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Abstract. The aim of this paper is to study and investigate the optimal control strategy of a discrete mathematical
model of the propagation of religious ideas. The population that we are going to study is divided into five compartments: Potential individuals who become religious, Religious individuals who are convinced of the religious ideas
and indirectly affect society, Religious individuals who are convinced of the religious ideas and directly affect
society, Religious individuals who are satisfied with the religious ideas and practise religious rites and Individuals
who renounce religion and do not practice religious rites. Our objective is to find the best strategy to maximize the
number of religious individuals who are convinced of the religious ideas and practise religious rites and to minimize the individuals who renounce religion and do not practise it. We use two control strategies that are: firstly,
the efforts to raise religious awareness, early education on learning and practising religion, advocating the conformity of behavior with the religious ideas and secondly, the efforts made through intellectual seminars and deep
religious debates on the part of great scholars and thinkers. Pontryagin’s maximum principle in discrete time is
used to characterize the optimal controls. The numerical simulation is carried out using MATLAB. Consequently,
the obtained results confirm the effectiveness of the optimization strategy.
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1. I NTRODUCTION
The religions existing in the world nowadays have a significant influence on people’s lives,
either because they are involved in religious practices or because they become affected by their
cultural milieu. The relationship between religion and the individual makes us question the reason behind people’s concern about the existence and exchange of certain religious beliefs, ideas
and opinions, and how these beliefs, ideas, and opinions affect the worldview and behavior of
the individuals and decision-making. In fact, one of the most psychological and behavioral
functions served by religions is that they provide proper guidance to the individual and society,
not only in relation to the general perspectives of life but also with respect to the important
choices faced by individuals. The propagation of religious beliefs occurs in different levels
such as family, school, community, media etc. Family exercises a significant influence on people’s religious choices. It is the smallest unit in a society where generations transmit religious
beliefs sequentially and are therefore crucial for the continuation of religious traditions and
communities. Schools, especially the religious ones, play an important role in the propagation
of religious ideas and practices by teaching the students the principles of religion and the right
way to practise these principles. At the level of community, the relations that link people with
different background and age result in a potential influence between these people[8]. Actually, in the last two millennia, many religions disseminated around the globe mainly the three
vast religions: Buddhism, Christianity and Islam. These three religions have been introduced
repeatedly to groups and societies and have subsequently been accepted by large numbers of
people as part of their social identities or have been largely rejected and considered primarily
as ”foreign” religions[6]. The impact of religion on the psychological and social conditions
of individuals is apparent as many studies confirm. Such studies have often mentioned that
religions can make people healthier, happier and more engaged in their communities. According to a survey conducted by the Pew Research Center, it is proven that religious participation
does make a difference in some of these areas. The researchers categorized the survey-takers
into three types: the ”actively religious,” belonging to a religion and attend a house of worship
at least monthly; the ”inactively religious,” belonging to a religion but attend less frequently;
and the unaffiliated (or ”nones”), who do not identify with any religion [1,9,15]. The findings
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expressed in this survey demonstrate that religious affiliation especially with highly active practice could have a positive impact on such individuals. These advantages of religious practice
on people drives us to investigate how religious beliefs spread and to think of the best ways
to model the spread of religious beliefs mathematically. Many studies and research in social
sciences have focused on this topic and other related topics. But the mathematical studies and
research on this topic are still limited and most of them have focused on the statistical aspect
of the phenomenon. In this work, we propose an epidemiological approach (see [8],[12],[16])
to describe and study the behavior of individuals who renounce religion and do not practise
religious rites as well as individuals who are relatively satisfied with the religious ideas and do
not practise religious rites. In epidemiology, we generally use compartments model to describe
the spread of an infectious disease. In these epidemiological models, the population is divided
into different classes according to people’s status versus the disease (susceptible to catch the
disease, infected or removed) and the infection process depends on the contact with infectious
individuals. Similarly, during the process of spreading religious ideas, the population can be
divided into several classes (potential individuals who become religious, religious individuals
who are convinced of the religious ideas and directly affect society, religious individuals who
are satisfied with the religious ideas and practise religious rites, and individuals who renounce
religion and do not practise religious rites ...). Furthermore, the interaction between people is
a key factor in the religiosity of the individuals and society. It is very similar to the contagion
phenomenon since religious individuals can affect the potential individuals who may become
religious in their network (family, friends, and coworkers). Therefore, the epidemic approach
is more appropriate to model the religiosity behavior in the religious practitioners. We propose
a discrete mathematical model that describes the propagation of religious ideas and we work
on finding an optimal control strategy for this model in order to reduce the individuals who
renounce religion and do not practise religious rites and also to increase the number of religious
individuals who are convinced of the religious beliefs and ideas with a minimal cost. The optimal control problem was subject of an optimization criterion represented by the minimization
of an objective function. To achieve this objective, we use some theoretical results of optimal
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control theory. The paper is organized as follows: In Section 2, we present our discrete mathematical model that describes the propagation of religious ideas within the population dynamic.
In Section 3, we present the optimal control problem for the proposed model where we give
some results concerning the existence of the optimal controls and we characterize these optimal
controls using Pontryagin’s Maximum Principle in discrete time. Numerical simulations are
given in Section 4. Finally, the conclusion is given in section 5.

