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1. Introduction :

There have been a number of generalizations of metric space. One such generalization
is Menger space initiated by Menger [12]. It is a probabilistic generalization in which we
assign to any two points x and y, a distribution function Fyy. Schweizer and Sklar [15]
studied this concept and gave some fundamental results on this space.

The notion of compatible mapping in a Menger space has been introduced by Mishra
[13]. Using the concept of compatible mappings of type (A), Jain et. al. [5, 6] proved some
interesting fixed point theorems in Menger space. Afterwards, Jain et. al. [7] proved the fixed

point theorem using the concept of weak compatible maps in Menger space.
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The notion of non-Archimedean Menger space has been established by Istra tescu and
Crivat [11]. The existence of fixed point of mappings on non-Archimedean Menger space
has been given by Istratescu [10]. This has been the extension of the results of Sehgal and
Bharucha - Reid [16] on a Menger space. In the sequel, Hadzic [8], Chang [2] and Cho. et. al.
[3] proved a common fixed point theorem for compatible mappings in non-Archimedean
Menger PM-space. Afterwards, Singh et. al. [17, 18, 19, 20] proved interesting results on N.A.
Menger PM-space. Recently, Singh et. al. [21] established a fixed point theorem in 2 non-
Archimedean Menger PM-space using compatible maps of type (P-1) or (P-2).

In an interesting article, Bouhadjera et. al. [1] introduced notions of subcompatibility and
subsequential continuity, and utilized them to prove several common fixed point theorems in
metric space. Afterwards in 2011, Imdad et. al. [9] in his interesting article improved the
theorems coined by Bouhadjera et. al. [1]. In the sequel, Pant et. al. [14] introduced the new
notion of conditional reciprocal continuity which unifies the approaches of three well known
notions — reciprocal continuity, subsequential continuity and conditional commutativity and

thus, generalized the results of Bouhadjera et. al. [1].

Motivated by the results of Imdad et. al. [9] and Pant et. al. [14], we establish common
fixed point theorems for four self maps using the concepts of compatible maps, sub-
sequential continuous maps, sub-compatible maps, reciprocally continuous maps and
conditionally reciprocally continuous maps in a 2 non-Archimedean Menger PM-space. Our
results extend and generalize the result of Bouhadjera et. al. [1] from metric space to 2 N.A.

Menger PM-space. We also furnish an example in support of our result.

For the sake of completeness, we recall some definitions and known results in 2 non-

Archimedean Menger probabilistic metric space.
2. Preliminaries

Definition 2.1. [21] Let X be a non-empty set and 2 be the set of all left-continuous
distribution functions. An ordered pair (X, ) is called a 2 non-Archimedean probabilistic
metric space (briefly, a 2 N.A. PM-space) if £ is a mapping from X>X>X into 2 satisfying
the following conditions (the distribution function £(u,v,w,) is denoted by F,,w for all u, v,

w e X):
(PM-1) Fyyw(x) =1, forall x>0, ifandonly if at least two of the three points are equal,

(PM‘Z) Fuovw = Fuwyv = Fwvus
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(PM-3)Fyuw (0)=0;

(PM-4)If Fuvs (X1) =1, Fysw(X2) =1 and Fsyw(Xs) =1
then Fy v w (Mmax{Xy, X2, Xs}) = 1,

forall u,v,w,s e X and Xy, X2, x3> 0.

Definition 2.2. [21] A t-norm is a function A: [0,1] < [0,1] = [0,1] — [0,1] which is
associative, commutative, non-decreasing in each coordinate and A(a,1,1) = a for every

a e [0,1].

Definition 2.3. [21] A 2 N.A. Menger PM-space is an ordered triplet (X, £, A), where (X, f) is

a 2 non-Archimedean PM-space and A is a t-norm satisfying the following condition:
(PM'5) I:u,v,w (maX{X11X21 X3}) 2 A(Fu,v,s (Xl), FU,S,W(XZ)) Fs,v,w(x3)),
forallu, v, w,s € Xand Xg, Xp, X3 = 0.

