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1. Introduction

Let E be a nonempty real normed linear space. A subset K of E is called proximinal if for each

x € E there exists k € K such that
[x — k|| = inf{||x—y[| : y € K} = d(x,K).

It is known that every closed convex subset of a uniformly convex Banach space is proximinal.
In fact, if K is a closed and convex subset of a uniformly convex Banach space E, then for any

x € E there exists a unique point u, € K such that (see, e.g., [12], [11], [18] and [19])
| — uy|| = inf{[|x —y[| : y € K} = d(x,K).

We will denote the family of all nonempty proximinal subsets of E by P(E), the family of all
nonempty closed, bounded and convex subsets of E by CBC(E), the family of all nonempty
closed and bounded subsets of E by CB(E) and the family of all nonempty subsets of E by 2F
for a nonempty real normed space E.

Let D be the Hausdorff metric induced by the metric d on E, that is, for every A,B € CB(E),

D(A,B) = max{supd(a,B),supd(b,A)}.
acA beB

Let T : D(T) C E — 2F be a multivalued mapping on E. A point x € D(T) is called a fixed
point of T if x € Tx. The set F(T) = {x € D(T) : x € Tx} is called a fixed point set of T. A
multivalued mapping 7 : D(T) C E — CB(E) is called L-Lipschitzian if there exists L > 0 such
that for all x,y € D(T), we have

(D D(Tx,Ty) < Llx—yl|.

In (1), if L € [0,1), T is said to be a contraction, while T is nonexpansive if L = 1.
A mapping T : D(T) C E — CB(E) is said to be hemicontractive-type in the terminology of
Hicks and Cubicek [21], if F(T) # @ and for all p € F(T), x € D(T)

) D*(Tx,Tp) < |x—p|*+|x—ul|*,Vu € Tx,
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where D*(Tx, Tp) = [D(Tx,Tp)]*>. Amapping T : D(T) C E — CB(E) is said to be demicontractive-
type, if F(T) # 0 and for all p € F(T), x € D(T) there exists k € [0, 1) such that

3) D*(Tx,Tp) < |x—p||* +kllx— ul|*,V u € Tx.

If in (3), we have k = 0, then T is called quasi-nonexpansive-type mapping.

Note that the class of quasi- nonexpansive type mappings is contained in a class of demicontractive-
type mappings while the class of demicontractive-type mappings is contained in a class of
hemicontractive-type mappings. As the following examples show, the inclusions are strict. We

first give an example of a hemicontractive-type mapping which is not demicontractive-type.

Example 1.1 Let T : R — CB(R) be given by

[—v/2x,0] x € [0,00]
Tx=

[0, —v2x], x € [—o,0].

Then, F(T) = {0} and for any x € R,

D(Tx,T0)*> = |vV2x—0

= |x—0]*+|x—0.
But, d(x,Tx)? = |x—0|%. Thus,
D(Tx,T0)> = |x— 0> +d(x,Tx)> < |x—0]* + |x—u|*, Yu € Tx.

So, T is hemicontractive-type but not demicontractive-type mapping. To see this take x = 1 and
u=0.
A demicontractive-type mapping may not be quasi nonexpansive-type.

Example 1.2 Let T : [0,00) — CB(R) be given by

Then, F(T) = {0} and T is demicontractive-type, but not quasi nonexpansive-type mapping.



STRONG CONVERGENCE THEOREMS 231

A mapping T : K — CB(E) is said to be k-strictly pseudocontractive-type mapping if there

exists k € [0, 1) such that
) D*(Tx,Ty) < |lx—y[> +kllx—y—(u—v)|>,Yu e Tx,v € Ty.

In (4), if k =0, then T reduces to a nonexpansive-type mapping.

A mapping T : K — CB(E) is said to be pseudocontractive-type mapping if
) DX(Tx,Ty) < |lx—y|>+ lx—y— (u—v) ||,V u € Tx,v € Ty,

From the definitions, we observe that every multivalued nonexpansive-type mapping is k-
strictly pseudocontractive-type and every k-strictly pseudocontractive-type mapping is pseudo-
contractive-type mapping. However, the converses may not hold, as can be seen from the fol-
lowing examples.

Example 1.3 Let T : [0,1] — CB(R) be given by Tx = {0,4 - A—LX}

3
Then we have

D(Tx,Ty) = max{ sup d(a,Ty), sup d(b, Tx)}

acTx beTy
4 4 4 4
— max {min {14~ 321 S 31 fomin {j4 - . 501}
PR
= —lx—yl
3 y

Hence,
2 2,7 2
DX (Tx,Ty) =[x =y + g le—y[.
Obviously, T is not nonexpansive-type. To show that it is k- strictly pseudocontractive-type,
with out loss of generality assume that x < y.

We will take four cases.

