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Abstract. In this paper, we introduce a new cyclic weak contraction type of mapping and prove the existence of a
fixed point for such a type. The results presented in this paper mainly generalize the corresponding results in [9]

and [11].
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1. Introduction

The Banach contraction mapping principle [2] is a very popular tool for solving the existence
of problems in many branches of mathematical analysis. Generalizations of this principle have
been established in various settings, for more details; see the references therein. Alber and
Guerre-Delabriere in [1] introduced the definition of weakly contractive mappings and they
proved some fixed point theorems in the context of Hilbert spaces. Rhoades in [13] and [14]

extended the results of [1] to complete metric spaces. The following definitions are necessary.
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Definition 1.1. A self mapping 7 on a metric space X is called weak ¢@- contraction if and only
if there exists a continuous nondecreasing function ¢ : [0, 4e0) — [0, +o0) with ¢(¢) = 0 if and

only if # = O such that
d(T(x),T(y) < d(x.y) - 9(d(x.y), Vx.y€eX.

Definition 1.2. Let X be a nonempty set, j a positive integer, 7 a self operator on X, and

X = U{ZIA,: Then X = U{ZlAi is said to be cyclic representation of X with respect to 7T if

(1) A;,i=1,2,...,j are nonempty subsets of X.
2) T(Al) C Ay, T(Az) CAsz, ..., T(A_]',l) CAj, and T(Aj) CA;.

Definition 1.3. Let (X,d) be a metric space, j a positive integer, {A,-}lj:1 a nonempty closed
subsets of X, and X = U{ZlAi. A self mapping T on a metric space X is said to be cyclic
weak contraction mapping on X if and only if there is a continuous nondecreasing mapping

¢ : [0,+00) — [0,+c0) with ¢(¢) = 0 if and only if 7 = 0 such that the following are true:

1) X= U{ZIA,- is a cyclic representation of X with respect to 7.

2)

d(T(x),T(y)) <d(x,y)—¢(d(x,y))

forevery x €A,y € Aj11,i=1,2,...,j, whereA; | = Aj.

Recent results related to cyclic weak ¢- contraction mappings have appeared in [9] for map-
pings with cyclic representations in complete metric spaces, the considered mapping ¢ need not
be continuous. Another fixed point had been given for cyclic weak ¢-contraction mappings in
the frame of compact metric spaces [5], the considered mapping ¢ need not be continuous.

They separately formulated the following results.

Theorem 1.1. [9] Ler (X,d) be a complete metric space, {A,-}lj:1 be a nonempty closed sub-
sets of X, X = U{ZIA,; and T be cyclic weak @- contraction on X for some mapping ¢ (not
necessarily be continuous) and with respect to {Ai}{:y Then T has a unique fixed point x,

X e ﬂ{zlAl'.
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Theorem 1.2. [5] Let (X,d) be a compact metric space, {Ai}{:] be a nonempty closed subsets
of X, X = U{ZlAi, and T be a continuous cyclic weak ¢- contraction on X for some mapping @
(not necessarily be continuous) and with respect to {A,-}{Zl. Then T has a unique fixed point x,
X € ﬂ{zlA,-.

Since each compact metric space is complete, the fixed point theorem given in [9] is con-
cerned with a wider class of metric spaces and the second fixed point theorem is a special case
of the second. On the other side, Morales and Rojas [11] defined TZ type operators or the

T-zamfirescu operators, the operators of any of the following types:

(1) TB-type or T-Banach contraction,
(2) TK type or T-Kannan contraction,

(3) TC type or T-Chatterjea contraction,

which are defined as follows:

Definition 1.4. Let X be metric space and S, T be self operators on X. Then the operator S is
said to be T-zamfirescu operator if and only if there are real numbers 0 <a < 1and 0 < b,c < %

such that at least one of the following is true

(1) TB-type or T-Banach contraction,
d(T(S(x)),T(S(y))) <d(T(x),T(y)) Vx,y € X.
(2) TK type or T-Kannan contraction,
d(T(S(x)), T(S(y))) <bld(T(x),T(S(x))) +d(T(y),T(S(y)))], Vx,yeX.
(3) TC type or T-Chatterjea contraction,
d(T(S(x)), T(S(y))) <blA(T(x),T(S(y))) +d(T(y),T(S(x)))], Vx,yeX.