Definition 2.4. [21] A 2 N.A. Menger PM-space (X, £, A) is said to be of type (C)q if there

existsa g € Q such that

d(Fx.y,2(1)) < 9(Fxy,a(t)) + 9(Fx a 2(1)) + 9(Fay, 2(1))

for all x,y, z,a e Xandt>0, where Q={g | g : [0,1] — [0, «) is continuous, strictly

decreasing, g(1) = 0 and g(0) < «o}.

Definition 2.5. [21] A 2 N.A. Menger PM-space (X, f, A) is said to be of type (D) if there

exists a g € Q such that
9(A(tt2,t3)) < g(ta) + 9(t2) + g(ts)
for all ty, ty, t3 € [0,1].
Remark 2.1. [21]
1) If a2 N.A. Menger PM-space (X, £, A) is of type (D)y then (X, £, A) is of type (C)q.

2 If a2 N.A. Menger PM-space (X, £, A) is of type (D), then it is metrizable, where the
metric d on X is defined by

1
dxy) = [9(F,,.0 )t for allx,y,a e X. *)
0
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Throughout this paper, suppose (X, £, A) be a complete 2 N.A. Menger PM-space of

type (D)q with a continuous strictly increasing t-norm A.
Let ¢:[0,+ ©) —> [0, ) be a function satisfied the condition (®) :
(®) ¢ is upper-semicontinuous from the right and ¢(t) <t for all t > 0.
Lemma 2.1. [3] If a function ¢ : [0,+ ) — [0,+0) satisfies the condition (®), then we have
(1)  Forallt>0, limy.¢"(t) = 0, where ¢"(t) is n-th iteration of ¢(t).

2 If {t,} is a non-decreasing sequence of real numbers and ty+1 < o(tn), n=1, 2, ...

then limp_t, = 0. In particular, if t < ¢(t) forall t >0, then t=0.

Definition 2.6. [21] Self maps A and S of a 2 N.A. Menger PM-space (X, f, A) are said to be

compatible if lim 9(Fasx,sax, a(t)) =0 forall t >0, a € X, whenever {x,} is a sequence in
N—o0

X such that lim Ax,= lim Sx, =z for some z in X.

n—oo n—oo

Definition 2.7. Two mappings A and S of a 2 N.A. Menger PM-space (X, £, A) are called
reciprocally continuous if ASx, — Az and SAx, — Sz, whenever {x,} is a sequence in X

such that Ax,, Sx, — z for some z in X.

If A and S are both continuous, then they are obviously reciprocally continuous but
converse is not true. Moreover, in the setting of common fixed point theorems for
compatible pair of mappings satisfying contractive conditions, continuity of one of the

mappings A and S implies their reciprocal continuity but not conversely.

Definition 2.8. Self maps A and S of a 2 N.A. Menger PM-space (X, £, A) are said to be
weakly compatible (or coincidentally commuting) if they commute at their coincidence

points, i.e. if Ap = Sp for some pe X then ASp = SAp.

It is easy to see that two compatible maps are weakly compatible but converse is not

true.

Motivated by Bouhadjera et. al. [1] in metric space, we introduce the notion of

subcompatibility in 2 N.A. Menger PM-space as follows :

Definition 2.9. Self mappings A and S of a 2 N.A. Menger PM-space (X, £, A) are said to be

subcompatible if and only if there exists a sequence {x,} in X such that
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lim Axn = lim Sxn =2,z € X and satisfy lim g(Fasx, sax, a(t)) =0foralla e X.

n—oo n—ow

Example 2.1. Let (X, F, A) be the 2 N.A. Menger PM-space, where X = [0, o) and the metric

d on X is defined in condition (*) of remark 2.1. Define self maps A and S as follows :

2+x, iIf 0<x<2, 2-x, if 0<x<2,
= ) and Sx = .
3x-1, if 2<x<oo, 3x-2, if 2<Xx<ow.