Case I: Letu=0andv=0. Then |x—y— (u—v)| = |x—y| and hence

7
D?*(Tx,Ty) < \x—y]2+§|x—y—(u—v)|2.
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4 4
Case 2: Letu:4—§xandv:0. Thenx—y—(4—§x) <x—y<0. Thus
2 2

4
x—y—(4—-x—-0)] = > \x—y|2. This gives us

3

4
x—y—(4—§x)

7
DX(Tx,Ty) < e =" + gle—y = (w=v)[*".

4 4
Case 3: Letu=0and v =4 — 3% Then x—y € [—1,0] and (4 — gy) > 2(y —x). Thus, since

4
x_y+(4_§y)2x—y+2(y—x)zy—xZO,wegetthat
2 2
4 2 . .
> |x —y|". This implies that

4
x=y+(4=3v)

7
DX(Tx,Ty) < [x =y + gl —y— (u—v)*.

4 4
Case 4: Letu =4 — gx andv =4 — gy. Then

4 4
b=y = (=3 =)= (14 32—y = =y Thus,

7
DX(Tx,Ty) < Jr—y* + gle—y = (=)

Therefore, T is k-strictly pseudocontractive-type mapping.
The following mapping is shown to be pseudocontractive-type but not k- strictly pseudocontractive-

type mapping (see; [26]).
Example 1.4 Let T : [0,00] — CB(R) be given by
{2}, x=0;

{0,x}, x#0.

Tx =

It is well known that nonexpansive-type mappings are quasi-nonexpansive-type, though the
converse may not hold.

Example 1.5 Let T : [0,00) — CB(R) be given by

0, x<I;
e ! ! > 1
37‘x 4 9 x

Then, F(T) = {0} and
D(T)C, TO) < |X— O|7
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and hence T is quasi nonexpansive-type. Taking x =2 and y = 1, it can be seen that T is not
nonexpansive-type mapping.

From the definitions it is also clear that the class of k- strictly pseudocontractive-type map-
pings is properly contained in a class of demicontractive-type mappings, while the class of
pseudocontractive-type mappings is properly contained in a class of hemicontractive-type map-
pings.

5
Example 1.6 Let T : [0,00) — CB(R) be given by Tx = {—3)6, ——x].

~(5) 2

D(Tx,T0)> = |x—0+8|x—0]?

2 49

Now, d(x,Tx)?> = = Z!x— 0|2 and F(T) = {0}. In addition,

32

2 2
= |x— il T
|x— 0]+ 9d(x, £9)

32
< |x—0|2+E|x—u|27 Vu € Tx.

So, T is demicontractive-type but not k- strictly pseudocontractive-type mapping. To see this

5
takex:l,y:2,u:—§ andv = —6.

Example 1.7 Let T : R — CB(R) be given by

[—v/2x,0] x € [0,00]
Tx=

[0,—V2x], x€&[—o,0].

Then, F(T) = {0} and for any x,

D(Tx,T0)® = |V2x—0

= |x—0]*+|x—0.
But, d(x,Tx)? = |x— 0|%. Thus,
D(Tx,T0)? = |x— 0> +d(x,Tx)* < |x— O + |x — u|*, Yu € Tx.

So, T is hemicontractive-type but not psuedocontractive-type mapping. To see this take x =

1
l,y:2,u:—1andv:—§.
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Remark 1.1 Example 1.4 shows that the set of fixed points of a hemicontractive-type mapping

may not be closed.

Following the introduction of the study of fixed points for multi-valued nonexpansive map-
pings using the Hausdorff metric by Markin [6] (see also [7]), the theory has developed greatly
with applications in control theory, convex optimization, differential inclusion and economics
(see, for example, [8] and references therein). Currently, several schemes have been given on
the approximation of fixed points of multi-valued nonexpansive mappings (see for example [9],
[10], [11], [12] and [13], and the references therein) and their generalizations (see e.g., [14]).

In 2005, Sastry and Babu [12] introduced Mann and Ishikawa schemes for multivalued map-

pings and proved the following result.

Theorem 1.1 Let H be a real Hilbert space, K be a nonempty, compact and convex subset of H,
and T : K — P(K) be a multivalued nonexpansive mapping with nonempty fixed point set. For

xo € K let {x,} be a sequence defined by

©) Yn = (1 _ﬁn)xn"’ﬁnznazn € Txy, HZn _PH = d(P»Txn)7

Xp+1 = (1 - an)xn + Oty ty € Tyy, ||un _p” = d(p, Tyn)a

where p € F(T) and {a,},{PBn} are real sequences which satisfy the following conditions: [i.]
0<oapB<l, [i] r}glgoﬁn = 0 and [iii.] ’21 0P, = 0. Then, the sequence {x,} converges
strongly to a fixed point of T.

In 2007, Panyanak [11] extended the above result of Sastry and Babu [12] to uniformly

convex real Banach spaces. He proved the following result. Before we state his theorem, we

need the following definition.

Definition 1.1 [25] A mapping T : K — CB(K) is said to satisfy condition (I) if there exists a
strictly increasing function f :[0,00) — [0,00) with f(0) =0, f(r) > 0 for all r € (0,00) such
that d(x,T(x)) > f(d(x,F(T)),Yx € D.