They proved the exitance of a unique fixed point for such types of mappings for the continuous,
one to one, and subsequentially convergent operator T. For Generalized {a,b, c}-generalized
contraction and non-expansive type mappings, see [19] and [20].

In this paper, we consider a self generalized contraction type of mapping S, the mapping that

is satisfying some T-cyclic weak ¢ — ¢ contraction condition.
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Definition 1.5. Let X be a nonempty set, j be a positive integer, 7 and § be self operators on X,
and X = U{ZlAi. Then X = U{ZIA,- is said to be T-cyclic representation of X with respect to S

if and only if

(1) A;,i=1,2,...,j are nonempty subsets of X.
(2) T(S(41)) C A2, T(S((A2)) C As, .., T(S(Aj1)) C A, and T(S((4;)) C Ar.

Definition 1.6. Let (X,d) be a metric space, j be a positive integer, {Ai}{zl be a nonempty
closed subsets of X, X = U{: 1Ai, and T be a self operator on X. Then the self operator S on a
metric space X is said to be T-cyclic weak ¢ — ¢ contraction operator on X if and only if there
are a subadditive nondecreasing continuous mapping, @ : [0,+e) — [0, +o0) with @(¢) = 0 if
and only if # = 0 and a nondecreasing mapping ¢ : [0, +o0) — [0, 4o0) with ¢(¢) = 0 if and only

if = 0 such that the following are true:

1) X= U{ZIA,- is a T-cyclic representation of X with respect to S.
2)

Pd(T(SX)), T(S()))) < @(d(T(x),T(y))) —9(d(T(x),T(y)))

forevery x €A,y € Aj11,i=1,2,..., j, whereA; | =A;.

Remark 1.1. If 7 and ¢ in particular are taken to be the identity operator and mapping, then
we will have in particular Karapinar, Sadarangani and Morales, Rojas types of operators, hence
our defined operator generalizes the definition of cyclic weak ¢-contraction of Erdal Karapinar,
Kishin Sadarangani, and 7'B contraction operators of Morales, Rojas [9] and [11].

We are in need of the following definition:

Definition 1.7. The self operator on the metric space (X,d) is said to be sequentially convergent

if we have, for every sequence {x, }>_,,if {7 (x,)} _, is convergent, then {x, } >, is convergent.
2. Main results

Our main results are depending on the following Propositions:
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Proposition 2.1. Let (X,d) be a metric space, {Ai}{zl be a nonempty closed subsets of X,
X = U{ZIA,-, ¢ and ¢ are two nondecreasing functions such that ¢(t) = 0 if and only if t = 0.
If T and S are self operators on X, {Ai}ljzl is T-cyclic with respect to S and S is weak ¢ — ¢-

contraction on X, then

inf{||T(S(x)) —T(x)|| : x € X} = 0.

Proof. Choose xo € X and consider the iterated sequence given by
T(xp+1) =T(S(xn)) =T(S"(x0)), Yn=0,1,2,....

If there exists a natural number ng such that S(x,1) = S(x,), Vn > ng, then the existence of the
fixed point of S is proved which insures that such infimum is zero. Suppose that 7'(S(x,+1)) #
T(S(x,)) for all n=0,1,2,.... Then, since X = U,jzlAi’ for any n > O there exists i, €
{1,2,..., j} such that T (x,_;) €A

i,_, and T (x,) € A;, and consequently using the contraction

condition we get

@(d(T (xn), T (xn11))) = @(d(T(S(xa-1)), T(S(xn))))
(1) < QT (xa-1), T(xn))) = (d(T (¥-1), T (xa)))
< @d(T (xa1), T (xn)))-

Since ¢ is nondecreasing function, we see that
d(T(x), T (xp41)) <d(T(x4—1), T(xn)),¥n € N.

This proves that the sequence {d(7T (x,), T (x,+1)) }nen is @ nondecreasing sequence of positive

real numbers, hence the limit,

lim d(T (x,), T (X+1))

n—oo

exits and it is equal to the infimum of the sequence, say r,

r=1md(T(x,), T (xy+1)) = inf{d(T (x,), T (xp41)) :n € N},

n—yoo

r < d(T(xp), T(xns1)),Yn € N.
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On the other side, we have the same conclusions for the two sequences { @ (d(T (x,), T (xn+1))) tnen

and {¢ (d(T (xn), T (xn+1))) }nen- consider the two positive real numbers ¢y and @ given as fol-

lows:
6(r) < 0o = lim §(d(T (x2), T(xr11))
= inf{¢(d(T (xn), T (xn+1))) :n € N}
and

@(r) < @o = lim @(d(T (xn), T (xp41)))

n—yoo

= inf{@(d(T(x,), T (xns1))) : n € NY.