. 2 .
Consider the sequence x,= — in X.
n

We have limA(x,)= Iim(2+gj =2

n—o0 n—oo n

and  limS(x,)= Iim(Z—zj:Z.

n—w n—o0 n

Next, limAS(x,)=Ilim A[Z—Ej =lim {2+(2—2]} =4
nN—oo n—o0 n n—o0o n

and IimSA(xn)zIims(2+2j=Iim{3[2+2j—2}=4.
nN—oo n—oo n n—o0 n
Now, MTJO 9(Fasx, sax, a(t)) = 0.

Therefore, the pair (A, S) is sub-compatible.

Definition 2.10. Self mappings A and S of a 2 N.A. Menger PM-space (X, £, A) are said to

be reciprocally continuous if and only if lim ASx, = Atand lim SAx, = St whenever there

n—ow n—oo

is a sequence {X,} in X such that lim Ax, = lim Sx,=t, t e X.

n—ow n—ow

Clearly, any continuous pair is reciprocally continuous but the converse is not true in

general.

Definition 2.11. Self mappings A and S of a 2 N.A. Menger PM-space (X, f, A) are said to
be subsequentially continuous if and only if there exists a sequence {x,} in X such that

lim Ax, = lim Sx,=t,t e X and satisfy lim ASx,=Atand lim SAx, = St.

n—oo n—ow n—oo n—ow

Clearly, if A and S are both continuous or reciprocally continuous then they are

obviously subsequentially continuous.
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Example 2.2. Let (X, £, A) be the 2 N.A. Menger PM-space, where X = [0, o) and the metric

d on X is defined in condition (*) of remark 2.1. Define self maps A and S as follows :

2—x, If 0<x<2,

B 2+x, iIf 0<x<2,
B 4x -2, if 2<x<ow.

) and Sx =
3x-1 if 2<X<oo,

. 2 .
Consider the sequence x, = — in X.
n

We have limA(x,)= Iim(2+zj =2

n—o0 N—o0 n

and  limS(x,)= |im(2—3)=2.

n—oo n—o

n n—o

Next, !ir[loAS(xn) = !irgA(Z—Ej = Iim{2+(2—§j} =4=A(2)

n—ow n—oo

and  limSA(x ) = ms(z%) = Iim{4(2+%)—2} =6=5(2).

Therefore, the pair of mappings (A, S) is sub-sequential continuous.
Motivated by Pant et. al.[14], we now give the following definition :

Definition 2.12. Self mappings A and S of a 2 N.A. Menger PM-space (X, £, A) are said to
be conditionally reciprocal continuous (CRC) if whenever the set of sequences {xn}

satisfying lim Ax, = lim Sx, is non-empty, there exists a sequence {yn} satisfying
nN—oo n—oo

lim Ay, = lim Sy, =t (say) such that lim ASy, = Atand lim SAy, = St.

If A and S are either continuous or reciprocally continuous or subsequentially
continuous then they are obviously conditionally reciprocally continuous but converse is not
true as shown in the following example.

Example 2.3. Let (X, £, A) be the 2 N.A. Menger PM-space, where X = [2, 20] and the

metric d on X is defined in condition (*) of remark 2.1. Define self maps A and S as follows :

2 if  x=2 2 it x=2
Ax=<2 |if Xx>5 and Sx= XTH if X>5 .
6 if 2<x<5

12 if 2<x<5
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Consider the constant sequence given by X, = 2.

Then limAXx,=2= limSx,.

n—w n—ow

Now, limASx, = limA(2) =2 =A(2) and limSAx, = lim S(2) = 2 = S(2).

Hence, A and S are conditionally reciprocally continuous mappings.

Suppose {yn} be the sequence in X given by y, =5 + g, where g, - 0 as n — .

Then lim Ay, =2, lim Sy, =2,

IimAS(yn):IimA(2+%"j=6¢A(2)
and limSA(y,) =1imS(2)=2=5(2).
Thus, limSA(y,)=S(2) and limAS(y,) =A(2).