Theorem 1.2 Let E be a uniformly convex real Banach space. Let K be a nonempty, closed,

bounded and convex subset of E, and T : K — P(K) be a multivalued nonexpansive mapping

that satisfies condition (I). Assume that [i.] 0 < o, < 1, [ii.] Y o, =oco. Suppose that F(T) is a
n=1
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nonempty proximinal subset of K. Let {x,} be defined by

xo €K,
(N

X1 = (1= )X + Oyn,
oy € [a,b],0 < a<b<1,n>0, where y, € Tx, is such that ||y, — u,|| = d(un,Tx,), and
up € F(T) is such that ||x, — un|| = d(xn,F(T)). Then, {x,} converges strongly to a fixed point

of T.

The scheme of Sastry and Babu [12] requires knowing points p € F(T'). This seems inappro-
priate because, if a fixed point is already known there is no need to construct a scheme to search
for it. Panyanak’s [11] scheme also seems to have a similar difficulty. In 2008, Song and Wang

[13] proved the following theorem.

Theorem 1.3 Let K be a nonempty, compact and convex subset of a uniformly convex real
Banach space E. Let T : K — CB(K) be a multivalued nonexpansive mapping with F(T) # 0
satisfying T (p) = p for all p € F(T). Assume that [i.] 0 < o,,B, < 1, [ii.] Bu,Yn — 0, [iii.]
)o:o,l 0,3 = oo. Then, the sequence {x,} defined by

n—=

Yn = (1 - ﬁn)xn + anna
()

Xn+1 = (1 = 0 )xn + Qylty,
where z,, € Txp,u, € Tyy, are such that ||z, — uy|| = D(Txp, Tyn) + Yo and ||zp+1 — un|| <
D(Txp11,Tyn) + Yu. Then, the sequence in (8) converges strongly to a fixed point of T.
Recently, Shahzad and Zegeye [15] showed their concerns on the work of Song and Wang
[13]. In particular, they pointed out that the assumption “Tp = {p} for any p € F(T)” in [13]
is quite strong. They observed that if E is a normed linear space and T : D(T) C E — P(E) is

any multivalued mapping then the mapping Pr : D(T') — P(E) defined for each x by
©) Pr(x) ={y€Tx:d(x,Tx) = |[x—yl},

has the property that Pr(p) = {p} for all p € F(T). Using this idea they removed the strong
condition “T'(p) = {p} for all p € F(T)” and extended and improved the results of Song and

Wang [13] to multivalued quasi-nonexpansive mappings. The assumption that K is compact is
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dispensed with. Also, in an attempt to remove the restriction Tp = {p},V p € F(T) in Theorem
1.3, they introduced a new iteration scheme as follows: Let K be a nonempty closed convex

subset of a real Banach space E. Let ,, B, € [0, 1]. Choose xp € K and define {x,} as follows:

Yn = (1 _ﬁn)xn +ann7
(10)

X1 = (1 — oty)x, + Oy,

where z, € Prxy,u, € Pry,. Then, they proved the following result.

Theorem 1.4 [15] Let E be a uniformly convex real Banach space, K be a nonempty, closed
and convex subset of E, and T : K — P(K) be a multivalued mapping with F (T) # O such that
Pr is nonexpansive. Let {x,} be the iterates defined by (10). Assume that T satisfies condition

(1) and oy, B, € [0,1]. Then, {x,} converges strongly to a fixed point of T.

We note that Song and Wang [13] imposed the assumption that K is compact while Shahzad
and Zegeye [15] imposed the condition that the mapping 7 satisfies condition (I).

It is our purpose in this paper to introduce an iterative scheme which converges strongly
to a common point of the fixed point set of a finite family of Lipschitz hemicintractive-type
mappings under some mild conditions. As consequence, we obtain a convergent sequence to
a common point of the fixed point set of a finite family of k-strictly pseudocontractive-type
mappings which extend results in the literature that rely on either compactness of K or T or

Condition (I) for strong convergence to common fixed points.
2. Preliminaries

Definition 2.1 Let E be a Banach space. Let T : D(T) C E — 2F be a multivalued mapping.
I —T is said to be demiclosed at zero, if for any sequence {x,} C D(T) such that {x,} converges

weakly to p and D(x,,Tx,) — O, then p € Tp.
Lemma 2.1 [16] Let H be a real Hilbert space. Then, the following equations hold:

(1) Jlex+ (L=0)y|> =tllx]> + (L= 1)yl — (1 = 1)l|x = y[|*, ¥z € [0,1],
x=y|P? = llx =zl +llz =yl +2(x — 2,2~ y).

(2) Given any x,y in H,
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Lemma 2.2 [4] Let H be a real Hilbert space. Then, the following equation holds: If {x,} is a

sequence in H such that x, — z € H, then

limsup ||x, —yH2 = limsup ||x, —zH2 + Hz—sz,Vy €H.

n—soo n—soo
Lemma 2.3 [20] Let K be a nonempty closed convex subset of a real Hilbert space H. Let
T : K — CBC(K) be a multivalued mapping and Pr(x) ={y € Tx: |[x—y|| =d(x,Tx)}. Then,
for any x € K, xo € Pr(x) if and only if (z — xo,x—x) < 0,Vz € Tx.

Lemma 2.4 [21] Let {a,} be a sequence of real numbers such that there exists a subsequence
{ni} of {n} such that a,, < any1, for all i € N. Then, there exists a nondecreasing sequence

{my.} C N such that my — oo and the following properties are satisfied by all (sufficiently large)

numbers k € N:
Ay, < Ay 11, and ay, < Apmy+1-
Infact, my :=max{j<k:aj<aj1}.