2. M ODEL D ESCRIPTION
dc c nc
In this section, we consider a discrete mathematical model Pi Ric
i Ri Ri Ri that describes the

propagation of religious ideas within the population. The individuals here are divided into
five compartments: Potential individuals who may become religious Pi , Religious individuals
who are convinced of the religious ideas and indirectly affect society Ric
i , Religious individuals
who are convinced of the religious ideas and directly affect society Rdc
i , Religious individuals
who are convinced of the religious ideas and practise devotional rites Rci and Individuals who
renounce religion and do not practise religious rites Rnc
i respectively.
The compartment P: represents the potential individuals who may become religious. Their
age is over adolescence and adulthood as they can distinguish between good behavior and bad
behavior. This compartment is increased by the recruitment of individuals at rate Λ and it is
decreased with the rates β1

Pi Ric
i
N and

β2

Pi Rdc
i
N .

It is assumed that potential religious individuals

can acquire the behavior of being convinced of religious ideas and the practice of devotional
rituals via effective contact with religious individuals who are convinced of religious ideas and
indirectly affect society at a rate of β1 or official preachers at a rate of β2 . Some of the people
vacate at a constant death rate of µ due to the total natural death rate µPi .In other words, the
acquisition of religious beliefs behavior is analogous to acquiring disease infection.
The compartment Ric : is composed of the religious individuals who are convinced of the
religious ideas and practise devotional rites and indirectly influence society (parents, family,
friends ...). They are increased by the rate α4 Rci ( α4 is the rate of the religious individuals who
are convinced of the religious ideas who become influencing on society and they transform into
the religious individuals who are convinced of the religious ideas and practise devotional rites
and indirectly influence society). Also, it is decreased when the religious individuals who are
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convinced of the religious ideas and indirectly influence society transform into religious individuals convinced of the religious ideas and directly influence society through official preachers
ic
with the rate α3 Ric
i and µRi . Here, α3 is the rate of the religious individuals who are convinced

of the religious ideas and indirectly influence society. They transform into official preachers
and directly influence society. µ is the total natural death rate.
The compartment Rdc : includes preachers who are convinced of the religious ideas and
practise them and directly influence society through official religious institutions (temples,
churches, mosques, and the ministry of religious affairs in some countries ...). They are increased by the rate α3 Ric
i and some others will leave this compartment due to the total natural
death rate µRdc
i .
The compartment Rc : contains the individuals who become convinced of the religious ideas
and practise devotional rites due to the influence of the individuals in the compartment Ric and
Rdc . They are decreased by the rate α4 Rci . Also they are increased at the rates σ1 β1
β2 (1 − σ2 )

