3(Tx, TSy, TSy,,t)
1 )
=5 ki min(Gy(x1,SY1,SY2,t)G2(¥1, TSy1, TSy2, t) G2 (¥1, TSy1, TSy», t),
GZ(ylr ny Tx' t)Gl(x' Syl' S}’z' t)GZ (yl' yZ' TX, t)’

G2 (Y1, TSY1, TSY2,£) Gy (1,2, Tx, t) G2 (1,2, Tx, 1)) (3.4.1)
H3(Tx,TSy,, TSy,,t)

1
< 2/11 max(H; (x1, Sy1,Sy2, ) Hy (y1, TSy1, TSYo, ) Hy (1, TSy1, TSy, t),

Hy(y1,y2, Tx, t)H, (X, Sy1, SY2, ) Hy (V1, Y2, TX, t),
Hy(y1, TSy, TSy, ) Hy (y1, ¥2, Tx, t) Hy (¥4, Y2, Tx, 1)) (3.4.2)
G3(Sy1,Sy,, STx, t) = %kz min(G,(y1, Y2, Tx, t)G,(x, x,STx, t) G, (x, x,STx, t),

Gl(x' Sylﬂ SyZ' t)GZ (ylﬂ Y2, Tx' t)Gl(xﬂ Sylf Sny t):
G1(x,x,5Tx,t)G,(x, Sy, Sy, t) G1(x,5y4,5y,, 1)) (3.4.3)

H3(Sy,,5v,,STx,t) < %/12 max(H,(y1,v2, Tx, t)H (x, x,STx, t) H; (x, x, STx, t),
Hy(x,Sy1,Sy2, ) Hy (1, Y2, Tx, )Hy (x, Sy1, Sy2, ©),
Hy(x,x,STx,t)H (x,Sy1,Sy,,t) Hi(x,Sy1,Sy,,t))  (3.4.4)

forall xin Xand y;,y, inY,0 <k, ,k,,A;, 1, <1. Then ST has a unique fixed point z in X

and TS has a unique fixed point w in Y. Further Tz = w and Sw= z.

Proof:
We define the sequences (x,,) in X and (y,) inY by x,, = (ST)"x, y, = T(ST)" 1x,
forn=1,2,.... We will assume that x,, # x,,4+; and y, # y,4, foralln.

Applying the inequalities (3.4.1) and (3.4.2), we have
GS O Va1 Yne1, t) = Gg’ (Txp-1, TSYn, TSyp, t)
1 .
= Z kl mln(Gl (xn—lf Syn' Syn' t)GZ (ynf TSynf TSynf t) GZ (yn: TSyn: TSyn: t),

GZ (yn’ yn' Txn—l: t) Gl (xn—lf Syn' Syn' t) GZ (ynJ yru Txn—ll t),
GZ (yn' TSyn' TSyn' t) GZ (yn' Yn Txn—l' t) GZ (:Vn' Yn, Txn—lr t))

1 .
= Zklmln( Gl (xn—l' Xns Xn, t)GZ (yn: Yn+1 Yn+1s t)GZ (yn: Yn+1 Yn+1r t)r 1r1) )
H23 (Yn: Yn+1 Yn+1s t) = H; (Txn—lf TSyn, T'syn: t)
1
< Z Al maX(Hl (xn—lf Syn» Syn» t)HZ (yn' TSyn' TSyn' t) HZ (ynv TSynv TSynv t),

Hy (V) Yo Txn—1, O Hy (X1, SV, SYn, t) Hy (Y, Yy TXp—1, 8),
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HZ (yn: TSyn: TSyn: t) HZ (ynf Yn Txn—l: t) H2 (Ynl Y Txn—l: t))
1
< Z Al max( Hl (xn—lf Xn» Xn, t)HZ (ynf Yn+1 Yn+1s t)HZ (Yn: Yn+1 Yn+1s t): 0' 0)'
It follows that

