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Abstract. This paper is concerned with an almost periodic predator-prey system with impulsive non-autonomous
Lotka-Volterra functional response and harvesting terms. By using Mawhins continuation theorem of coincidence
degree theory and some analytical approaches, we establish the existence of eight positive almost periodic solutions
for the system. Furthermore, our results improve the main results of paper [1]. An example is given to illustrate

the effectiveness of our results.
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1. Introduction

In recent years, the existence of positive periodic solutions for biological models with har-
vesting terms has been widely investigated by many researchers (see[1-4]). In[1], the authors
proposed a non-autonomous three species Lotka-Volterra predator-prey system with harvesting

*Corresponding author

E-mail address: cxxing79@ 163.com
Received February 26, 2015



2 CHUNHUA ZHANG, YUYING ZHANG, XIAOXING CHEN
terms model:

(1) =201 (1) (11 (0) = ann (0 (1) = @2 (02(0) ) = b 1),

!

$5(1) = 62(0) (r2(0) + @21 (01 1) = @ ()52 (0) = axs ()3 (1)) = (o), (1.1)

/

%3(1) = x3(1) (r3(0) + a2(0)x2(1) = a3 (D3 (1) ) = b (0):

Under the assumptions of periodicity of the parameters of (1.1), using Mawhin’s continuation
theorem of coincidence degree theory, the authors of [1] established the eight positive periodic
solutions to (1.1). In fact, it is more realistic and reasonable to study almost periodic system
than periodic system. Recently, there are two main approaches to obtain sufficient conditions
for the existence and stability of the almost periodic solutions of biological models: one is us-
ing the fixed point theorem, Lyapunov functional method, and differential inequality techniques
(see [5-11]); the other is using functional hull theory and Lyapunov functional method (see
[12-17]). However, to the best of our knowledge, there are very few published letters consid-
ering the almost periodic solutions for impulsive nonautonomous Lotka-Volterra predator-prey
system with time delay and harvesting terms by applying the method of coincidence degree
theory. Motivated by above, in this paper, we are concerned with the following impulsive non-
autonomous three species Lotka-Volterra predator-prey system with time delay and harvesting

terms model:

ri(t) —an (¢ xﬂﬂ—auﬁkﬁr—hﬁﬁ>—hﬂﬂﬁ%a,

-
—X2 <I’2 +a21 xl(t—fl(t))—azz(l‘)XQ(l‘)—a23(l‘)X3(l‘—‘L’3<l‘))> —hz(l‘),t;ﬁlk,
—X3 <r3 +a32 XQ(Z‘—TQ(I‘)) —a33(t)x3(t)> —h3(l‘),t #* 1y,

+

xi () =(1
)CQ(Z‘Z_)

Ci)xi ()t = t,

(L4 Top)oa (1) 1 = 1,
x3(18) = (L+Ta)xs (), = 1,
(1.2)
where x;(7) denotes the densities of the ith species respectively; r;(¢) represents the ith species
intrinsic growth rates; a;;(f) denotes the intra-specific competition rates of the ith species;

ay»(t),an3(t) are the predation rates for the second species to first the species, the third species
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to the second species, respectively; ao;(t),as;(t) are the nutrition conversion rates for the first
species to the second species, the second species to the third species, respectively; 4;(¢) is the
harvesting term for the ith species. Moreover, ri(t),a;i(t), a12(t),ax3(t), ax(t),ass(t), hi(t),
are all bounded and positive continuous almost periodic functions defined on [0,00)(i = 1,2,3);
the time delay 7;(z) (i= 1,2,3) are all nonnegative continuous almost periodic functions; I'; >
—1(i =1,2,3) are constants and 0 =19 < 1] < tp < ...ty <ty < ..., are impulse points with
kgrfw fie = ee.

The organization of this paper is as follows. In Section2, we state some definitions lemmas
which are useful in later sections and make some preparations. In Section3, using Mawhins
continuation theorem of coincidence degree theory and some analytical approaches, we estab-

lish sufficient conditions for the existence of eight positive almost periodic solutions to system

(1.2). In Section 4, an example is given to illustrate our results obtained.
2. Preliminaries

In this section, we give a short introduction to some referred definitions and lemmas that will
come into play later on.

AP(R) = {f(t) : f(¢) is a continuous, real valued, almost periodic function on R}. Suppose
that f(¢,¢) is almost periodic in ¢, uniformly with respect to ¢ € C([—0,0],R). T(f,€,S) will
denote the set of €— almost periods with respect to S C C([—0,0],R), I(g,S) the inclusion
interval, A(f) the set of Fourier exponents, mod(f) the module of f, and m(f) the mean value.

Let PC(R,R")={¢ : R — R", ¢ is a piecewise continuous function with points of discontinuity

of the first kind at #x,k = 1,2, ..., at which @(z, ) and @(z;") exist and @(r, ) = @(t)}.