Pi Rdc
i
N

Pi Ric
i
N ,

and α2 Ric
i where, (1 − σ2 ) is the fraction of the potential religious individuals

who become convinced of the religious ideas and practise them in their lives (at a rate β2 ) and
σ1 is the remaining fraction of the potential religious individuals who become convinced of the
religious ideas and practise them in their lives (at a rate β1 ). They are decreased at the rates
µRci and α1 Rci . Here, α1 is the rate of the individuals who were convinced of the religious ideas
and practise them in their lives and transform into individuals who renounce religion after they
changed their conviction.
The compartment Rnc : encompasses the individuals who renounce religion and then renounce practising it. They are increased at the rates β1 (1 − σ1 )

Pi Ric
i
N ,

β 2 σ2

Pi Rdc
i
N and

α2 Ric
i where,

(1 − σ1 ) is the fraction of the potential religious individuals who are not convinced of the religious ideas and do not practise them in their lives (at a rate β1 ) and σ2 is the remaining fraction
of the potential religious individuals who are not convinced of the religious ideas and do not
nc
practise them in their lives (at a rate β2 ). They are decreased at the rates µRnc
i and α2 Ri .

Here, α2 is the rate of the individuals who renounce religion and transform into the individuals
convinced of the religious ideas and practising them.
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The following diagram will demonstrate the flow directions of individuals among the compartments. These directions are going to be represented by directed arrows; (See FiGURE 1
).

F IGURE 1. The flow between the five compartments PRic Rdc Rc Rnc

(1)


P Ric
P Rdc

Pi+1 = Λ + (1 − µ)Pi − β1 iN i − β2 iNi





c


Ric = (1 − µ − α3 )Ric
i + α4 Ri

 i+1
dc
ic
Rdc
i+1 = (1 − µ)i Ri + α3 Ri



P Rdc
P Ric


Rci+1 = (1 − µ − α1 − α4 )Rci + σ1 β1 iN i + β2 (1 − σ2 ) iNi + α2 Rnc

i


ic
dc

P
R
P
R
 nc
i
i
c
nc
i
i
Ri+1 = (1 − µ)Rnc
i + β1 (1 − σ1 ) N + σ2 β2 N + α1 Ri − α2 Ri

dc c
nc
where P0 , Ric
0 , R0 , R0 and R0 are none negative.

3. T HE O PTIMAL C ONTROL P ROBLEM
The strategies of control that we adopt consist of the efforts exerted in raising religious
awareness through missionary campaigns and advocating the conformity of behavior with the
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religious principles. Our main goal in adopting those strategies is to maximize the number of
religious individuals who are convinced of the religious ideas and practise devotional rites, minimize the individuals who renounce religion and do not practise it during the time steps i = 0 to
T and also to minimize the cost spent in appllying the two strategies. In this model, we include
the two controls ui and vi that represent consecutively the efforts to raise religious awareness,
early education on religion, advocating the conformity of behavior with the religious ideas and
the efforts made on intellectual seminars and deep religious debates on the part of great scholars
and thinkers at time i. So, the controlled mathematical system is given by the following system
of difference equations:

(2)


P Rdc
P Ric


Pi+1 = Λ + (1 − µ)Pi − β1 iN i − β2 iNi − ui Pi





ic
c

Ric

i+1 = (1 − µ − α3 )Ri + α4 Ri




ic


Rdc = (1 − µ)Rdc
i + α3 R i

 i+1
Rci+1 = (1 − µ − α1 − α4 )Rci + σ1 β1

Pi Ric
i
N

+ β2 (1 − σ2 )

Pi Rdc
i
N





nc

+ α2 Rnc

i + ui Pi + vi Ri



Pi Ric
Pi Rdc

nc
c
i
i

Rnc

i+1 = (1 − µ)Ri + β1 (1 − σ1 ) N + σ2 β2 N + α1 Ri





− α2 Rnc − vi Rnc
i

i

dc c
nc
where P0 , Ric
0 , R0 , R0 and R0 are none negative.

The problem is to minimize the objective fonctional

T −1
M1
nc
c
J(u, v) = (ARi − BRi ) +
( u2i +
i=0
i=0 2
T

(3)

∑

∑

M2 2
v )
2 i

c
Where, A and B are positive constants to keep a balance in the size of Rnc
i and Ri respectively.

