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Abstract. In this paper, we will first introduce the approximate fixed point property and a new class of operators

and contraction mapping for a cyclic map T on modular G-metric spaces. Also, we prove two general lemmas

regarding approximate fixed Point of cyclic maps on modular G-metric spaces. Using these results we prove

several approximate fixed point theorems for a new class of operators and contraction mapping on modular G-

metric spaces.
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1. INTRODUCTION

Fixed point theory is a very popular tool in solving existence problems in many branches of

Mathematical Analysis and its applications. In physics and engineering fixed point technique

has been used in areas like image retrieval, signal processing and the study of existence and

uniqueness of solutions for a class of nonlinear integral equations. Some recent work on fixed

point theorems of integral type in G-metric spaces, stability of functional difference equation

can be found in [24, 25] and the references therein.
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In 1968, Kannan (see [11] ) proved a fixed point theorem for operators which need not be

continuous. Further, Chatterjea (see[6]), in 1972, also proved a fixed point theorem for discon-

tinuous mapping, which is actually a kind of dual of Kannan mapping. In 1972, by combining

the above three independent contraction conditions above, Zamfirescu (see [22]) obtained an-

other fixed point result for operators which satisfy the following. In 2001, Rus (see [26]) defined

α−contraction. In [3], the author obtained a different contraction condition, also he formu-

lated a corresponding fixed point theorem. In 2006, Berinde (see [4]) obtained some result on

α−contraction for approximate fixed point in metric space. Miandaragh et al. [13, 14] obtained

some result on approximate fixed points in metric space. In [5], Chandok et al. obtained some

result on Coupled common fixed point in partially ordered G-metric spaces,

On the other hand, in 2006, Mustafa and Sims [20, 21] introduced the notion of generalized

metric spaces or simply G-metric spaces. Many researchers have obtained fixd point, coupled

fixed point, coupled common fixed point results on G-metric spaces (see [1, 5, 24]).

In 2011, Mohsenalhosseini et al [15], introduced the approximate best proximity pairs and

proved the property of approximate best proximity pairs. Also, In 2012 , Mohsenalhosseini

et al [16], introduced the approximate fixed point for complete norm spaces and map Tα and

proved the property of approximate fixed point. In 2014 Mohsenalhosseini and Ahmadi [17]

introduced approximate fixed point in G−metric spaces for various types of operators. Also,

Mohsenalhosseini in [18] introduced the approximate fixed points of operators on G-metric

spaces.

The theory of modular spaces was initiated by Nakano [19] in 1950 in connection with the

theory of order spaces and redefined and generalized by Musielak and Orlicz [23] in 1959. In

2008, Chistyakov [7] introduced the notion of modular metric spaces generated by F-modular

and developed the theory of this spaces , on the same idea he defined the notion of a modular

on an arbitrary set and developed the theory of metric spaces generated by modular such that

called the modular metric spaces in 2010 [8].

The main idea behind this newconcept is the physical interpretation of the modular. One

of the most interesting problems in this setting is the famous Dirichlet energy problem
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[9, 10].The classical technique used so far in studying thisproblemis to convert the energy func-

tional,naturally defined by a modular, to a convoluted and complicated problem which involves

a norm (the Luxemburg norm).

In 2013, Azadifar et al [2] introduced the notion of modular G-metric spaces and proved some

known fixed point theorems on the modular G-metric spaces. The aim of this paper is to intro-

duce the new classes of operators and contraction maps regarding approximate fixed point and

diameter approximate fixed point for a cyclic map T : A∪B∪C→ A∪B∪C i.e. T (A) ⊆ B,

T (B)⊆C and T (C)⊆ A on modular G-metric spaces. Also, we give some illustrative example

of our main results.

2. PRELIMINARIES

This section recalls the following notations and the ones that will be used in what follows.