Definition 2.1 [21] The family of sequences {t,i =tk j— Mk, k, j € Z} is said to be equipotentially
almost periodic if for arbitrarye € > 0, there exists a relatively dense set €— almost periods, that

are common for any sequences.

Definition 2.2 [21] The function ¢ € PC(R,R) is said to be almost periodic, if the following
conditions hold:

(1) the set of sequences {t,i = tkyj —tr,k, j € Z} is equipotentially almost periodic;
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(2) for any € > 0 there exists a real number 6 = d(€) > 0 such that if the points #; and #, belong
to the same interval of continuity of ¢ () and |t; — ;| < 0, then |@(t;) — @(1r)| < €;
(3) for any € > 0 there exists a relatively dense set T of €é— almost periodic such thatif 7 € T,

then |@(t+ 7) — @(t)| < € for all ¢ € R which satisfy the condition |t —#;| > €,k € Z.
Lemma 2.1 [18] If f(z) € AP(R), then there exists 7y € R such that f(ty) = m(f).
lemma 2.2 [22] Assume that f(t) € AP(R), then f(t) is bounded on R.

Lemma 2.3 [18] Assume that x(t) € AP(R) NC'(R,R), then there exist two point sequences
1 1) h that X =X =0, 1 = dooand li — —oo,
{8cbiy {Amibiy, such that x (&) = x (1) k_lglooﬁk +oo an k_lgrlwnk

Lemma 2.4 [18] Assume that x(t) € AP(R)NC'(R,R), then x(t) falls into one of the following

four cases:

(i) there are &, 1 € R such that x(§) = ?lelRPX(t) and x(n) = liglgx(t). In this case, x (€) =x (n) =
0.

(ii) there are no §,m € R such that x(§) = iglgx(t) and x(n) = [iglgx(t). In this case, for any
€ > 0, there exist two points £,1 € R such that x (£) =x (1) = 0, x(&) > supx(t) — & and

t€R

infx(z .
x(n) < infx(r) +
(iii) there is a & € R such that x(&) = supx(t) and there is no n € R such that x(n) = inlgx(t).

teR re

In this case, x (£) = 0 and for any € > 0, there exist an 1 such that x () = 0 and x(n) <
inf. .
tléle(t) +¢€

(iv) there is an 1 € R such that x(1n) = inlgx(t) and there is no & € R such that x(&) = supx(¢). In
te tER

this case, x (1) = 0 and for any € > 0, there exist a & such that x (£) = 0 and x(€) > supx(t) —¢.
teER

Consider the following system

510 =0(0) (i) =@ (Om (1) - antn - o) ki),

!/

%5(1) = 22(1) (r2(0) + @ (1)1 (1 = 71 (1)) ~ A ()02 (1) — s ()3 (1 = (1)) ) = Fal0), (2.1)

/

X3(l) = X3(l‘) <r3(t) +a32(t)x2(t — Tz(l‘)) —533(2‘))63(0) —E3(l‘),
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where

an(t)=an() [1 0+Tw), @@ =an@) [T (1+Tw),

O<n<t O<n <t

he)=m@) [T 0+Tw)™" @) =au@) [T (1+Tw),

o< <t O<t <t

an(t)=an(t) [T 01+Tx), aun)=ax@) [] (1+Tx),

o<t <t 0<fp<t

hy(t)=ho(t) T] +T)™",  an() =an@) [] (1+Tw),

0<fp<t 0<f<t

a(t) =a(t) [T 04+Tx), k@) =hs) T 0+~

0<tr<t 0<t <t

Lemma 2.5 For systems (1.2) and (2.1), the following results hold:
(Dif (x1(t),x2(t),x3(¢))T is a solution of (1.2), then
T
@0, 50.50) = ( T 040w %@, [T 0+T0 "0, [T (1475 x(0)
0<tp<t 0<tp<t 0<tp<t

is a solution of (2.1).

(2)if (x1(1),%2(t),%3(¢))T is a solution of (2.1), then

(Xl(t),Xz([),X3(t)>T:( H (1+F1k))_61(t), H (l—l-rzk)fz(t), H (1+F2k))_63(t)>T

o< <t o< <t o< <t

is a solution of (1.2).