1
G3 Yy Yns1 Vs t) = " k(G (enm1, X0, X0, ) GV Y1) Yt 1, ) G2V Yt 1, Vs, )
1
G2 (Vo Ynt1 Y t) = S kG (Xn—1) Xn, Xp, t) (3.4.5)
1
H3 (Y Yn+1r Va1, t) < " Ay (Hy (o1, X, Xy O Hy (VU Yt 1) Vs, O Ho (Vs Yt 1 Y1, )

1
Hz()’n' yn+1' yn+1f t) < Z }\ Hl(xn—l'xn' xnr t)- (346)

Applying the inequalities (3.4.3), (3.4.4) and using the definition (2.1.), we get
613 (xn! X Xn+1» t) = Gl3 (Syn' Synl STxn' t)

1 .
= 7 ko, min(Gy (Vs Yo, T, £) Gy (X, Xy Xpg1, t) Gp (X, Xy, X1, £),

Gl (xnl Syn' Syn' t) GZ (yn' Yn, Txn' t) Gl (xn' SYTL' Synf t)'
G1(Xn) X, X1, £) Gy (X, SYy SV, £) G1 (Xy SYn, Sy, 1)),

1 .
= Z kZ mln(GZ (yn: Yo Yn+1, t) Gl (xn' Xny Xn+1» t) Gl (xnr X Xn+1s t)1

Gl (xn' Xn» Xn, t) GZ (yn' Y Yn+1 t) Gl (xn' Xny» Xn, t)'

Gl (xn' xnl Xn+1) t) Gl (xn' Xn xn' t) Gl (xnr Xn xnr t))

1
G5 (X X, Xgq, t) = " Ko (G2 (Vs Vs Y1, ) G1 (X, Xy X1, 1) Gy (X, X, X1, 1))
1
Py Gy (xn' Xn+1 Xn+1» t) =Gy (xn: Xns Xn+1 t)

1 1
= Zkz GV Yo Yns1, ) 2 ;kz G2 (Vs Yn+1s Yns1, £) (3.4.7)
Hl3 (xn' Xno Xn+1s t) = H13 (Syn' SYn, STxy, t)
1
< Z /12 maX(HZ (yn: Yn» Txn' t)Hl (xn: X Xn+1 t) Hl (xn: X Xn+1 t)r

Hl (xn' Syn' Syn' t) HZ (yn’ Yn, Txn' t)Hl (an Syn' Syru t)!
Hy (X, X, Xni1, t) Hy (Xn, Sy, Sy, ) Hy (X3, SV, Sy, £))

1
< Z /12 maX(HZ (yn: Yo Yn+1s t)Hl (xnf Xns Xn+1) t) Hl (xnr X Xn+1 t)'

Hl (xn' Xnr Xn, t) HZ (yn’ Yo Yn+1 t) Hl (an Xn» Xn, t):

Hl (xn' X Xn+1» t)Hl (xn' Xns» Xn, t) Hl (xn' Xnr Xn» t)
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1
H13 (xn' Xnr Xn+1) t) < Z /12 (HZ (yn' yn' yn+11 t) H1 (xnl X Xn+1) t) Hl (xnr Xnr Xn, t))
1 1
EHl (an Xn+1 Xn+1 t) < Hl (x‘m X Xn+1 t) < Z /12 HZ (yn' Yo Yn+1s t)

1
<5 A H, VY Yn+1 Yner - (3.4.8)

Now, it follows from the inequalities (3.4.5), (3.4.6), (3.4.7) and (3.4.8) that

1
G1 (X, Xnt1, Xnt1, 1) 2 Ko Go (Vi Ynt1, Yne1, t) = Zk1k2 G1(Xn—1, Xn, X, t)

1
Hy (py Xps1s Xng1, 6) < A Hy(Uny Yns 1, Ynar, £) < Z Az Hy (Xn—1, X, Xp, £).
Hence, by induction, we get

1
Gy (Xp, Xny1, Xpa1, £) = (Z)n( kok )™ Gy (x,x1, %1, 8) forn=1,2,...

1
Hy (Xn, Xni1, Xpa1, ) < (" (A240)" Hy (X, X1, X4, 8) forn=1.2,...

Since k,k; <land A,4; <1, itfollows that (x,) and (y,) are Cauchy sequences with limits
zin Xandw inY. Using the inequalities (3.4.1) and (3.4.2), we have
GS(TZ! Yo Vo t) = GS(TZ' TSyn—llTSyn—llt)