Throughout the paper X is a nonempty set, λ > 0 is understood in the sense that λ ∈ (0,∞) and,

due to the disparity of the arguments, functions ω : (0,∞)×X×X×X −→ [0,∞] will be written

as ωλ (x,y,z) = ω(λ ,x,y,z) for all λ > 0 and x,y,z ∈ X .

Definition 2.1. [2] Let X be a nonempty set and let ω : (0,∞)×X ×X ×X −→ [0,∞] be a

function satisfying the following properties:

(G1) ωλ (x,y,z) = 0 f or all x,y ∈ X and λ > 0 i f and only i f x = y = z;

(G2) ωλ (x,x,y)> 0 f or all x,y ∈ X and λ > 0 with x 6= y;

(G3) ωλ (x,x,y)≤ ω(x,y,z) f or all x,y,z ∈ X and λ > 0 with z 6= y;

(G4) ωλ (x,y,z) = ωλ (x,z,y) = ωλ (y,z,x) = · · · and λ > 0 (symmetry in all three variables);

(G5) ωλ+µ(x,y,z)≤ ωλ (x,a,a)+ωµ(a,y,z) f or all x,y,z,a ∈ X and λ ,µ > 0.

Then, the function ωλ is called modular G-metric on X .

Given x0 ∈ X , the set Xω = {x ∈ X : limλ→∞ω(λ ,x,x0) = 0} is a metric space with metric

dω(x,y) = in f{λ > 0 : ω(λ ,x,y)≤ λ},

called modular space.

Let us fix an element x0 ∈ X arbitrarily and set Xω = X◦ω(x0). The set Xω is call a modular

set.
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Theorem 2.2. [2] If ω is modular G-metric on X, then the modular set Xω is a G-metric space

with G-metric given by

G◦ω = in f{λ > 0 : ωλ (x,y,z)≤ λ},

for all x,y,z ∈ X.

Proposition 2.3. [20] Every G-metric (X ,G) defines a metric space (X ,dG) by

1) dG(x,y) = G(x,y,y)+G(y,x,x).

if (X ,G) is a symmetric G- metric space. Then

2) dG(x,y) = 2G(x,y,y).

Proposition 2.4. Every modular G-metric (X ,ωλ ) defines a metric space (X ,dω) by

1) dω(x,y) = ωλ (x,y,y)+ωλ (y,x,x).

if (X ,ωλ ) is a symmetric modular G- metric space. Then

2) dω(x,y) = 2ωλ (x,y,y).

Proof: since ωλ is modular G-metric on X by Theorem 2.2 Xω is a G−metrice space with

G-metric given by

G◦ω = in f{λ > 0 : ωλ (x,y,z)≤ λ},

hence by proposition 2.3 (X ,dω) with dω(x,y) = ωλ (x,y,y)+ωλ (y,x,x) is a metric space.

Definition 2.5. [16] Let T : X → X , ε > 0, x0 ∈ X . Then x0 ∈ X is an ε−fixed point for T if

‖T x0− x0‖< ε.

Remark 2.6. [16] In this paper we will denote the set of all ε− fixed points of T , for a given ε ,

by :

AF(T ) = {x ∈ X | x is an ε− f ixed point o f T}.

Definition 2.7. [16] Let T : X → X . Then T has the approximate fixed point property (a.f.p.p)

if

∀ε > 0, AF(T ) 6=∅.

Theorem 2.8. [16] Let (X ,‖.‖) be a complete norm space, T : X → X , x0 ∈ X and ε > 0 . If

‖T n(x0)−T n+k(x0)‖→ 0 as n→ ∞ for some k > 0, then T k has an ε− fixed point.
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3. APPROXIMATE FIXED POINT ON MODULAR G-METRIC SPACE

We begin with two lemmas which will be used in order to prove all the results given in third

section. Let (X ,ωλ ) be a modular G-metric space.