Proof. (1) Suppose that (x1(¢),x2(t),x3(¢))7 is a solution of (1.2). Let

xi(t)= ] 0+Tw) %), %0) = [] 1+Tw) "x@), 50 = J] (1+Tx) X)),

o<t <t 0<tp<t 0<ti<t
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we first show that X;(7),%(7),x3(¢) are continuous. Since X;(¢),X2(¢),%3(¢) are continuous on
each interval (#, ;4 1], it is sufficient to check the continuity of X (¢),%»(¢),x3(¢) at the impulse
points #;,k € Z". Since
)= T 04T @) =0+ ™" TT 0+ (1T () = %1 (1)
0<ty<ty 0<ty<ty

and

fl(t,:) = H (1 +F13)*1x1(t,:) = H (1 +F15)71)C1(tk) =x1(t),

0<ts<t, 0<t,<ty
thus x; () is continuous on [0, +e0). Using the same method, we get X, (#),¥3(#) is continuous
on [0,+o0). By substituting
Xl(t)z H (1+F1k))‘cl(t),x2(t): H (1+F2k))_C2(t),X3(t)= H (1+F3k))_63(t)
0<t <t 0<t <t 0<f <t

into the equation of system (1.2), we obtain
%, (0) =51 (0) () ~@n (O () ~ @)%l — o)) ~ i (1),
)_Cz(t) = )_Cz(t) <r2(t) —|—521(l‘)f1 (t -7 (l‘)) —azz(l‘)fz([) — a23(t)23(t — ’L'3(l‘))> — /’lz(t),

%(1) = F5(0) (13 (6) +an (Ot = () ~ @)% (1) ) ~ha (1),

Therefore, (%1 (¢),%>(t),%3(¢))" is a solution of (2.1).
(2) Suppose that (¥1(¢),%2(¢),%3(¢))7 is a solution of (2.1). Let
x1(t) = H (1+Tp)xi (1), x2(2) = H (1+Top)x2(1), x3(¢) = H (1+T35)x3(1),
0<tp<t 0<f <t 0<t<t
then for any ¢ # t;,k € Z™, by substituting
xi(t)= ] 0+Tuw) @), %0) = [T 1+T%) "x@), %)= ] (1+T%) 'x()
0<fp<t 0<p<t 0<p<t

into the equation of system (2.1), we obtain

£1(1) =20 (1) (1 (0) = ann (001 (1) = a0t = (0) ) — 1),

!

X (t) = x2(1) (rz(f) +an1 ()x1(t — 71(2)) — axa(t)xa(t) — az3(t)x3(t — T:s(f))) —ha(1),

!

)C3(t) =X3(t) <r3(t) +a32(l))€2(t — Tz(t)) —a33<l‘)X3(t)> —h3(t).
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And fort = t;,k € Z™, we obtain

xl(t,;") = lim H 1+F1k)x1() H (1+F1S))‘cl(tk)

1—t
Ko<t <t 0<t,<ty

= (1+F1k) H (1+F1s)xl(tk):(1+F1k)x1(tk).

0<ts<ty

Similarly, we have )CQ(Z‘;L) = (1 —{-l—‘zk)Xz(lk),)@(l‘]j) = (1 —|—F2k>X3 (tk). Therefore, (Xl(t),Xz(t),X3(t))T
is a solution of (1.2).

x4 +/x* —4dyz

Lemma 2.6 (2] Let x > 0,y > 0,z > 0 and x > 2, /yz, for the functions f(x,y,z) = >
Z

x—/x2—4yz
2z

(1) f(x,y,z) and g(x,y,z) are monotonically increasing and monotonically decreasing on the

and g(x,y,z) = , the following assertions hold.

variable x € (0,+o0), respectively.
(2) f(x,y,z) and g(x,y,z) are monotonically decreasing and monotonically increasing on the
variable y € (0,4o0), respectively.
(3) f(x,v,z) and g(x,y,z) are monotonically decreasing and monotonically increasing on the

variable z € (0,+o0), respectively.

For the sake of convenience, we denote f' = inf f(t), fM = sup f(t) here f(t) is a con-
t€[0,0] 1€]0,0)
tinuous almost periodic function.
Throughout this paper, we need the following assumptions:
_ M
(Hp) rl1 —a%l;r > 2 allhl , r2 61231’L > 2 a22h2 , r3 > 24/a¥hs

where

p_ rMi\/ 40111
a

1

Y

11

(M @iy + \/ A a2 — g i)

l:l:

2 2a22 ’
_ -

o (i +aghly i\/ i +ah iy )? — 4al;hy

3 _— .

2a33
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(H,) The set of sequences {t,i = tktj —trk, j € Z} is uniformly almost periodic.
(H3) H (1+Ty),(i=1,2) is almost periodic.

0<tp <t
For simplicity, we need to introduce some notations as follows:

At —ali )+ \/ (rt —alily 4a11h1
1 )
an
+ ‘1231Jr i\/ (ry ‘123 4a22h2
A2 — )
a22
2a33

Lemma 2.7 For the following equation

ri(t) —an (t)e" ") —hi ()e 1 =0,
ra(t) —an(t)e) —hy(t)e 2" =0,
r3(t) —az3(t)e" V) — s (r)e 3" = 0,

by the assumption Hy and lemma 2.6, we have the following inequalities

Inl;” <lnuy <InA] <InAf <Ilnuf <Inly,
Inl; <Inu, <InA; < 1nA2+ < lnugL < lnl;,

Inl; <Inu; <InAj <lnA§L <1nu§r <lnl§L,

where

)£/ (r ()2 —dan (0 (1)
2a11( ) ’

)£/ (ra(0))2 — 4an(0)ha(1)
2a22( ) ’

)£/ (r3(0))2 — dass (0 (1)
2a33( ) '

Ltl—

3. Existence of multiple positive almost periodic solutions
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In this section, by using Mawhins continuation theorem, we will show a theorem about eight
positive almost periodic solutions for system (1.2).