1 .
=5 kymin(G,(z, Syn-1,SYn-1,t) G2 V-1, TSYn—1, TSYn_1,t) G2 (Yn-1, TSYn_1, TSYn_1, 1),

Go(WVn-1,Yn-1,T2t)G1(Z,SYn-1,SYn-1,t)G2(Vn-1,Yn-1,TZ,t),
Gy (V-1 TSYn-1,TSYn-1,t) Go(Yn-1,Yn-1, T2, t) G (Yn-1,Yn-1, T2, t))

1 .
= Z klmln(Gl (Zr Xn—1Xn-1, t)GZ (yn—l' Yoo Yno t) GZ (yn—l' Ynr» Yno t)'
Go(Yn-1,Yn-1,T2,t)G1(Z, X1, Xn—1,t) G2 V-1, Yn-1, TZ, t),
GZ (yn—l' Y Yno t)GZ (yn—l' Yn-1, TZ' t)GZ (yn—l' Yn-1 TZ' t))
H3 (T2, Yn, Yn, t) = H3(TZ,TSyn-1,TSYn-1,t)
1
< 1/11 max{(H1(z, Syn-1,S¥n-1, OHs V-1, TSYn-1, TSYn-1, ) Hy (Yn—1, TSYn—1, TSyn_1, ),
Hy(Yn-1,Yn-1,Tz, t)H1(2, SYn_1,SYn-1, ) H; (Yn-1, Yn-1, T2, t),
Hy (Y1, TSYn-1, TSYn-1, ) Hy(Yn—1, Yn-1, T2, ) H; (Yn—1, Yn-1, T2, t)
1
S lemaX(Hl (Z' xn—lf xn—ll t)HZ (yn—lf yn' yn' t) HZ (yn—ll yn' yn' t)'
Hy(Yn-1,Yn-1,Tz, t)H1 (2, Xpn_1, Xn—1, ) Hy (Yn—1, Yn-1, T2, 1),

HZ (yn—lr Yo Yo t)HZ (yn—lr Yn-1 TZ' t)HZ (yn—ll Yn-1 TZ' t))
Letting n— oo, we have G3(Tz,w,w,t) =1 and Hi(Tz,w,w,t) < 0, it follows that
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G,(Tz,w,w,t) =1 and H,(Tz,w,w,t) =0,hencew =T z.
Using the inequalities (3.4.3) and (3.4.4), we obtain
G3(Sw,Sw, x,,,t) = G3(Sw,Sw,STx,,_1,t)
> ikz min(G,(wW,w, Txp_1,t) Gy (Xp_1, Xn—1,STXp_1,t) Gy (Xp_1, Xn—1, STXp_1, 1),

G, (xp_1, SW,SW, t)G,(W,w, Tx,_1,t) G, (xp—1, SW, SW, 1),
Gy (1, %1, STxp_1,t) Gy (Xp—1, SW, SW, t)G1 (5,1, SW, Sw, t)

H3(Sw,Sw, x,,t) = H3(Sw,Sw,STx,_1,t)

1
< Z)lz max(H, (W, w, Txy_q, ) Hy (Xn—1, Xn—1, STXp_1,t) Hy (Xp_1, X1, STXp_1, 1),