Definition 3.1. Let A,B,C are closed subsets of a modular G-metric space X and T : A∪B∪C→

A∪B∪C be a cyclic map. Let ε > 0 and x0 ∈ A∪B∪C. Then x0 is an ε- fixed point of T if

[ωλ (x0,T x0,T x0)+ωλ (T x0,x0,x0)]< ε.

Remark 3.2. In this paper we will denote the set of all ε-fixed points of T , for a given ε , by:

Fε
ωλ
(T ) = {x ∈ A∪B∪C | x is an ε− f ixed point o f T}.

Definition 3.3. [18] Let A,B,C are closed subsets of a G−metric space X , T : A∪B∪C→

A∪B∪C be a cyclic map and ε > 0. We define diameter of the set Fε
G(T ), i.e.,

δ (Fε
G(T )) = sup{G(x,y,z) : x,y,z ∈ Fε

G(T )}.

Definition 3.4. Let A,B,C are closed subsets of a modular G−metric space X , T : A∪B∪C→

A∪B∪C be a cyclic map and ε > 0. We define diameter of the set Fε
ωλ
(T ), i.e.,

δ (Fε
ωλ
(T )) = sup{ωλ (x,y,z) : x,y,z ∈ Fε

ωλ
(T )}.

Definition 3.5. Let A,B,C are closed subsets of a modular G−metric space X and T : A∪B∪

C→ A∪B∪C be a cyclic map. Then T has the approximate fixed point property (a.f.p.p) if

∀ε > 0,

Fε
ωλ
(T ) 6= /0.

Definition 3.6. Let A,B,C are closed subsets of a modular G−metric space X . A cyclic map

T : A∪B∪C→ A∪B∪C is said to be asymptotically regular at a point x ∈ A∪B∪C, if

lim
n→∞
{ωλ (T

nx,T n+1x,T n+1x)+ωλ (T
n+1x,T nx,T nx)}= 0,

where T n denotes the nth iterate of T at x.
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Lemma 3.7. [17] Let A,B,C are closed subsets of a G−metric space X . If T : A∪B∪C→

A∪B∪C is asymptotically regular at a point x ∈ A∪B∪C, Then T has an approximate fixed

point.

Lemma 3.8. Let A,B,C are closed subsets of a modular G−metric space X . If T : A∪B∪C→

A∪B∪C is asymptotically regular at a point x ∈ A∪B∪C, Then T has an approximate fixed

point.

Proof: Using Proposition 2.4 and Lemma 3.7, we find that T has an approximate fixed point

Lemma 3.9. Let A,B,C are closed subsets of a modular G−metric space X , T : A∪B∪C→

A∪B∪C a cyclic map and ε > 0. We assume that:

a) Fε
ωλ
(T ) 6= /0;

b) ∀ξ > 0 ∃ψ(ξ )> 0 such that

[ωλ (x,y,y)+ωλ (y,x,x)]− [ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]< ξ =⇒

ωλ (x,y,y)+ωλ (y,x,x)≤ ψ(ξ ), ∀x,y ∈ Fε
ωλ
(T ).

Then:

δ (Fε
ωλ
(T ))≤ ψ(2ε).

Proof. Let ε > 0 and x,y ∈ Fε
ωλ
(T ). Then

[ωλ (x,T x,T x)+ωλ (T x,x,x)]< ε, [ωλ (y,Ty,Ty)+ωλ (Ty,y,y)]< ε.

By G5 of Definition 2.1 we can write:

ωλ (x,y,y)+ωλ (y,x,x)≤ ωλ (x,T x,T x)+ωλ (T x,x,x)

+ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)

+ωλ (Ty,y,y)+ωλ (y,Ty,Ty)

≤ 2ε +ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x).=⇒

ωλ (x,y,y)+ωλ (y,x,x)− [ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]< 2ε.
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Now by (b) it follow that

ωλ (x,y,y)+ωλ (y,x,x)≤ ψ(2ε),

So

δ (Fε
ωλ
(T ))≤ ψ(2ε).