Let X and Z be real normed vector spaces. Let L: DomL C X — Z be a linear mapping and
N :X x[0,1] — Z be a continuous mapping. The mapping L will be called a Fredholm mapping
of index zero if dim KerL = codimImL < 4o and ImL is closed in Z. If L is a Fredholm
mapping of index zero, then there exist continuous projectors P: X — X and Q : Z — Z such
that ImP = KerL and KerQ = ImL = Im(I — Q), and X = KerL ® KerP, Z = ImL & ImQ. 1t
follows that L|pomrkerp : (I —P)X — ImL is invertible and its inverse is denoted by K. If Q is
abounded open subset of X, the mapping N is called L— compact on Q x [0, 1], if ON(Q x [0, 1])
is bounded and K,(I — Q)N : Q x [0,1] — X is compact. Because ImQ is isomorphic to KerL,

there exists an isomorphismJ:ImQ — KerL.

Lemma 3.1 [23] Let L be a Fredholm mapping of index zero and let N be L—compact on
Q x [0, 1] Assume that:

(a) for each A € (0,1), every solution x of Lx = AN (x,A) is such that x ¢ dQ N DomL;
(b)ON (x,0)x # O for each x € dQ N KerL,;

(¢ )deg(JON(x,0), Q2N KerL,0) # 0.

Then Lx = N(x,1) has at least one solution in Q" DomL.

In what follows, we always assume that (H3) holds.

Consider X =Z =V, @ V5, Vi = {z(t) = (z21(t),22(t),23(¢))T : z:(t) € AP(R), mod (z;(t)) C
mod(F;),Vu € A(z;(t)) satisfies || > a, (i =1,2,3)}, satisfies that Vi U{r;(¢),ann(¢),ay1(t), a2 (¢),
ax(t),as(t), 7(t), hi(t), (i=1,2,3)} is equipotentially almost periodic. V> = {z(t) = (c1,¢2,¢3) €
R3}, where

Fi(t, 01,02, 903) = r1(1) =@ (1)e?0) = a5 (1)e? 20—y (1)~ 0),
Bo(t,01, 02, 03) = r2(t) + a1 (1)e? 10 — 7y (£)eP2(0) —Gp3 (1) e (=5 0) — 1y (1) e~ 220

F3(t, 01,02, 93) = r3(t) + @z (t)e®"20) —a33(1)e?0) —hs(t)e ),
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in which ¢; € C([—7,0),R),i = 1,2,3,7 = maxsup{7;(t),72(t), 73(¢t) } and o is given positive

teR
constant. Define

[zll = sup|z1(¢)[ +sup[z2(r)| +sup|z3(r)| forallze X =Z.
teR teER teER

Similar to the proofs of Lemma 3.1, Lemma 3.2 in [19] and Lemma 3.3 in [20], one can

easily prove the following three lemmas, respectively.
Lemma 3.2 X and Z are Banach spaces equipped with the norm ||.|.
Lemma33letL:X — Z,Lx= X = (xll ,xlz,x;)T, then L is a Fredholm mapping of index zero.
Lemma 3.4 Let N: X x [0,1] = Z, N(x(t),A1) = (N(x1(t),A), N(x2(t),A), and N(x3(t), 1)) T =
(GY,G3,G3)T, where
G} = N(x1(t),A) = r(t) = a1 (1)e" V) — Aay (1) 2 =20) —hy (r)e 010,
Gy =N(x2(t),A) = ra(t) + Ada (1) 07 — Gy (1)) — Aaps (1) e =B0) — iy (1)e21),
G5 =N(x3(1),A) =r3(t) + Ad ()20~ 20) —Ga3(1)e ) —hs(r)e 30

and
P:X =X, Px= <m(x1),m(x2),m(x3))T, 0:7 7,07 (m(zl),m(zg),m(z3)>T.

Then N is L—compact on Q, where Q is an open bounded subset of X.

Theorem 3.1 Assume that (Hy) — (H3) hold, then system (1.2) has at least eight positive almost

periodic solutions.

Proof. By making the substitutions x| (t) = exp(u1(t)),x2(t) = exp(ua(t)),x3(¢t) = exp(us(t))
then system (2.1) is reformulated as

/

uy(t) =ri(t) —an (z)e“1<’> — am(;)euz(t—rz(t)) —hi(t)e™ 1),

/

uz(t) = }’2([) “+dn (t)eul(lffl (1) —azz(t)euz(l) _az3<t)eu3(tff3(t)) —}_12(2‘)67”2([)7 (3‘1)
u;(t) =13 (t) +a32(t)eu2([_T2(t)) —533(1‘)e”3(1) _E3 (l‘)e_”3(l).