Lemma 2.5 [22] Let K be a metric space. Let T : K — P(K) be a multivalued mapping. Then,
the following are equivalent: (i) x € Tx, (ii) Prx = {x} and (iii) x € F(Pr). Moreover, F(T) =
F(Pp).

Lemma 2.6 Let H be a real Hilbert space. Then,

ey l? < [l +2(nx+y),  ¥x,y € H.

Lemma 2.7 [3] Let H be a Hilbert space. Let K be a nonempty closed and convex subset of
H. Let T : K — CB(K) be k-strictly pseudocontractive-type multivalued mapping. Then T is

L-Lipschitz mapping.

Lemma 2.8 [1] Let {a,} be a sequence of nonnegative real numbers satisfying the following

relation:
ap+1 < (1 - an)“n + ansn;n > Ny,

where {0, } C (0,1) and {8,} C R satisfying the following conditions:

lim o, =0, Z o, = oo, and limsup 8, < 0. Then, lim a, = 0.
n—yoo = s o0 n—oo
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3. Main results

Theorem 3.1 Let K be a non-empty, closed and convex subset of a real Hilbert space H. Let
T;: K — CB(K),i =1,2,...,N, be a finite family of Lipschitz hemicontractive-type mappings
with Lipschitz constants L;,i = 1,2,...,N, respectively. Assume that I —T;;i =1,...,N are
demiclosed at zero and F = NY_ F (T;) is non-empty, closed and convex with T;(p) = {p}, Vp €

F(T) and for each i =1,2,...,N. Let {x,} be the sequence generated from an arbitrary x| =

w e K by
Yn = (1 _ﬁn)xn +Bnun7 uy € Tyxy,
(1) Zn = YaWn + (1 = Yn)Xn, wy € Tyyn,
Xpt1 = OpW + (1 - O‘n)zm n>1,
\

where T, := T,( mod N) and {ct,}, {Bu}, {1} C (0,1) satisfy the following conditions:

i. 0< o, <c<1,Vn>1suchthat lim a, =0and Y, o, = o,

n—eo n=1

i 0<oa<yp<B,<B< ,Vn>1, for L:=max{L;:1,2,... N}.

1
VALZ+1+1

Then, {x,} converges strongly to some point p in & nearest to w.

Proof. Let p = Pz (w). Now, using (1) of Lemma 2.1,
b1 =1 = llow(w—p)+ (1= aw)(zn—p)|°

< opllw—pl* + (1= on)l|za = pII?

= 0[lw—plI* + (1= ) [1(wn — p) + (1= 1) (xu — ) I?

= aullw—pl* + (1 =) alwn = plI* + (1 = 0t) (1 = %) [bxn — P>
—(1 = 0t) (1 = %) W — x>

= 0w —pl>+ (1= 0) (1= %) [l — pII> + (1 = ) Yl wa — pI?
— (1= ) (1 = %) W — 24>

Gl = pII* + (1= &) (1= 1) [n = p|I* + (1 = @) YD (Toiyn, Top)

IN

_(1 - O‘n)yn(l - Yn)HWn _anz
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< aplw—pllP+ (1= ) (1= %) 50— plI> + (1 — 00)
[H)’n —PH2 + [|yn _WnHz] — (1= )1 (1 = %) wn _anz-

Thus,

(12) |xus1 — plI* < aullw = plI* + (1= ) (1= ) 150 — P> + (1 — o)
X YullYn _PH2+ (1 =) Yallyn _WnH2 — (1 =) Y (1 = %) || wn _anZ-

On the other hand, from (11) and the fact that ||u,, — wy|| < 2D(T,xy, T,y,) we have

yn=wall®> = (1= Bu) (6 = wi) + B (1t — w) ||
= (1= Bu)ll%n = wal* + Ballun — wal1* = Ba(1 = Ba) [ — uea*
< (1= Bo)lben = wal* + BaAD* (Toxn, Tryn) — Ba(1 = Bo)l|xn — un|?
< (1= Ba)lbon = wall® + BudL? [0 = yall* = Ba (1 = o) n —

< (1= Ba)lxn _WnH2 +4L2ﬁ3Hxn - ”nHz — B (1= B) |20 — “nHZ

Hence,
(13) yn = wall> < (1= Ba) [0 = wall* = Ba(1 = Bu = 4L7 B) [0 — a|*.
Again,
lyn =2l = (1= B+ Buttn — p)|
= /(1= Ba)(n— )+ Bu(un — p)|I?
= (1= Bu)ltn =PI+ Bullun — pII* = Ba(1 = Bo)lln — 10
< (1= Bu)llxn = pII? + BaD* (Tt Tup) — Bu(1 = Bu) [ — 1
< (1= B)en = plI* +Bu [[len = P> + [0 — 0]
—Bu(1 = B) [ — a1
Thus,

(14) 10 = PII* < |lxa — 1> + B{|x0 — un >
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Now substituting (14), (13) into (12),

VAN

Pt =pl? < aullw—pI? + (1= 0) (1= %) [l = pII> + (1 = &) 1l b — pII?