�

4. DIAMETER APPROXIMATE FIXED POINT ON MODULAR G-METRIC SPACES

In this section a series of qualitative and quantitative results will be obtained regarding the

diameter approximate fixed point. Also, we prove diameter approximate fixed point theorems

for a new class of operators on modular G-metric spaces.

Definition 4.1. Let A,B and C be non-empty subsets of a modular G−metric space X . The

cyclic mapping T : A∪B∪C→A∪B∪C is a modular G−MN operator if there exists α ∈ (0, 1
2
)

such that

ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ α[ωλ (x,y,y)+ωλ (y,x,x)

+ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)].

Theorem 4.2. Let A,B and C be non-empty subsets of a modular G-metric space X. Suppose

that the cyclic mapping T : A∪B∪C→ A∪B∪C is a modular G−MN operatore. Then for

every ε > 0,

Fε
ωλ
(T ) 6= /0.

Proof. Let ε > 0 and x ∈ A∪B∪C.

ωλ (T
nx,T n+kx,T n+kx)+ωλ (T

n+kx,T nx,T nx) = ωλ (T (T
n−1x),T (T n+k−1x),T (T n+k−1x))

+ωλ (T (T
n+k−1x),T (T n−1x),T (T n−1x))

≤ α[ωλ (T
n−1x,T n+k−1x,T n+k−1x)

+ωλ (T
n+k−1x,T n−1x,T n−1x)

+ωλ (T
nx,T n+kx,T n+kx)+ωλ (T

n+kx,T nx,T nx)].
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Therefore,

(1−α)ωλ (T
nx,T n+kx,T n+kx)+ωλ (T

n+kx,T nx,T nx)]≤

α[ωλ (T
n−1x,T n+k−1x,T n+k−1x)

+ωλ (T
n+k−1x,T n−1x,T n−1x)].

So,

ωλ (T
nx,T n+kx,T n+kx)+ωλ (T

n+kx,T nx,T nx)]≤
α

1−α
[ωλ (T

n−1x,T n+k−1x,T n+k−1x)

+ωλ (T
n+k−1x,T n−1x,T n−1x)]

...

≤ (
α

1−α
)n[ωλ (x,T

kx,T kx)+ωλ (T
kx,x,x)].

But α ∈ (0,
1
2
), therefore (

α

1−α
) ∈ (0,1). Hence

lim
n−→∞

[ωλ (T
nx,T n+kx,T n+kx)+ωλ (T

n+kx,T nx,T nx)] = 0,∀x ∈ A∪B∪C.

Using proposition 2.4 and Theorem 2.8, we find that Fε
ωλ
(T ) 6= /0 for all ε > 0. �

Theorem 4.3. Let (X ,G) be a modular G-metric space. Suppose that the cyclic mapping T :

A∪B∪C→ A∪B∪C is a modular G−MN operator. Then for every ε > 0,

δ (Fε
ωλ
(T ))≤ 2ε(1+α)

1−2α
.

Proof. Let ε > 0. Condition i) in Lemma 3.9 is satisfied, as one can see in the proof of Theorem

4.2 we only verify that condition ii) in Lemma 3.9 holds. Let θ > 0 and x,y ∈ Fε
ωλ
(T ) and

assume that Then:

[ωλ (x,y,y)+ωλ (y,x,x)]− [ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]< θ .

Then:

[ωλ (x,y,y)+ωλ (y,x,x)] ≤ α[ωλ (x,y,y)+ωλ (y,x,x)]+ [ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]+θ .
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Therefore As x,y ∈ Fε
ωλ
(T ), we know that

ωλ (x,T x,T x)+ωλ (T x,x,x)≤ ε,ωλ (y,Ty,Ty)+ωλ (Ty,y,y)≤ ε.