Then if there exists almost periodic solution (u(t),ua(t),u3(t))" of (3.1) , We can get at least

(
one positive almost periodic solutions (x1(¢),x2(¢),x3(t))T of (2.1).
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In order to use Lemma 3.1, we have to find at least eight appropriate open bounded subsets

X. Corresponding to the operator equation Lx = AN(x,4),A € (0,1), we have

!/

u(t) =24 (7”1 (1) —Ell(t)eul(t) —)Lalz(t)euz(t—fz(t)) —El(t)e_ul(’)>,

/

(1) = A (ra(0) + Aty (1) 1) — iy (1)) — Aty (1)e =)~y (1)),

/

us (l‘) =2 (1’3 (l‘) + 7L532(t)€u2(t_72(l)) —das3 (t)€u3(t) — E3 (t)e_u3(l)> .
(3.2)
Assume that u = (uy,us,u3)” € X is an almost periodic solution of system (3.2) for some A €

(0,1). Then by Lemma 2.4, for any € > 0 and a € R there exist &, n; € [a,a+1(€)|NT (u,€),i=

1,2,3 such that u;(&) > ul — &,u;(n;) < ul + € and u;(&;) = u;(n;) = 0. From this and (3.2),
we have

ri(&1) _all(él)eul(él) _;Lalz(gl)euz(él—fz(él — Ty (E)e ™ (61) — 0, (a)
(&) + Ad (&)e u1(&—11(&)) _azz(gz) — Aa3(Er)e u3(&—13(&2)) hz(ﬁz) (&) 0, (b)

r3(E3) + Aaz (&) 257 2(83)) _ G35 (E3)e(5) — Ry (E3)e (%) = 0, (c)
and
ri(m) _all(nl)eul(rll) _lalz(m)euz(m*h(m)) _fll(T“)e*ul(nl) =0, (a)

(M) + Adn (1) e =51 )) Gy (112)€2(M2) — Aans (1) e~ B(2)) _ Ty () e #2(M2) = 0, (b)

r3(13) + Adz(n3)e2 M2 M) — a3 (n3)e*s () — s (13)e M) = 0.(c)
On the one hand, according to equation (a) of (3.3), we have
ri(&) —ap (& )e™ (&1) — i (E)e (&1) — 1512(51)6”2(51_12(51)) <0

then, we have

&) _ r11‘4€u1(§1) +Ell < 511(51)62'41(51) _ rl(él)eul(él) +E1(§1) <0

namely,

511 o2 (S1) ,Meul (&) +h1 <0,
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which implies that

_ 7! _y 1
AL OO 0 e T

—1
2a11 2a11

namely,
Inl7 <up (&) <Inljf. (3:5)
Similarly, from the equation (a) of (3.4), we obtain
iy <up(my) <Inljf. (3.6)
From (3.5) and the equation () of (3.3), we obtain
azze u2(&2) +hy L o—u(&) < an(&)e u2(&2) +hy(&)e u2(&2)
< (&) +Aay (§)en & Tl)
< r+diif,

that 1s

ahye?2(&) — (M 4 aniie u2(62) +Elz <0,

which implies that

(4 @l — (1 + a2 — 4T (R +ar) + ) (4 a2 — 4 T
In <up(&) <In
26122 2a22

namely,
Inly <uy(&) <Inily. (3.7)
Similarly from the equation (b) of (3.4), we obtain
Inl; <ua(ma) <Iniy. (3.8)
From (3.7) and the equation (c¢) of (3.3), we obtain
2o (&) 4 he(E) < a33(E3)es () 4 hy(E3)e (%)
= 73(G) + Aan(Gy)en&RE)

< rM +a321+
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that is
ahye?s(&) — (M 1 g ahi)e u3(63) —I-Eé <0,

which implies that

(R @) — ) (4 a2 — 4al T (P @)+ (A + @i ) — dad T
In <u3(&3) <In
2a33 2a33
namely,
Inly <us(&) < Inlf. (3.9)
Similarly from the equation (c¢) of (3.4), we obtain
Inly <uz(ms3) < Inly. (3.10)
On the other hand, by the equation (a) of (3.3) and (3.7), we obtain
rh<ri(&) = ay (E1)e ) 4 Aap(&))e2&1-2(8) 4 hy (E))e 1 (E1)
< ail\/flem(él) +ahly +h1 e (&),
S0, we have
511\/1162'41(51) —( _—%l;)eul(él) _|_EIIVI >0,
which imply that
—abrh)+1/(rt —a¥, —4a" i)
(§1)>ln 1 1272 \/ il 12 11" —lnA1+,
I — (3.11)
(ry —aihly) — \/(rl1 —ahly)? —4alih _
(&1) <In S =1InA7.
11
Similarly, we can obtain from the equation (a) of (3.4) that
—a MDY+ 4/ (r —aaM i)
u1(n1)>1n 1272 \/ ; ol =InA7,
\/ 1 — (3.12)
! + / +\2 _AZM T
rh—aMl r—a l —4aiih
ul(n1)<ln(l 2l) =/ (i —aply)? 11 —nA-