+ (1_an)ynﬂrguxn_unuz‘{‘(l_O‘n)yn(l_ﬁn)HXn_WnHZ
- ﬁn(l_O‘n)Yn(l_ﬁn—4L2ﬁ3)H”n_an2

_(1 - O‘ﬂ)?’n(l - yn)HWn _anZ'

which reduces to

(15)  ||xns1 _P”2 < O‘nHW_p”Z"‘ (1 —0) | —p||2 —Bu(1— o)

% (1= 2By — AL Bt — |+ (1 = €)1 (9 — B) 0 — w1

From the hypothesis (ii) in (11) we have that

(16) 1-2B,—4L*B? > 1—-2p —4L2B2,

A7) Y < Bn.

Using (16) and (17) in (15) we get that

(18) [xns1 — P> < (1= o) %0 — pII* + ctalw — p|1 >

Thus, by induction

[Pn1 = plI? < max{|lx; — p|%, [lw— p|*}, ¥n > 1.
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This implies that {x,},{y,} and {z,} are all bounded. Furthermore, from (11), Lemma 2.6 and
(15) we get that

et = pI> = [1(1 = 0t) (Yawn + (1 = F)xn) + ouw — p|>
= [[(1 =) (5wn+ (1= %)xn) = p) + 0w — p) ||
< (1= 06) [+ (1= %) — pII* +206(w — p,s1 = p)
= (1= 0t) [Wallwn = pII> + (1 = %)l = pII* = % (1 = 1) 260 — wal?]

+204, (W — p,Xps1— P)

IN

(1—ay) D’nD(TnyrzaTnp)z"‘ (1 —7) [Ixn _P||2 — (1 = %) | xn _Wn||2}

+2an<w —PsXn+1— ]9>

IN

(1 =) [allyn = pII* + yn = wall*) + (1 = %) 0 — p1?]
_<1 - an)'}/n(l - ’}/n)Hxn _WnH2 +2(xn<w—p,xn+1 _P>,

(19)
which implies

a1 —pl> < (1= o) llxn— plI* + (1= &) 1By 0 — ta|* + (1 — ) Yo
X [(1 = Ba) 3 — wall> = Ba(1 = By — 4L2 B |2 — un|”]
—(1 = ) Ya(1 = ) [[Wn = X * 4+ 206, (W = p, X1 — )
= (1=l —plI> = (1 = o) YaBu (1 — 2B, — 4L B;) 260 — wa*

+2an<W_P7xn+1 _P> + (1 - an)?’n(yn _Bn)Hxn _Wn||2'

That is, we get that

(20) (R _P”2 < (1= 0)|lxn —p||2 — (1= 04) Y B (1 — 2By _4L2B}’%)

X ||xn - ”n”2 +2an<w_p7xn+l _p>7
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and
@21 Ixwi1—plP < (1=ow)llxa—pl* — (1 —c)a?(1 2B —4L°B?)
X ||y — ”n”2 + 20, (W — p,Xns1—p)-

Now we consider the following two cases:
Case 1. Suppose that there exists ng € N such that {||x, — p||} is non-increasing, Vn > ng. Then,

we get that {||x, — p||} is convergent. So, from (21) and the fact that o, — 0, we have that
(1=c)a?(1=2B —4L*B?) |l — un||* < (1 — @) lPn — pII* = lxas1 = pII?,
which gives that
22) Xy —uy — 0.
Now, from (11) and (22) we get
Yn = Xn = PBu(ttn —xn) = 0,
and hence we get that

lzn=xall = Wallwn —xall = Yallwn — tn + un — x|
< Yallwn = unll + Vallutn — x|
< W2D(Tpyn, Tuxn) + Yallttn — x|
(23) < W2L{|yn — x| + Yallun — x| = 0,
and by (11), (23), the fact that ||w — z,|| is bounded and @, — 0, we have
%1 =Xl = lxn+1 =20+ 20—
< 1 = zall + [lzn — xall
(24) = Op|lw—zu|| + |20 — x| = O.

But then, since, ||Xy+i — Xn|| < [[Xn+i — Xntiz1]] + - -+ ||xne1 — Xa]|, we get that

(25) Xpsi —xall = 0, Vi=1,2,...,N.
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Now, since T, 1;x, and T, y;x,; are closed and bounded there exist u,, € T,1;x, and u,_; €

Ty iXnyi such that [|x, — up|| = d(xn, Tyyixn) and || x4 — uy || = d (X4, ToyiXnyi). Now, by
(22) and (25)
d(xn, Toyixn) = [0 —uy
<l =Xl + [0 — |
<l = Xl i — il - (154 — 1|
< ] = Xnill + [0 — il + 2D (T idni, Tneti%n)
(26) < b = il 4 i = sl 2L X0 — x| = 0.

Now, since {||x, — pl|} converges, there exists a subsequence {x;,1} of {x,} such that

limsup(w — p,xu+1 — p) = lim (W — p,xy ;41 — p),
n—yoo J—°

and Xnj+1 — 2, for some z € K. Now, from (24) we get Xn; = Z. Hence, from (26) and since
T;, Vi=1,...,N are demiclosed by assumption, we getthatz € F(T;), Vi=1,...,N,i.e,z € Z.