Therfore, ωλ (x,y,y)+ωλ (y,x,x) ≤ 2αε+θ

1−2α
. So for every θ > 0 there exists φ(θ) = 2αε+θ

1−2α
> 0

such that

[ωλ (x,y,y)+ωλ (y,x,x)]− [ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]< θ ⇒ ωλ (x,y,y)+ωλ (y,x,x)]≤ φ(θ).

Now by Lemma 3.9, it follows that

δ (Fε
ωλ
(T ))≤ φ(2ε),∀ε > 0,

which means exactly that

δ (Fε
ωλ
(T ))≤ 2ε(1+α)

1−2α
.

�

Example 4.4. Let X = {0,1,2, ...,18}, λ ∈ (0,∞) and ωλ (x,y,y) =
G(x,y,z)

λ
such taht G : X ×

X×X → R+ be defind as follows:

G(x,y,z) =



x+ y+ z i f x 6= y 6= z 6= 0,

x+ y i f x = y 6= z x,y,z 6= 0,

y+ z+1 i f x = 0, y 6= z, y,z 6= 0,

y+2 i f x = 0, y = z 6= 0,

z+1 i f x = 0, y = 0, z 6= 0,

0 i f x = y = z.

Let A = {4,18}, B = {3,7,17} and C = {0}. Obviously A,B,C are closed subsets of modular

G−metric space X . Define the mapping T : A∪B∪C→ A∪B∪C by

T x =


x−1 i f x ∈ {4,18}

0 i f x ∈ {3,7,17}

4 i f x = 0.
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It is easily to be checked that T (A) ⊆ B, T (B) ⊆ A and T (C) ⊆ A. For any x,y ∈ A∪B∪C we

have the chain of inequalities

ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ α[ωλ (x,y,y)+ωλ (y,x,x)

+ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)].

So T satisfies all the conditions of Theorems 4.2 and 4.3 and thus for every ε > 0, Fε
ωλ
(T ) 6= /0

and δ (Fε
ωλ
(T ))≤ 2ε(1+α)

1−2α
respectively.

Definition 4.5. Let A,B and C be non-empty subsets of a modular G-metric space X . The cyclic

mapping T : A∪B∪C→ A∪B∪C is a modular Gα−contraction if for all λ > 0 there exists

α ∈ (0,1) such that

ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)≤ α[ωλ (x,y,y)+ωλ (y,x,x)],∀x,y ∈ A∪B∪C.

Definition 4.6. Let A,B and C be non-empty subsets of a modular G−metric space X . The

cyclic mapping T : A∪B∪C→ A∪B∪C is a modular G-Chatterjea operator if there exists

α ∈ (0,
1
2
) such that

ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ α[ωλ (x,Ty,Ty)+ωλ (Ty,x,x)

+ωλ (y,T x,T x)+ωλ (T x,y,y)],∀x,y ∈ A∪B∪C.

By combining the three independent contraction conditions: modular Gα−contraction, MN,

and Chatterjea operators we will be obtained another approximate fixed point result for opera-

tors which satisfy the followings:

Definition 4.7. Let A,B and C be non-empty subsets of a modular G−metric space X . The

cyclic mapping T : A∪B∪C→ A∪B∪C is a modular G−MNC operator if there exists α ∈

[0,1), β ∈ [0,
1
2
), γ ∈ [0,

1
2
) such that for all x,y ∈ A∪B∪C at least one of the following is true.

i)[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ α[ωλ (x,y,y)+ωλ (y,x,x)];

ii)ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)≤ β [ωλ (x,y,y)+ωλ (y,x,x)+ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)];

iii)ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ γ[ωλ (x,Ty,Ty)+ωλ (Ty,x,x)+ωλ (y,T x,T x)+ωλ (T x,y,y)].
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Theorem 4.8. Let A,B and C be non-empty subsets of a modular G-metric space X. Suppose

that the cyclic mapping T : A∪B∪C→ A∪B∪C is a modular G−MNC operator. Then for

every ε > 0, Fε
ωλ
(T ) 6= /0.