2a11

Y
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By the equation (b) of (3.3) and (3.9), we obtain
< n(&)
= —AGy (&) (2 1(&) 4G9y (&)e2(8) 4 Aans (&)e3 (S 5(8)) ]y (&))en2()

< 5%6”2(52)4—61231 _|_h2 e u2(82),

so, we have
ahe?n (G (r _a%l;-)euz(fz) _|_Eg/[ >0,
which imply that
—atih) + \/ (rh —alt, —4ahy
ur(&1) > In s 2 Taly )P Al — InAj,
\/ 23, _ (3.13)
l + / +\2 =M 7
atl allly)? —4ahh
u2(§1)<ln(2 5l )=/ (rn—ajly)? 2" -
2a22 2
Similarly, we can obtain from the equation () of (3.4) that
—alih) +/ (rh —ak — 4t
ur(m) > In (ry — a5 \/ 2 LA 2 ~Inat,
\/ 22 - (3.14)
A + M7
—all —a l —4asyh
M2(T]2) < hl( 23%3 ) ( 23°3 ) 22°%2 — InA-.
24122 2
By the equation (c) of (3.3), we obtain
rh<r(&) = —Aaxn(&)en! &-0(8)) 4 a33(E3)e3(%3) 4 3 (E3)e3(%3)
< at M3(§3)+h3 e u3(8)
so, we have
ake?s(8) _ ples(8) +E§’I >0,
which imply that
/ =M 7
rh4/(rh)? —4a A
usz(&3) > In 3 \/ 3_M 3373 =InA7,
2a3y
\/ (3.15)
l
rh— 1/ (rh)? — 4at y
uz(&3) <In 3 ;_M 3373 =1InAj3.
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Similarly, we can obtain from the equation (c¢) of (3.4) that

us

U3 <1n

+
=InAjg,

)= 1n r3 + \/ r3 4a13‘/§h3
2aM

33

It follows from (3.5)-(3.10),(3.11)-(3.16) and Lemma 2.7, we get

Inl; <u(t) <InAj

Inl; <up(t) <InA;

or InAT <u(t) <Inlf,

or InAY <uy(t) <Inly,

Inly <us(t) <IlnA; or InA] <us(r) <Inls.

Clearly, In/ f—L, In ZS—L, In l3i, lnAle,lnAgE,lnAg—L7 are independent of A. We denote

= {u= (ur,u0,u3)" € X|uy(t) €
Q= {u= (uy,uz,u3)’ € X|uy (1) €
Q3 = {u= (uy,up,u3)’ € Xuy (1) €
Qu = {u= (uy,up,u3)’ € Xluy (1) €
Qs = {u= (uy,up,u3)’ € X|uy(1r) €
Q¢ = {u= (uy,up,u3)’ € X|uy(r) €
Q7= {u= (uy,up,u3)’ € Xluy(r) €

Qs = {u= (uy,uz,u3)" € X|uy (1) €

Thus €,k =1,2,3,4,5,6,7,8 are bounded open subsets of X, €; NQ;

(Inl{,InA7 ), ux(t) €

(Inl;,InA7),ux(t) €

(Inl; ,InA7 ), ux(t)

(Inl;,InA]),ux(t) €
(Inl}f,InA]),ua(t) €
(Inl{,InA]),us(t) €
(Inl{,InA]),us(z) €

(Inl{,InA]),us(z) €

satisfies the requirement (a) in Lemma 3.1.

(Inly,InAy ), u3(t) €
(Inly ,InAy),u3(t) €
€ (Inlf,InAY),u3(t) €
(Inly ,InAY),us(t) €
(Inly ,InA3),us(t) €
(Inly ,InAy),u3(t) €
(Inly ,InAS),u3(t) €

(Inly ,InAY),us(t) €

(3.16)

(Inly,InAy)},
(Inlf,InA7)},
(Inl5 ,InA3)},
(Inlf,InA7)},
(Inl5 ,InA3)},
(Inl5 ,InA3)},
(Inl,InA7)},

(Inif,InAT)}.