Hy(xp_q,SW,Sw, t) H,(W,w, Txy_1, t)H; (2,—1, SW, SW, t),

Hy (%p—1, Xp—1,STxp_1, ) H; (Xp—1, SW, Sw, t)H, (xp,—1, SW, Sw, t)).
Letting n tends to infinity, we have G3(Sw,Sw,x,,t) =1 and H3(Sw,Sw,x,,t) <0,
and it follows that z = Sw. Thus STz =Sw =z, TSw =Tz =w and so ST has a fixed point z and
TS has a fixed point w. Now, suppose that ST has a second fixed point z; and TS has a second
fixed point w;. Then using the inequalities (3.4.1), (3.4.2) and using the properties (iii) and (iv),
we have

G3(w,wy,wy,t) = G3(TSw,TSwy, TSwq,t) = G3(Tz, TSwy, TSwy, t)

> ikl min(G,(z, Swy, Swy, t)G, (W, , TSwy, TSwy, t) G,(wy, TSwy, TSwy, t),

Gy(wy,wy, Tz, t) Go(wy,wy, Tz, t) Gi(2,Swy, Swy, t),
GZ (Wll TSWl) TSWIJ t) GZ (Wll Wy, TZI t) GZ (Wli Wy, TZ; t))

> ikl min( 1, Gy, (wy, wy, w, t)G,(Sw, Swy, Swy, t)G,(wy, wy, w, t),1)
H3(w,wy,wy,t) = H3(TSw,TSw;, TSwy,t) = H3(Tz, TSwy, TSwy,t)
< i/ll max(H; (z, Swy, Swy, t)Hy (W , TSwy, TSwy, t) Hy(wq, TSwq, TSwy, t),

Hz(Wl, W1, TZ, t) Hz(Wl, W1, TZ, t) Hl(Z, SWl, SWl, t),
H,(wy, TSwy, TSwy,t) Hy(wy,wy, Tz, t) Hy(wy,wy, Tz, t))

< i/ll max( 0, H,(wy, wy, w, t)H, (Sw, Swy, Swy, t)Hy (wy, wy, w, t),0) and so
G3(w,wy,wy, t) = ikl min( G, (Sw, Swy, Swy, t) Go(Wwywy, w, t) G,(wywy, w, t))

G,(w,wy,wy, t) = ilel(Sw, Swy, Swy, t) (3.4.9)
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H3(w,wy,wy,t) < ixllmax(Hl(SW, Swy, Swy, t) Hy(wywy,w, t) Hy(wywy, w, t)

H,(w,wy,wy, t) < i/11H1(5W» Swy, Swy, t). (3.4.10)

Applying the inequalities (3.4.3), (3.4.4) and using definition (2.2.), we have
G2 (Sw,Sw,Swy, t) = G3(STSw, STSw, STSwy, t)

> ikz min(G,(TSw, TSw, TSwy, t)G,(Swy ,Sw;, STSw;, t) G (Sw,Sw,STSw, t),

GL(Swy , STSw, STSw, £)G,(TSw, TSw, TSwy, t)G1(Swy, STSw, STSw, t),
G, (Swy, Swy, STSwy, t) G, (Swy, STSW, STSw, t)G,(Swy, STSwW, STSw, t)),

> <k min(L, Gy (Swy , Sw, Sw, )Gy (Swy , Sw, Sw, 1), G, (w, w, wy, £), 1)

G3(Sw, Sw,Swy,t) > %kz(Gz(w, w,wy, )G, (Sw, Sw, Swy, t) G, (Sw, Sw, Swy, t)

%GI(SW'SWDSWIJ t) = GI(SW;SWJSWIJ t) = iszZ(W, w,Wq, t) = %kZ GZ(W' Wi, Wy, t)
H3(Sw, Sw,Swy,t) = H3(STSw, STSw,STSwy, t)
< i/’lz max(H, (TSw, TSw, TSwy, t)Hy (Swy , Swy, STSwy, t) Hi(Sw,Sw, STSw, t),

H,(Sw,STSw, STSw,t) H,(TSw,TSw, TSwy, t)H,(Swy, STSw, STSw, t),
H,(Swy, Swy, STSwy, t)H; (Swy, STSw, STSw, t)H,(Swy, STSw, STSw, t))