Therefore, since by assumption .# is closed and convex, Lemma 2.3 implies that

limsup(w — p, X1 —p) = Hm(w—p,x,;+1—p)
n—yoo J—reo
(27) = (w—p,z—p)<0.

Now, from (21) we have that

(28) [ X741 _pH2 < (1 — o) xn —p||2+2ocn<w—p,xn+1 -p).

It then follows from (28), (27) and Lemma 2.8 that ||x, — p|| — 0, i.e., x, — p.

Case 2 Suppose there exists a subsequence {n;} of {n} such that
[bene =PIl < 1 — pll, ¥k €N.

Thus, by Lemma 2.4, there is a nondecreasing sequence {m;} C N such that my — oo, ||x,, —

Pl < |xm+1—pll and ||xx — p|| < ||xm,+1 — pl|, Vk € N. Now, from (21) and the fact that &, — 0
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we get that x,,, — u,,, — 0, when u,,, € Tix,,,, Vi=1,...,N. Hence as in Case 1, X, 1 — X, — 0
and that
(29) imsup(w — p, Xy 11— p) < 0.

n—soo

From (21) we have that

(30) mek+1 _pH2 < (1 - O‘mk)mek _p|’2+2amk<w_p7'xmk+l _p>a

and since || X, — p|| < ||Xm+1 — p||, (30) implies that

O X, = PIP < [, = PIP = et = PP + 20 (W — P, Xm0 — )

S 2amk<w_paxmk+1_p>

So, from (29) we get that ||, — p||* < 204, (W — p,Xm+1 — p) < 0. Hence, x,,, — p which
implies from (30) that ||x,,,, +1 — p|| = 0 as k — co. But, ||xx — p|| < |[Xp, 41— pl|, Vk € N. There-

fore, {x,} converges strongly to an element p in .% nearest to w.

Remark 3.2 We note that, since every pseudocontractive-type mapping with F(T) # 0 is hemi-

contractive-type the above theorem holds for a finite family of pseudocontractive-type map-
pings.
Lemma 3.3 Again, since every quasi-nonexpansive type is a demicontractive-type and every

demicontractive-type mapping is hemicontractive-type the above theorem also holds for a finite

family of quasi-nonexpansive type and demicontractive-type mappings.

If, in Theorem 3.1, we consider a single hemicontractive-type mapping we get the following

corollary.

Corollary 3.4 Let H be a real Hilbert space and K be a non-empty, closed and convex subset
of H. Let T : K — CB(K), be Lipschitz hemicontractive-type mapping with Lipschitz constant

L. Assume that I — T is demiclosed at zero and F(T) is non-empty, closed and convex with
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T(p)={p}, Vp € F(T). Let {x,} be the sequence generated from an arbitrary x; =w € K by

(

Yn = (1 _ﬁn)xn"‘ﬁnuna u, € Txp,

(31) Zn = YoWn + (1 — Yn)Xn, Wy € Ty,

| X1 = oW+ (1 —ay)zn, n> 1,

where {0y}, {Bn}, {1} C (0,1) satisfy the following conditions:

. 0<a,<c<1,Vn>1suchthat lim o, =0and Y, o, = oo,

n—oo n=1

i 0<a<p <P <B<

1
VA2 F1+1

Then, {x,} converges strongly to some point p in .F nearest to w.

Proof. PutT;:=T,Vi=1,...,Nin(11) and the scheme reduces to (31). Now, as in (20) and

(21)
et = pl> < (1= 0) b — pl* = (1= 00) YuBa(1 — 2B, — 4L7B;)
x| X0 — ttn|* 4+ 200 (W — p,Xo 11 — p), € Tx,
< (1= 00) [l = pl* = (1 =)o (1 = 2B — 4L B)||xy — un||?
+20, (W — p,Xpt1— D)
< (1= aw)lben = plI* +20(w = p,xar1 = p).

The rest of the proof'is as in Theorem 3.1.

If, in Theorem 3.1 we assume that Pr,,i = 1,...,N are Lipschitz hemicontractive-type map-
pings, then by Lemma 2.5, the requirement that 7;(p) = {p} may not be needed. Thus, we

obtain the following corollary.

Corollary 3.5 Let H be a real Hilbert space and K be a non-empty, closed and convex subset
of H. Let T;: K — CB(K),i = 1,2,...,N, be a finite family of multivalued mappings. Let
Pr,i=1,2,...,N, be Lipschitz hemicontractive-type mappings with Lipschitz constants L;,i =
1,2,...,N, respectively. Assume that I — Pr,,i=1,...,N are demiclosed and F = ﬂﬁi]F(T,-) is

non-empty, closed and convex. Let {x,} be the sequence generated from an arbitrary x; =w € K
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by
)
Yn = (1= Bn)Xn + Buttn, un € Pr,xn,
(32) Zn = YaWn + (1 = Ya)Xn, Wn € Pr,yn,
[ Xnt1 = QW+ (1—oty)zn, n>1

where T, := T,( mod N) and {0}, {Bn}, {v.} C (0,1) satisfy the following conditions:

. 0<a,<c<1,Vn>1suchthat lim o, =0and Y, , = oo,
n—soo

n=1

i 0<a<pm<B,<B< Vn>1for L:=max{L;:1,2,...,N}.