=0,i # j. Thus Q;

Now we show that (b) of Lemma 3.1 holds, i.e., we prove when u € dQ; N KerL = d€; N

R3,ON(u,0) # (0,0,0)7,i =1,2,3,4,5,6,7,8. If it is not true, then when u € dQ; N KerL =
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0QNR3,i=1,2,3,4,5,6,7,8. constant vector u = (u1,up,u3)’ withu € dQ;,i=1,2,3,4,5,6,7,8
satisfies
m(r(0) —an (e =T (e™) =0,

m(rz(t) G (1)e —Ez(t)eﬂ‘Z) ~0

m<r3 (l‘) —533(1‘)6”3 —E3(Z)e_u3> =0.
In view of the mean value theorem of calculous, there exist three points ;, £, {3 such that

ri(61) —an(§)e" —hy(&)e ™ =0,
r2(&) —an(§)e —ha(L)e ™ =0, (3.17)

r3(83) —as3(83)e" —hs3(Gz)e ™2 = 0.

From (3.17), we have

+ ln"l(Cl)i\/(rl(Cl))z—4511@1)51(@1)

uy = ,
! 2a11(¢1)
. -
I OF V(%) (s (G) (3.18)
2a2(8)
L (8 (rs(G)) 4 (s (&)
u, = In .
: 2a33(83)
According to Lemma 2.7, we obtain
Inl;” <Inuy <InA] <InA7 <Inuj <Inl{,
Inl; <Inu, <InA; <InAj <Inuy <Inlj, (3.19)

lnl3_ <lnu3_ <1nA3_ <lr1A§L <1nu§r <lnl§L.

Then u belongs to one of €; NR3,i=1,2,3,4,5,6,7,8. This contradicts the fact that u € dQ; N
R3i=1,2,3,4,5,6,7,8. This proves (b) in Lemma 3.1 holds.
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Finally, we show that (¢) in Lemma 3.1 holds. Note that the system of algebraic equations

r1(61)—an(6)e —h(§)e ™ =0,
r (&) —an(8)e’ —ha(L)e™ =0,

r3(83) —a33(83)e" — h3(L3)e * =0,

has eight distinct solutions since H; holds:

(x1,¥1,21) = (Inx_,Iny_,Inz_), (x3,y5,25) = (Inx_,Iny_,Iny,),

(X;,y;,y;) = (lnx,,lny+,1nz,), (XZ,yI,ZZ) = (lnvalner?anJr)a

(x;y;Z;) = (1nx+,1ny+,lnz_), (x27y27zz) = (lnx+,lny_,lny_),

(xéay;vyé) - (lnx+,1ny_,1nZ+), (xga)%?Z;) - (lnx+7lny+7lnz+)>

where

8 (160 —4an (G)h(§)

- 2a11(&1) |
n(8) Q) ~4an(L)h(b)

Y+ = 2 (5) )
(&) 4/ 03(8))? ~4an (G (&)

T 2a33(%) |

From (3.18),(3.19), we have

(XT;yTsz) S Q]7 (x;y;aZ;) € 'Q'Z; (xz,y;Z;) S Q37 (x27y27zz) € Q47

(x;y;?Z;) € 957 (xgvygazg) € 967 (x??yéazi) S 977 (x§>Y§7Z§) € Q8~
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Since KerL = ImQ, we can take J = I. A direct computation gives, we get

deg{JON(u,0),Q;NKerL,(0,0,0)"}

—511(C1)x*+@ 0 0
= sign 0 —an(&H)y* + h2(§2> 0
0 0 —ax(83)" + h3£§3)
—signl(-an(Gx + ") (e + ) (Gl + )
Since B
(@) -an (@ -8 =
n(G) -Gy -2 o
r3(83) —a33(83)" — % =0,
then

deg{JON(u,0),Q;NKerL,(0,0,0)"}

= sign[(r1(81) —2a11(81)x")(r2(82) — 2a22(82)y*) (r3(83) — 2a33(83)y*)],i = 1,2,3,4,5,6,7,8.
Thus
deg{JON(u,0),Q NKerL,(0,0,0)7} = —1,i=1,4,5,7,
deg{JON(u,0),QNKerL,(0,0,0)7} =1,i=2,3,6,8.

namely,

deg{JON(u,0),Q;NKerL,(0,0,0)"} £0,i = 1,2,3,4,5,6,7,8.

So far, we have proved that Q;,k = 1,2,3,4,5,6,7,8 satisfies all the assumptions in Lemma
3.1. Hence, system (3.1) has at least 8 different almost periodic solutions. So, system (2.1) has
at least 8 different positive almost periodic solutions. If (X(t),¥(¢),z(t))? is an almost periodic
solution of system (2.1), by using Lemma 2.5, we know that

(xt0= [T 0 +Twz0)x0 = [T 0+Ta50).20)= ] 1+T30z0)

0<tp<t o<t <t 0<ti<t
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is a solution of system (1.2). Therefore, system (1.2) has at least 8 different positive almost
periodic solutions. This completes the proof of Theorem 3.1.
Consider the following non-autonomous Lotka-Volterra predator-prey system with harvesting

terms

!