Hence, A and S are not reciprocally continuous mappings.

3. Main Result

562

Theorem 3.1. Let A, B, S and T be four self mappings of 2 N.A. Menger PM-space

(X, £, A). If the pairs (A, S) and (B, T) are compatible and subsequentially continuous, then

@ A and S have a coincidence point.
(b) B and T have a coincidence point.

Further, let for all X, y in X

(©  9(Faxsy a(t)) < d(max{g(Fsx1ya(t), 9(Fsxaxa()) 9(Frysya(t)),
Y2(9(Fsx.gyalt)) + 9(Fry,axa(t))})
for all t > 0, where a function ¢ : [0,+ «©) — [0,+ o) satisfies the condition (®).

Then A, B, S and T have a unique common fixed point in X.

Proof : Since the pairs (A, S) and (B, T) are compatible and subsequentially continuous, then

there exists two sequences {xn} and {y,} in X such that

lim Ax, = lim Sx, =z, z € X and satisfy

nN—oo n—w
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r!m g(FAan,SAxn,a(t)) = g(FAZ, Sz(t)) =0;

limBy,= limTy, =2', z' € X and which satisfy

lim g(Fary, oy, o) = (s 1.4 (1) = 0.

Therefore, Az =Sz and Bz' = Tz'; that is, z is a coincidence point of A and Sand z'is a

coincidence pointof Band T.
Now, we prove z = Z'.

Put x =X, and y =y, in inequality (c), we get
d(Fax, By, a(t)) < d(max{g(Fsx, 1y, a(t)), 9(Fsx,ax, a(t)), 9(Fry, by, a(V)),

%(Q(FSXWByn, a(t)) + g(FTyn,AXn, a(t)))})

Letting n — oo, we get

g(FZ, z, a(t)) < <|>(max{g(FZ, 7, a (t)), g(Fz, z, a(t))’ g(FZ', z, a(t))l
Yo(9(F~ 2.a(1)) + 9(F2. . 2(1))})
= ¢(g(FZ,Z’, a(t)))

which implies that g(F. .(t)) = 0 by Lemma 2.1 and so we have z = Z'.
Again, we claim that Az = z.
Substitute x =z and y =y, in inequality (c), we get
9(Fazey,, a(t)) < d(max{g(Fsz 1y, (1), 9(Fsz.az a(t)), 9(Fry, by, a(1)),
Y2(9(FszBy,, a(1)) + 9(Fry, Az a(1)))})-
Taking the limit as n — oo, we get

9(Fazz. (1)) < d(max{g(Fazz.a(1)), 9(Fzz,a(1)), 9(Fz, (1)),

VZ(g(FAz, 7', a(t)) + g(Fz’,Az, a(t)))})
= (I)(g(FAz 7, a(t)))

which implies that g(Fa., »,2(t)) = 0 by Lemma 2.1 and so we have Az = z' = z.
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Again, we claim that Bz = z.
Substitute x = z and y = z in inequality (c), we get
9(Fazgz a(t)) < d(Mmax{g(Fszz a(t)), 9(Fsz.az, a(t)), 9(Frzez (1)),
Y2(9(Fszz,a(1)) + 9(Frzaz o(1))})

J(FzB2, a(t)) < d(max{g(Fzez, a(t)), 9(Fazaz a(1)), 9(FezBz, a(t)),
1/z(g(Fz,Bz,a(t)) + g(FBz,z, a(t)))})
= 0(9(Fzpza(1)))

which implies that g(F.g.a(t)) =0 by Lemma 2.1 and so we have z =Bz = Tz.
Therefore, z= Az =Bz = Sz = Tz, that is z is common fixed point of A, B, Sand T.

Uniqueness : Let w be another common fixed point of A, B, S and T.