1
VA2 +1+1’
Then, {x,} converges strongly to some point p in ¥ nearest to w.
If, in Theorem 3.1 we assume that P, : K — CBC(K),i=1,...,N are Lipschitz pseudocontractive-
type mappings, then, since Pr(x) is singleton, for every x € C by Lemma 2.3 and Lemma 2.5
we have F(T;) = F(Pr,), which is closed and convex and I — Py, is demiclosed at zero for each

i €{1,2,...,,N} and hence the following corollary follows.

Corollary 3.6 Let H be a real Hilbert space and K be a non-empty, closed and convex sub-
set of H. Let T; : K — CBC(K),i = 1,2,...,N, be a finite family of multivalued mappings.
Let Pr,i =1,2,...,N, be Lipschitz pseudocontractive-type mappings with Lipschitz constants
Li,i =1,2,...,N, respectively. Suppose that F = NY_F(T;) is non-empty. Let {x,} be the
sequence generated from an arbitrary x; =w € K by

(
yn = (1= Bn)xn + Buttn, un € Prxy,

(33) Zn = YaWn + (1 - Yn)xm Wy € PTnyna

|1 = 0w+ (1 —aty)zp, n>1

where T, :=T,( mod N) and {c,}, {Bu}, {1} C (0,1) satisfy the following conditions:

. 0<a,<c<1,Vn>1suchthat lim o, =0and Y, o, = oo,
n—soo —

n=1

i 0<a<p<B.,<B< Vn>1for L:=max{L;:1,2,...,N}.

1
VALZ 141

Then, {x,} converges strongly to some point p in .F nearest to w.

In the sequel we shall make use of the following lammas.
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Lemma 3.7 Let K be a closed, convex, nonempty subset of a real Hilbert space H. Let T : K —
CB(K) be a demicontractive-type multivalued mapping with constant k € [0,1). Assume that

F(T)#0. If T(p) ={p},Vp € F(T), then F(T) is closed and convex.

Proof. Letx,y € K. By (2) of Lemma 2.2, we have that
le=y11? = ke =2l + llz = yI* +2{x —z,2— ).
For p € F(T),x € K, letu € Tx be such that || p — u|| = inf{||p —y|| : y € Tx}. Then, we get that
lp —ull® = llp =]+ [be —ull* +2(p —x,x —u),
which is the same as,
d(p,Tx)* = |p —x|* + [P —ull* +2(p —x,x —u),
which in turn implies that
lp =2l + [x = ul® +2(p —x,x — u) < D(p.Tx)* < || p— x||* + kl|x — u>.
Hence,

(34) ||)c—u||2 < (%) (p—x,u—x).

Now, we show that F(T) is closed. Let {x,} C F(T) be such that x,, — z. Let u € Tz such that

|lu—z|| =inf{||z—y|| : y € Tz}. Then, from (34) we have that for each n > 1,
2
- < (73) tn-za-a
— 0,as n— oo,

Hence, z = u € Tz. Therefore, F(T) is closed. Next, let us show that F(T) is convex. Let
p,q € F(T)and z= ap+ (1 — a)q, where o € (0,1). Then, we want to show that z € F(T).
Let u € Tz be such that ||u —z|| = inf{||z—y]|| : y € Tz}. But, from (34),

2
b —ul* < (m) (p—x,u—x)

and

2
-l < (12 ) o),
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Then,

le=ul® = alz—ul®+ (1 -a)|z—ul

< (ﬁ)<a<p-z>+<1—a><q—z>,u—z>

_ (&) (z—zu—2) =0.

So, z=u € Tz. Therefore, F(T) is convex.

Lemma 3.8 Let K be a closed, convex, nonempty subset of a real Hilbert space H. Let T : K —
CB(K) be a k-strictly pseudocontractive-type multivalued mapping with constant k € [0,1).
Then, [ — T is demiclosed at zero.

Proof. Let {x,} C K be such that x,, — y and suppose D(x,,Tx,) — 0. We want to show that
0e(I-T)y,ie.,yeTy.

Let g € Ty be arbitrary. Then, there exists y, € Tx, such that
35) Iy —qll < D(Txy,Ty), ¥n € N.
Furthermore, since y,, € Tx,, we have that

(36) %0 = Yall < D (X, Txa) — 0.

Now, define f : H — [0,%0) by f(x) := limsup ||x,, — x||>. Then, by Lemma 2.2 we get that

n—oo

f(x) =Timsup [y — y|I* + [y — x|, Vx € H,

n—o0

which implies that
f@) =FO) +y—xl?, VxeH.