51 (0) =01 (0) (n (6) —an (Ox () — a0 = 20)) — @),

!

53(1) = 22(1) (r2(0) + a0 (031 (1 = 71 (1) = ana ()52 (1) = s (1)1 = 75(0)) ) o),

!

%3(1) = x3(0) (13 1) + asat)at = 22(0)) = axa ()33 (1)) = (o).

(3.20)
Similar to the proof of Theorem 3.1, one can easily obtain
Corollary 3.1 Assume that the following condition holds
(Hi) rh—abih > 2, /at WM v — i > 2\ fabb M vk > 24 /a8 Then system(3.20) has

at least 8 different positive almost periodic solutions. Since condition unrelated to delays, thus,

if 1i(t) =0(i = 1,2,3), our results also supplement the results of Liu and Wei (see[1]).
4. An example

Consider the following three species non-autonomous Lotka-Volterra predator-prey with with

impulsive and harvesting terms:

' 8 +2cost 2 t 153 +17 t
x1(t)=x1(t)<3+sin\/§t—%xl(t)— +9((:)08 xz(t—5|sint|)> +40(<;os\/_, t# ty,

/ 44 2sint 6 t 2 t
(1) = (1) (4 cos V314 M 1= 3 sini]) - 1) — 1~ 2fsin)
18 +9cost
- £
0 # t,
/ 2+ sint 30+ 5cost 44+ 22 t
X5 (0) = x03(1) (3-+cos Var + Tsin xz(t—S\sint\)—%xg,(t)) ki 1;505‘[, 1 # 1,

xi () = (14+(=0.15))x (1), = i,
() = (1+(=0.1)x2 (1), = 1,
w3(6) = (14 (—0.12))w3 (1), = 1.
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8 +2cost 2 t 153 +17 St
In this case, rl(t):3+sin\/§t,a11(t):%,alz(t): +9:)OS (1) = +4O(C)OS\/_7
44 2sint 6 + cost 2 +cost 18 +9cost
rz(t):4+COS\/§t,a21(I):—,Clzz(t):—,am(t)z ,hz(l‘):—,
17 9 88 /3 50
2+ sint 30+ 5cost 44 + 22 cos /3t
r3(t) =3+ cos V21, az(t) = a3 (t) = ——— 3(t) = (1) =
9 44 125 8o
t
3|sint|, 1o (¢) = 5| sint|, 13(t) = 2| sinz|. Then, we have @y (1) = a1 (¢) H (1+F1k):%(1+
0<f<t
4+ cost 2 +cost 2+cost —
(=0.15)) = canp(t) =an(t) (14+T%) = (I4+(=0.1)) = (1) =
10 qu 90 100
_ 153 + 17 cosv/5¢ _ 9+ cosV5r _
hy(t) H (14+T') I= 100 (14(—0.15)) 1:2—0,a21(t):a21(t) H (1+
0<tp<t o<t <t
44 2sint 2+sint _ 6 +cost
L) = ————(1+(=0.15)) = ——— an(t) =an(t) J] (1+Tx)= (1+(=0.1)) =
17 10 0<ri<t 9
6+ cost _ 2+ cost 24cost —
T yan(t)=ax(t) J] (1+Tx)= 23 (1+(-0.12)) = 700 () =ma(r) T (1+
O<y <t O<f <t
_ 18 +9cost _ 2+cost _ 2 +sint
o) IZT(1+(—0.1)) 1— Jan(t) =an(t) [ (14Tw) = (1+
0<tp<t
2+sint 30+ 5cost 6+ cost
(—0.1)) = —0 ass(r) = az(t) J] (1+Tx) = T(1+(—0.12)) = —0
0<tp<t
_ 44 +22 3t 2 3t
Bs(t) = ha(r) T (14+Ty) ' = =5 cos V'3 (1+(—0.12))*1:L“/_. ince
O<n <t 125 5
1l 4+ 42—4><i><E
l+_r’1”+\/(r’1”)2—4511h1 B 10~ 20 _20+2\/97<@
: 2al, N 3 3’
10
_ _ ]
b (P +adh i) + \/(rg4+a12‘4211+)2 —4d, h,
2 = —
2al22
7 40 7 40 5 1
(5+1—0x?)+\/(5+mx?)2—4x1—0x§
< 5 < 30,
2X —
10
_ _ _
Lo AT+ (Y it — s
3= —
2al33
3 3 5 1
(4+—><20)+\/(4+—><20)2—4><—><—
_ 10 10 10 5 <26

5
2 _
“ 10
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rh—alhly >2— = x30>2y/— x —=24/al
1ok > 100>< ” mezo

3 7 3 =
=Tl >3- 55 x 26> 2 /o x gzzwagﬂﬁ

7 3 =
=252 /x5 =2 alhy.

then

Hence, all conditions of Theorem 3.1 are satisfied, then, the system (4.1) has at least eight

positive almost periodic solutions.
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