Proof. Let ε > 0 and x ∈ A∪B∪C. Supposing (ii) holds, we have that:

[G(T x,Ty,Ty)+ωλ (Ty,T x,T x)] ≤ β [ωλ (x,y,y)+ωλ (y,x,x)+ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]

≤ β [ωλ (x,T x,T x)+ωλ (T x,x,x)+ωλ (T x,y,y)+ωλ (y,T x,T x)

+ ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]

= 2β [ωλ (x,T x,T x)+ωλ (T x,x,x)]+β [ωλ (x,y,y)+ωλ (y,x,x)]

+ β [ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)].

Thus,

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)] ≤ 2β [ωλ (x,T x,T x)+ωλ (T x,x,x)]

+ (
β

1−β
)[ωλ (x,y,y)+ωλ (y,x,x)]. (3.1)

Supposing (iii) holds, we have that:

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ γ[ωλ (x,Ty,Ty)+ωλ (Ty,x,x)+ωλ (y,T x,T x)+ωλ (T x,y,y)].

≤ γ[ωλ (x,y,y)+ωλ (y,x,x)+ωλ (y,Ty,Ty)+ωλ (Ty,y,y)]

+ γ[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]

= γ[ωλ (x,y,y)+ωλ (y,x,x)]+2γ[ωλ (y,Ty,Ty)+ωλ (Ty,y,y)]

+ γ[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)].

Thus,

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)] ≤ 2γ

1− γ
[ωλ (y,Ty,Ty)+ωλ (Ty,y,y)]

+ (
γ

1− γ
)[ωλ (x,y,y)+ωλ (y,x,x)]. (3.2)
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Similarly,

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]

≤ γ[ωλ (x,Ty,Ty)+G(Ty,x,x)+ωλ (y,T x,T x)+ωλ (T x,y,y)].

≤ γ[ωλ (x,T x,T x)+ωλ (T x,x,x)+ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]

+ γ[ωλ (x,y,y)+ωλ (y,x,x)+ωλ (x,T x,T x)+ωλ (T x,x,x)]

= 2γ[ωλ (x,T x,T x)+ωλ (T x,x,x)]+ γ[ωλ (T x,Ty,Ty)

+ωλ (Ty,T x,T x)]+ γ[G(x,y,y)+ωλ (y,x,x)].

Then

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)] ≤ (
2γ

1− γ
)[ωλ (x,T x,T x)+ωλ (T x,x,x)]

+ (
γ

1− γ
)[ωλ (x,y,y)+ωλ (y,x,x)]. (3.3)

In view of (i), (3.1),(3.1), (3.2) and (3.3), we have, ξ = max{α,
β

1−β
,

γ

1− γ
}, and it is easy

to see that ξ ∈ [0,1) for T satisfying at least one of the condition (i), (ii) and (iii) we have that.

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ 2ξ [ωλ (x,T x,T x)+ωλ (T x,x,x)]

+ξ [ωλ (x,y,y)+ωλ (y,x,x)] (3.4)

and

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ 2ξ [ωλ (y,Ty,Ty)+ωλ (Ty,y,y)]

+ξ [ωλ (x,y,y)+ωλ (y,x,x)]

hold. Using these conditions implied by i) -iii) and taking x ∈ A∪B∪C, we have

ωλ (T
nx,T n+1x,T n+1x)+ωλ (T

n+1x,T nx,T nx)

= ωλ (T (T
n−1x),T (T nx),T (T nx))

+ ωλ (T (T
nx),T (T n−1x),T (T n−1x))

≤(3.4) 2ξ [ωλ (T
n−1x,T (T n−1x),T (T n−1x))

+ ωλ (T (T
n−1x),T n−1x,T n−1x)
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+ ξ ωλ (T
n−1x,T nx,T nx)+ωλ (T

nx,T n−1x,T n−1x)]

= 3ξ [ωλ (T
n−1x,T nx,T nx)+ωλ (T

nx,T n−1x,T n−1x)]

...