< i/’lz max(0, H; (Swy ,Sw, Sw, t)H; (Swy , Sw, Sw, t)H,(w, w,wy, t),0)
H3(Sw,Sw,Swy,t) < ikz(Hz(W,W,Wl,t)Hl(SW,SW,Swl, t) Hi(Sw, Sw, Swy, t))

%Hl(SW, Swy,Swy, t) < Hi(Sw,Sw,Swy,t) < i/lz H,(w,w,wy,t) < %Az H,(w,w;,wy, t)

G, (Sw,Swy,Swy, t) = ky Go(w, wy, wy, t) (3.4.11)
Hy(Sw,Swy, Swy, t) < A, Hy(w,wy,wy, t). (3.4.12)
Now it follows from the inequalities (3.4.9), (3.4.10), (3.4.11) and (3.4.12) that

1 1
GZ (W, Wq, Wq, t) = Zkl Gl (SW) SWl) SWI! t) > Zklkz GZ (WI Wi, Wq, t) > GZ (WI Wq, Wy, t)
HZ(W’ Wi, Wq, t) < ill Hl(Swl'SWllSWl) t) < %1112 HZ(WI Wi, Wq, t) < HZ(W, Wq, Wy, t)l

and sow = wj. Since kik, <1land A,4, < 1. The fixed point w of TS must be a unique.
Now TSz, = z; impliesTSTz, = Tz, andso T z; =w.
Thus z=STz =Sw = STz; = z,;, proving that z is the unique fixed point of ST.
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This completes the proof of the theorem.
Corollary 3.5.

Let (X, G;, Hy, *, 0) and (Y, G,, H,, *, ) be two complete intuitionistic generalized fuzzy
metric spaces and T be a mapping of X into Y and S be a mapping of Y into X satisfying
the inequalities:

1
G3(Tx, TSy, TSy, t) = Z (a1G1(x, 5y1,5Y2,t)Go(V1, TSY1, TSy, t) G2 (¥1, TSY1, TSy2, t)

+ b1Gy(V1, Y2, Tx, t)G1 (X, SY1,Sy2,t) G2(¥1, Y2, Tx, t)
+ 1 G (Y1, TSY1, TSy, 8) Gy (Y1, Y2, Tx, t) G2 (¥4, Y2, Tx, t))
1
H3(Tx, TSy, TSy, t) < 1 (a1Hy(x, 51, Sy2, t)Hy (¥1, TSY1, TSy, t)Hy (y1, TSy1, TSy, t)
+b1Hy (1, Y2, Tx, t)H (X, Sy1,5Y2, t) Hy(V1, Y2, Tx, t)
+ ¢4 G2 (¥4, TSY1, TSy, ) Hy (¥1, Y2, Tx, t) Hy(¥1, Y2, T, t))
G3(Sy1,Sy,, STx, t) = i(asz(yl,yz,Tx, t)G,(x,x,STx,t)G,(x,x,STx,t)
+ byG1(x,SY1,SY2, )G (1, Y2, Tx, t)G1 (%, Sy1, Sy7, )
+ ¢,G1(x,x,8Tx,t)G,(x,Sy,,Sy,, t) G1(x,Sy1,Sy,, 1))
H3(Sy,,5v,,STx,t) < i(asz(yl,yz,Tx, t)H; (x,x,STx, t)Hy (x, x,STx, t)
+ byHy(x,Sy1, Sy, ) Hy (¥1, V2, TX, ) H1 (%, Sy1, Sy3, t)
+ c,Hy(x,x,STx, t)H (x, Sy, Sy, t) Hi(x,Sy1,Sy,,t)
forall xin X and y;,y, inY, ay,a,, by, by, cq, c; € R*with (a; + by + ¢1)(ay + by, +¢3) < 1.

Then ST has a unique fixed point z in X and TS has a unique fixed point w in Y.

Further, Tz = w and Sw= z.
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