Hence,

(37) fl@) =) +y—ql*
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On the other hand, using (35), (36) and the fact that 7" is k-strictly pseudocontractive-type we

get that
flg) = limsup|x, —q||*
n—soo

= limsup|[x;, — yn + yn —q||2

n—oo

< limsup ||y, — g|?
n—yoo
: 2
< limsupD“(Tx,, Ty)
n—yoo
< limsup[|jx, —Y||* +k||x0 — yu +q— ]
n—yoo
< limsup]|x, —y||* +k||g — y||*],
n—co
which gives that
(38) f(q) < f(3) +Kllg =yl

Thus, from (37) and (38) we get that ||y —¢||> < k||y —g¢||? or (1 —k)||y — ¢||> < 0. This implies

y =q € Ty. Therefore, I — T is demiclosed.

If, in Theorem 3.1, we assume that 7;,i = 1, ..., N, are k-strictly pseudocontractive-type map-

1 ki
i,i: 1,...,N. Also by Lemma 3.7
1— vk

and 3.8, we have that F(T) is closed and convex and I — 7; are demiclosed. Hence, we have the

pings then by Proposition , 7; are Lipschitz with L; =

following theorem.

Theorem 3.9 Let H be a real Hilbert space and K be a non-empty, closed and convex subset
ofH. Let T; : K — CB(K),i = 1,2,...,N, be a finite family of k-strictly pseudocontractive-type
mappings. Assume that F = MY F(T;) is non-empty with T;(p) = {p}, Vp € F(T) and for

eachi=1,2,... N. Let {x,} be the sequence generated from an arbitrary x; =w € K by

;

Yn = (1 _ﬁn)xn+ﬁnun7 up € Tyxy,

(39) Zn = YuWn+ (1 - Yn)xm Wy € Tpyn,

Xpt1 = W+ (1 —04)z, n > 1
\

where T, := T,( mod N) and {¢t,}, {Bu}, {1} C (0,1) satisfy the following conditions:
i 0<a,<c<l,Vn>1suchthat lim o, =0 and Y. ot = oo,
n—oo =1

n—=
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1 1+ vk
———, Vn > 1 for L := max =1,..
VA2 + 141 4 T VR

Then, {x,} converges strongly to some point p in .F nearest to w.

i 0<a<p<B.,<B< N}

If, in Theorem 3.9, we assume that Py, are k-strictly pseudocontractive-type mappings, we

have that Pr, are Lipschitz, and hence the following corollary follows.

Corollary 3.10 Let H be a real Hilbert space and K be a non-empty, closed and convex subset of
H. LetT;: K — CBC(K),i=1,2,...,N, be a finite family of multivalued mappings. Let Pr,,i =
1,2,...,N, be k- strictly pseudocontractive-type mappings. Suppose also that % = ﬁi.V: F(Th)
is non-empty. Let {x,} be the sequence generated from an arbitrary x; =w € K by

(
Yn = (1 _ﬁn)xn +ﬁnuna Up € PTn-er

(40) 9 Zn = YuWn + (1 - Yn)xn, Wy € PTny”7

| Xnt1 = 0w+ (1 —aty)zp, n>1

where T, :=T,( mod N) and {c,}, {Bu}, {1} C (0,1) satisfy the following conditions:

i. 0<a,<c<1,Vn>1suchthat lim o, = 0 and Z O, = oo,
n—oo n=1

1
i 0<a<y%<B<p<——,"Vn>1forL:=max{L;:1,2,...,N}.
ShEbsB< e f {Li t

Then, {x,} converges strongly to some point p in .F nearest to w.
If, in Theorem 3.9, we assume that 7;,i = 1,...,N, are nonexpansive-type mappings then
T; are Lipschitz with L = 1 and k-strictly pseudocontractive-type with k = 0. So, we get the

following corollary.

Corollary 3.11 Let H be a real Hilbert space and K be a non-empty, closed and convex subset
ofH. Let T; : K — CB(K),i = 1,2,...,N, be a finite family of nonexpansive-type mappings. As-
sume that F = Y_ F (T;) is non-empty with T;(p) = {p}, Vp € F(T) and for eachi=1,2,...,N.
Let {x,} be the sequence generated from an arbitrary x; =w € K by

4

Yn = (1 _Bn)xn +ﬁnuna uy € Tyxy,

(41) Zn = YoWn + (1 = W) Xn, wy € Tyyn,

Xnt1 = 0w+ (1 —ty)zp, n>1
\
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where T, :=T,( mod N) and {c,}, {Bu}, {1} C (0,1) satisfy the following conditions:

i. 0< o, <c<1,Vn>1suchthat lim a, =0and Y, o, = oo,
n—roo =1

n—=

Vn > 1.

1
i 0<a<y<B, <B< IR
Then, {x,} converges strongly to some point p in F nearest to w.
Remark 3.12 The definitions of hemicontractive-type, demicontractive-type, k-strictly pseudo-
contractive-type and pseudocontractive-type multivalued mappings used here are those consid-
ered by Chidume et al [3]. Isiogugu [4] defined these mappings somewhat differently (See also
[23]).

Remark 3.13 Theorem 3.1 improves Theorem 1 and Theorem 2 of Sang and Wang [13] and
Theorem 2.7 of Shahzad and Zegeye [15] in the sense that no compactness assumption on either
the domain or in the functions T; are assumed. Furthermore, the requirement that T satisfies

Condition (1) is dispensed with in our more general setting.

Remark 3.14 Our work extends the work of Daman and Zegeye [24] for the multivalued case.
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