≤ (3ξ )n[ωλ (x,T x,T x)+ωλ (T x,x,x)].

Therefore,

ωλ (T
nx,T n+1x,T n+1x)+ωλ (T

n+1x,T nx,T nx)≤ (3ξ )n[ωλ (x,T x,T x)+ωλ (T x,x,x)].

Then, we have

lim
n→∞

[ωλ (T
nx,T n+1x,T n+1x)+ωλ (T

n+1x,T nx,T nx)] = 0, ∀x ∈ A∪B∪C.

Using Lemma 3.8, we find that Fε
ωλ
(T ) 6= /0 for all ε > 0. �

Theorem 4.9. Let (X ,G) be a modular G-metric space. Suppose that the cyclic mapping T :

A∪B∪C→ A∪B∪C is a modular G−MNC operator. Then for every ε > 0,

δ (Fε
ωλ
(T ))≤ 2ε

1+η

1−η
,

where η = max{α, β

1−β
, γ

1−γ
}, and α,β ,γ as in Definition 4.7

Proof. In the proof of Theorem 4.8, we have already shown that if T satisfies at least one of the

conditions i), ii), iii) from Definition 4.7, then

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)] ≤ 2η [ωλ (x,T x,T x)+ωλ (T x,x,x)]

+ η [ωλ (x,y,y)+ωλ (y,x,x)]

and

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)] ≤ 2η [ωλ (y,Ty,Ty)+ωλ (Ty,y,y)]

+ η [ωλ (x,y,y)+ωλ (y,x,x)]

hold.
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Let ε > 0. We will only verify that condition ii) in Lemma 3.9 is satisfied, as i) holds, see the

Proof of Theorem 4.8. Let θ > 0 and x,y ∈ Fε
ωλ
(T ) and assume that

ωλ (x,y,y)+ωλ (y,x,x)−ωλ (T x,Ty,Ty)−ωλ (Ty,T x,T x)≤ θ ⇒

ωλ (x,y,y)+ωλ (y,x,x)≤ ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)+θ ⇒

ωλ (x,y,y)+ωλ (y,x,x) ≤ 2η [ωλ (x,T x,T x)+ωλ (T x,x,x)]

+ η [ωλ (x,y,y)+ωλ (y,x,x)]+θ ⇒

(1−η)[ωλ (x,y,y)+ωλ (y,x,x)]≤ 2ηε +θ

[ωλ (x,y,y)+ωλ (y,x,x)]≤
2ηε +θ

1−η
.

So for every θ > 0 there exists φ(θ) = 2ηε+θ

1−η
> 0 such that

ωλ (x,y,y)+ωλ (y,x,x)−[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ θ⇒ωλ (x,y,y)+ωλ (y,x,x)≤ φ(θ).

Now by Lemma 3.9, it follows that

δ (Fε
ωλ
(T ))≤ φ(2ε),∀ε > 0,

which means exactly that

δ (Fε
ωλ
(T ))≤ 2ε

1+η

1−η
,∀ε > 0.

�

Remark 4.10. Example 4.4 shows that T satisfies all the conditions of Theorems 4.8 and 4.9

and thus for every ε > 0,Fε
ωλ
(T ) 6= /0 and δ (Fε

ωλ
(T ))≤ 2ε

1+η

1−η
respectively.

Definition 4.11. Let A,B and C be non-empty subsets of a moudlar G−metric space X . The

cyclic mapping T : A∪B∪C→ A∪B∪C is a modular G−MN-semi contraction if there exists

α ∈]0, 1
2 [ such that

[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤α[ωλ (x,y,y)+ωλ (y,x,x)]+[ωλ (x,T x,T x)+ωλ (T x,x,x)].
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Theorem 4.12. Let A,B and C be non-empty subsets of a modular G-metric space X. Suppose

that the cyclic mapping T : A∪B∪C→ A∪B∪C is a modular G−MN-semi contraction. Then

for every ε > 0, Fε
ωλ
(T ) 6= /0.