Taking the limit of each side of the inequalities (1) as n — oo gives

P < @o _nli_r>£1°¢(d(T(xn—l)a T(xn))) < @

and, therefore

lim (P(d(T(xn—l)a T(xn)>) =0.

n—soo

Now, suppose that r > 0, we have ¢ (r) > 0, thus
0<o(r)<¢d(T(xp—1),T(xy)))VnEN

Letting n — oo in the last inequalities, we get the following contradiction

0< 9(r) < lim 9(d(T(xy-1). T () = 0.

That is; the assumption r > 0 is not true, hence r = 0, thus

lim d(T (xps1), T(xn)) = inf{d(T (xs1), T(x)) :n €N} =0

n—oo

Hence, there is a sequence {x,}*_, in X such that

lim d(T(S(xn)), T (x)) = 0.

n—oo

This is sufficiently proved that inf{||7(S(x)) — T(x)|| : x € X} = 0.

Proposition 2.2. Let (X,d) be a metric space, {Ai}ljzl be a nonempty closed subsets of X,

X = U{:1Ai’ ¢ and ¢ be two nondecreasing continuous functions such that ¢ is subadditive and
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¢(r)=0ifand only ift = 0. If T and S are self operators on X, {A,—}lj:1 is T cyclic with respect to
S and S is weak ¢ — ¢- contraction on X, then the sequence of iterates {7 (x,) = T (S"(x0)) }nen

is a Cauchy sequence.

Proof. We prove by contradiction that for every € > 0 there exists ng € N such that if m,n > ng
with x, and x,, lie in different adjacently labeled sets A; and A;;; for some i € {1,2,..., j}

(n—m=1(j)) then

d(T(x,),T(xm)) < €.

For the purpose suppose that there exists € > 0 such that for any nop € N we can find m,n >

no with T(x,) and T(x,,) lie in different adjacently labeled sets A; and A;;; for some i €

{1,2,..., j} (n—m=1(})) satisfying
€ <d(T(xn), T(xm))-
Since ¢ and ¢ are nondecreasing, we see that

2 0 < (&) < Q(d(T(xn), T (xm)))and0 < ¢(&) < ¢ (d(T (xn),T (xm)))
and by the triangle inequality, we have

€ <d(T(x,),T (xn))
< d(T (), T (1)) +d(T (1), T (g 1)) +d(T (4m1), T ()

= d(T (xn), T (¥ns1)) +d(T(S(xa)), T (S(xm))) +d(T (1), T (xm))-

Since ¢ is subadditive and nondecreasing, we get

0 < o(e) < @(d(T (xn), T (xm)))
< QAT (), T (xn11))) + @(d(T(S(xn)), T (S(xm))))

+Q(d(T (tm+1), T (xm)))-
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Using the contraction assumption of S gives

@d(T (xa), T (xm))) < @(d(T (x0),T (Xn11)))
+1QA(T (xa), T (xm))) = 9(d(T (x), T (xm)))]
+@(d(T (Xni1), T (xm)))-

These inequalities prove the following:

3) O(d(T (xa), T (xm))) < @(d(T (xn), T (¥n11))) + QAT (¥im+1), T (¥m)))-

Using equations (2) and (3), we see that

@) 0 <9 (d(T (xa), T (xm))) < Q(A(T (xa), T (xn+1))) + (AT (X 41), T (¥m)))-

Using Proposition (2.1) and the continuity of ¢ give

lim @(d(T (xn), T (Xn41))) = 0.

n—oo

Now; letting n,m — oo in (4) with n —m = 1(j) proves the following contradiction:

0<¢(e) < lim ¢(d(T (xn), T (xm))) < 0.

- nvm_>°°n—m51(j)
Hence, we have

lim O (d(T(x,),T(xm))) =0.

M=%, _1n=1(j)

Since ¢ is continuous, we have

¢( lim  d(T(x),T(xm)) = lim  ¢(d(T(xn), T (xm))) = 0.

n,M—r00, _1n=1(j) M=% _m=1(j)
This proves that
lim  d(T(x,),T(xn)) =0.

M=%, _1=1(j)

That is, the sequence of iterates is having a Cauchy subsequence. Hence; the sequence of

iterates itself is a Cauchy sequence.