Then Aw= Bw = Sw=Tw =w.
Put x=z and y = w in inequality (c), we get
d(FazBwa(t)) < d(max{g(Fsztwa(t)), 9(Fszaza(t)), 9(Frwawalt)),
Y2(9(Fszawa(t)) + 9(Frwaza(t))})
or,  g(Fzwa(®)) < d(max{g(Fzwa(®)), 9(Fzza(t)), I(Fww.a(t)),

Yo(9(Fzwa()) + 9(Fwza(1)))})
= ¢(g(Fz,w,a(t))),
which implies that g(F,wa(t)) =0 by Lemma 2.1 and so we have z = w.

Therefore, uniqueness follows.

Theorem 3.2. The conclusions of Theorem 3.1 remains valid if we replace compatibility with
subcompatibility and subsequential continuity with reciprocally continuity, besides retaining
the rest of the hypotheses.

Corollary 3.1. Let A, B, S and T be four self mappings of 2 N.A. Menger PM-space
(X, £, A). |If the pairs (A, S) and (B, T) are compatible and conditionally reciprocal

continuous, then
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@ A and S have a coincidence point.
(b) B and T have a coincidence point.

Further, let for all x, y in X

©  9(Faxpya(®)) < d(max{g(Fsxya(l)), 9(Fsxaxa(t)), 9(Fryeya(®)),
Y2(9(Fsxy.a(t)) + 9(Fry.axa(t)))})

for all t > 0, where a function ¢ : [0,+ ) — [0,+ ) satisfies the condition (®).

Then A, B, S and T have a unique common fixed point in X.

Proof : Since subsequential continuity implies conditionally reciprocal continuity, so the

proof follows from Theorem 3.1.

Corollary 3.2. Let A, B, S and T be four self mappings of 2 N.A. Menger PM-space
(X, £, A). If the pairs (A, S) and (B, T) are sub-compatible and conditionally reciprocal

continuous, then
@ A and S have a coincidence point.
(b) B and T have a coincidence point.

Further, let for all X, y in X

©  9(Faxsy.a(t)) < d(max{g(Fsqy,a(t)), 9(Fsxaxa()), 9(Frysyalt)),
Y2(9(Fsxgy.a(t)) + 9(Fry,axa(t))})
for all t > 0, where a function ¢ : [0,+ o) — [0,+ ) satisfies the condition (®).

Then A, B, S and T have a unique common fixed point in X.

Proof : Since reciprocal continuity implies conditionally reciprocal continuity, so the proof

follows from Theorem 3.2.

Now we give an example in support of our Theorem 3.1.

Example 3.1. Let (X, £, A) be the 2 N.A. Menger PM-space, where X = [0, «) and the metric

d on X is defined in condition (*) of remark 2.1. Define self maps A and B as follows :

x/6, if 0<x<2,

2x=2, if 2<x<oo.

B x/4, if 0<x<2,
C13x—4, if 2<x<oo,

and Bx :{
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. 1.
Consider the sequence x, = — in X.
n

We have limA(x,)= lim - = 0= lim = = lim B(x, ).

n—o0 n—» 4n n—w BN n—o0
. . 1 . 1
Next, limAB(x,)=IlimA| — [=lim| — |=0=A(0)
n—>w n—>wm 6n n—wo\ 24n

limBA(x.) = limB[ = | = lim[ - | =0 = B(0)
n—ow n—w 4n n—wo\ 24n

and !m g(FABXn,BAXn(t)) =0.

Consider another sequence X, =| 2+

7~ N\

j . Then

IimA(xn):IimA(2+%j:II1i_m{3(2+%j—4

n—o n—o

limB(x, ) = lim B(2+1j i {2(2&)-2
n—oo n—oo n n—o0 n

n—oo

Also, |imAB(xn)=|imA(2+3]=|i {3(2&}4
n—oo n—oo n n—oo n
IimBA(xn):IimB(2+ j

But Mu 9(Faex,, BAx, a(t)) = 0.

Therefore, the pair (A, B) is compatible as well as subsequential continuous, but not
reciprocally continuous. Therefore all the conditions of theorem 3.1 are satisfied. Also, 0 is

the coincidence as well as the unique common fixed point of the pair (A, B).
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