Proof. Let ε > 0 and x ∈ A∪B∪C.

[ωλ (T
nx,T n+1x,T n+1x)+ωλ (T

n+1x,T nx,T nx)] = [ωλ (T (T
n−1)x,T (T n)x,T (T n)x)

+ ωλ (T (T
n)x,T (T n−1)x,T (T n−1)x)]

≤ 2α[ωλ (T
n−1x,T nx,T nx)

+ ωλ (T
nx,T n−1x,T n−1x)]

≤
...

≤ (2α)n[ωλ (x,T x,T x)+ωλ (T x,x,x)].

But α ∈]0, 1
2 [. Therfore

lim
n→∞

[ωλ (T
nx,T n+1x,T n+1x)+ωλ (T

n+1x,T nx,T nx)] = 0, ∀x ∈ A∪B∪C.

Now by Lemma 3.8, it follows that Fε
ωλ
(T ) 6= /0,∀ε > 0. �

Theorem 4.13. Let (X ,G) be a modular G-metric space. Suppose that the cyclic mapping

T : A∪B∪C→ A∪B∪C is a modular G−MNC-semi contraction. Then for every ε > 0,

δ (Fε
ωλ
(T ))≤ ε

2+α

1−α
.

Proof. Let ε > 0. We will only verify that condition ii) in Lemma 3.9 is satisfied. Let θ > 0 and

x,y ∈ Fε
ωλ
(T ) and assume that

ωλ (x,y,y)+ωλ (y,x,x)−ωλ (T x,Ty,Ty)−ωλ (Ty,T x,T x)≤ θ ⇒

ωλ (x,y,y)+ωλ (y,x,x)≤ ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)+θ ⇒

ωλ (x,y,y)+ωλ (y,x,x) ≤ α[ωλ (x,y,y)+ωλ (y,x,x)+ωλ (x,T x,T x)+ωλ (T x,x,x)]+θ ⇒
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(1−α)[ωλ (x,y,y)+ωλ (y,x,x)]≤ 2αε +θ

[ωλ (x,y,y)+ωλ (y,x,x)]≤
2αε +θ

1−α
.

So for every θ > 0 there exists φ(θ) = 2αε+θ

1−α
> 0 such that

ωλ (x,y,y)+ωλ (y,x,x)−[ωλ (T x,Ty,Ty)+ωλ (Ty,T x,T x)]≤ θ⇒ωλ (x,y,y)+ωλ (y,x,x)≤ φ(θ).

Now by Lemma 3.9, it follows that

δ (Fε
ωλ
(T ))≤ φ(2ε),∀ε > 0,

which means exactly that

δ (Fε
ωλ
(T ))≤ ε

2+α

1−α
,∀ε > 0.

�

Remark 4.14. Example 4.4 shows that T satisfies all the conditions of Theorems 4.12 and 3.9

and thus for every ε > 0,Fε
G(T ) 6= /0 and δ (Fε

G(T ))≤ ε
2+α

1−α
respectively.

5. CONCLUSIONS

Nowadays, fixed points and approximate fixed points play an important role in different areas

of mathematics and its applications, particularly in mathematics, physics, differential equation,

game theory, and dynamic programming.

In this work, we introduced the new classes of operators and contraction maps and gave

results about approximate fixed points and diameter approximate fixed point on moudlar G-

metric spaces. Also, by using two general lemmas regarding approximate fixed Point of cyclic

maps on moudlar G-metric spaces we proved several approximate fixed point theorems and

diameter approximate fixed point for a new class of operators and contraction mapping on

moudlar G-metric spaces. We accompanied our theoretical results by some applied examples.
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