Theorem 2.1. Let (X,d) be a complete metric space, {A,-}ljzl be a nonempty closed subsets of
X, X = U{ZIA,; ¢ and ¢ are two nondecreasing continuous functions such that ¢ is subadditive,
©(t) =0ifand only ift =0 and ¢(t) =0 if and only ift = 0. If T is a one to one continuous

self sequentially convergent operator on X, {Ai}{zl is T-cyclic representation of X with respect



224 SAHAR MOHAMED ALI ABO BAKR, E. M. EL-SHOBAKY
to the self operator S and S is weak ¢ — ¢- contraction on X, then T has fixed point z and there
isye ﬂ{zlAi such that T (z) =y. Moreover two consecutive sets of {Ai}{zl can not contain two

different fixed points.

Proof. Using Proposition (2.2), the sequence of iterates {7 (S"(xo)) }nen is Cauchy. Using the

completeness of the metric space X, there exists a point y € X such that

(5) lim 7'($" (x0)) = y-

H—300
Such a limit point is lying in the set ﬂ{zlAi, in fact; since X = U{ZlAi is a T-cyclic repre-
sentation of X with respect to S and the sequence {7 (S"(xo)) }nen is infinite sequence, each
A;,i=1,2,..., j contains infinitely many members of {7 (5" (xo))}nen, this shows that y is a
limit point for A; foreachi=1,2, ..., j, giving that A; is closed for eachi =1, 2, ..., j shows

thaty € A; foreachi= 1,2, ..., j (as closed set contains all its limit points), thus

Since T is sequentially convergent operator, the sequence {S"(xp)};~_; has a convergent subse-

[}

~_1> hence there is z € X such that

quence {S™(x)

lim $™ (xg) = z.
k—yo0

Using the continuity of 7" gives that

(6) lim T(S™ (x0)) = T (2).

k—oo

Using (5) and (6), we see that T (z) = y. We claim that such a z is fixed point of S. In fact; there

isi€{1,2,..., j} such that z € A;, for i + 1 there exists n; € N such that

{%n;s Xnj1, X425 -} CAigr-

Therefore z and {x,,, X, +1, Xn;12, - .- } are lying in two consecutive sets, hence we can use the

contraction property of S as:

d(T(8(2)),T(2)) <d(T(5(z)), T (S™(x0))) +d(T ($™ (x0)), T ($"+" (x0)))

+d(T($" (x0)), T (2))-
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Thus, we have

P(d(T(5(2),T(2)) < @(d(T(S(2)), T (5™ (x0)))) + @(d(T (5™ (x0)), T (S (x0))))

+@(d(T (5™ (x0)), T (2)))-
Hence, we have

P(d(T(8(2)),T(2))) < [@(d(T(2)), T($™"(x0))) = ¢(d(T(2)), T (S (x0)))]

+ @(d(T(S™(x0)), T (8™ (x0)))) + @(d(T (S (x0)), T (2)))-

P(d(T(S(2),T(2))) < @(d(T(2)), T (5™ (x0)))) + @(d(T (5™ (x0)), T ($"+" (x0))))

+(d(T(S™* (x0)), T (2)))-

Taking the limit as k — oo proves that ¢(d(T(S(z)),7T(z))) = 0, hence d(T(5(z)),T(z)) = 0,
therefore, T(S(z)) = T(z), since T is one to one, we get S(z) = z and hence proves that z is a
fixed point of S.

To show that two consecutive sets of {Ai}{zl can not contain two different fixed points, by
contrary assume that there are two different fixed points of S, namely w and z, S(w) = w and

S(z) = z those are lying in two consecutive sets, we have the following:

hence ¢ (d(T(w),T(z))) = 0. Since ¢(r) > 0 for 7 € (0,0), we get d(T(w),T(z)) = 0, conse-

quently T'(w) = T(z), since T is one to one, w = z. This completes the proof.
In the case of normed spaces, we have the following reduced results.

Theorem 2.2. Let (X, ||.||) be a weakly complete metric space, C be a closed convex subset of
X, {Ci}ljzl be a nonempty closed subsets of C, C = U{ZICi, ¢ and ¢ are two nondecreasing
continuous functions such that ¢ is subadditive and nondecreasing mapping, ¢(t) = 0 if and
only ift =0and ¢(t) =0 if and only if t = 0. If T and S are self operators on C, {Ci}{zl isT

cyclic with respect to S and S is weak @ — ¢- contraction on C, then S has fixed points.
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Proof. Using Proposition (2.2) the sequence of iterates {7 (S"(xo)) }nen is Cauchy, using the
weak completeness assumption of X there exists x € X such that

w— lim T(S"(xp)) = x.

n—oo

Since C is closed convex subset of X, the sequence {7 (S"(xo)) }nen converges strongly to x and

x € C. The other parts of the proof is similar to Theorem 2.1.

Remark Reduced assumptions have been given in Theorem 2.2 to prove the existence of fixed

point of cyclic weak ¢-@-contraction operators.

Conclusion This paper suggests new cyclic weak contraction type of operators and proved the

existence of unique fixed point for such types of operators.

Conflict of Interests

The authors declare that there is no conflict of interests.

REFERENCES

[1] Ya.I. Alber and S. Guerre-Delabriere, Principles of Weakly contractive maps in Hilbert Spaces, I. Gohberg.
Yu. Lyubich (Eda). New Resulty in Operator Theory, Adv. Appl. (1997).

[2] S. Banach, Surles operations dans les ensembles et leur application aux equation sitegrales, Fun. Math. 3
(1922), 133-181.

[3] E. M. El-Shobaky, S.M. Ali, M.S. Ali, Generalization of Banach contraction principle in two directions, Inter.
J. Math. Stat. 3 (2007), 112-115.

[4] G.E.Hardy, T. D. Rogers, A generalization of a fixed point theorem of Reich, Canada Math. Bull. 16 (1973),
201-206.

[5] J. Harjani, B. Lopez, K. Sadarangani, Fixed point theorems for cyclic weak contractions in compact metric
spaces, J. Nonlinear Sci. Appl. 6 (2013), 279-284.

[6] M. Gregus, A fixed point theorem in Bannach spaces, Bollettion, Unione mathematica Italiana A. Serie 17
(1980), 193-198.

[7] A. Kaewcharoen, W.A. Kirk, Nonexpansive mappings defined on unbounded domains, Fixed Point Theory
Appl. 2006 (2006), Article ID 82080.

[8] R. Kannan, Some results on fixed points III, Fun. Math. 70 (1971), 169-177.

[9] E.Karapinar, K. Sadarangani, Corrigendum to fixed point theory for cyclic weak ¢-contraction [Appl. Math.
Lett. 24 (2011), 822-825]”, Appl. Math. Lett. 25 (2012), 1582-1584.



GENERALIZED T-CYCLIC WEAK ¢ — ¢-CONTRACTION OPERATORS 227

[10] W. A. Kirk, A fixed point theorem for mappings which do not increase distances”, Amer. Math. Soc. 72
(1965), 1004-1006.

[11] J.R. Morales, E. Rojas, Some results on 7 zamfirescu operators, Revista Notas de Matematica 274 (2009),
64-71.

[12] S. Park, On general contraction-type conditions, J. Korean Math. Soc. 17 (1980), 131-140.

[13] B.E. Rhoades, A comparison of variuos definitions of contractive mappings, Trans. Amer. Math. Soc. 226
(1977), 257-290.

[14] B. E. Rhoades, Some theorems on weakly contractive maps, Nonlinear Anal. 47 (2001), 2683-2693.

[15] S.M. Ali, Fixed point theorems of some type contraction mappings, J. Nonlinear Convex Anal. 14 (2013),
331-342.

[16] S.M. Ali, Generalization of the fixed point theorems for Dass-Gupta and Chatterjee type mappings, Adv.
Fixed Point Theory, 3 (2013), 9-15.

[17] S.M. Ali, More On fixed point theorem of {a,b,c}-generalized nonexpansive mappings in normed spaces,
Anal. Theory Appl. 29 (2013), 1-13.

[18] S.M. Ali, Fixed point theorems of {a,b,c} contraction and nonexpansive type mappings in weakly Cauchy
normed spaces, Anal. Theory Appl. 29 (2013), 281-289.

[19] S.M. Ali, Functional Analysis, Projection Constants of Some Topological Spaces, Yokohama Publishers,
Yokohama, (2010).

[20] S.M.A. Bakr, Functional Analysis with Some Fixed Points Theories’ Approaches, Verlag Germany, (2013).

[21] C. S. Wong, On Kannan maps, Proc. Amer. Math. Soc.47 (1975), 105-116.