In the objective functional, M1 and M2 are the positive weight parameters which are associated
with the controls ui and vi at time i. T is the final time.
In other words, we seek the optimal controls (u∗ , v∗ ) such that

(4)

J(u∗ , v∗ ) =

min J(u, v),
(u,v)∈Uad
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where Uad is the set of admissible controls defined by

(5)

Uad = {(ui , vi ) : umin ≤ ui ≤ umax , vmin ≤ vi ≤ vmax ; i = 0, 1, 2...T − 1},

where (umin , umax , vmin , vmax ) ∈ [0, 1]4

The sufficient condition for the existence of the optimal control (u, v) for the problems (2-3)
comes from the following theorem.
Theorem 1. There exists an optimal control (u∗ , v∗ ) such that
J(u∗ , v∗ ) =

(6)

min J(u, v)
(u,v)∈Uad

subjet to the control system (2) with initial conditions.
Proof. Since the coefficients of the state equations are bounded and there are a finite numic
ic
dc
dc dc
dc
c
ber of time steps, P = (P0 , P1 , ....., PT ), Ric = (Ric
0 , R1 , ....., RT ), R = (R0 , R1 , ....., RT ), R =
nc
nc
(Rc0 , Rc1 , ....., RcT ) and Rnc = (Rnc
0 , R1 , ....., RT ) are uniformly bounded for all (u; v) in the con-

trol set Uad ; thus J(u; v) is bounded for all (u; v) ∈ Uad .Since J(u; v) is bounded,
is finite, and there exists a sequence (u j ; v j ) ∈ Uad such that lim J(u j , v j ) =
and corresponding sequences of states P j , Ric j , Rdc j , Rc j and

j→+∞
nc
R j . Since

inf

J(u, v)

inf

J(u, v)

(u,v)∈Uad
(u,v)∈Uad

there is a finite number

of uniformly bounded sequences, there exist (u∗ , v∗ ) ∈ Uad and P∗ , Ric∗ , Rdc∗ , Rh∗ and Rnc∗ ∈
IRT +1 such that on a subsequence, lim (u j , v j ) = (u∗ , v∗ ), lim P j = P∗ , lim Ric j = Ric∗ ,
lim Rdc j
j→+∞

=

Rdc∗ ,

lim Rc j
j→+∞

=

j7→+∞
c∗
R and lim Rnc j
j→+∞

j→+∞

=

Rnc∗ .

j→+∞

Finally, due to the finite dimensional

structure of system (2) and the objective function J(u; v); (u∗ ; v∗ ) is an optimal control with
corresponding states P∗ , Ric∗ , Rdc∗ , Rc∗ and Rnc∗ . Therefore

inf

(u,v)∈Uad

J(u, v) is achieved.



As regards the necessary condition and the characterization of our discrete optimal control,
we use a discrete time version of the pontryagin’s maximum principle [11],[14], [17], [5],
[8],[9]. This principle converts into a problem of minimizing a Hamiltonian Hi at time step
i defined by:
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i − BRi +

(7)
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5
M1 2 M2 2
u +
v + ∑ λ j,i+1 f j,i+1 ,
2 i
2 i j=1

where f j,i+1 is the right side of the system of difference equations (2) of the jth state variable
at time step i + 1.
dc∗ c∗
Theorem 2. Given an optimal control (u∗i , v∗i ) ∈ Uad and the solutions Pi∗ , Ric∗
i , Ri , Ri and

Rnc∗
of the corresponding state system (2), there exist adjoint functions λ1,i , λ2,i , λ3,i , λ4,i and
i
λ5,i satisfying
λ1,i
(8)
λ2,i
λ3,i





Ric
Rdc
Rdc
Ric
i
i
i
i
= λ1,i+1 (1 − µ) − β1
− β2
− ui + λ4,i+1 σ1 β1
+ (1 − σ2 )β2
+ ui
N
N
N
N


Ric
Rdc
i
i
+λ5,i+1 β1 (1 − σ1 )
+ σ2 β2
N
N
Pi
Pi
Pi
= −λ1,i+1 β1 + λ2,i+1 (1 − µ − α3 ) + λ3,i+1 α3 + λ4,i+1 σ1 β1 + λ5,i+1 β1 (1 − σ1 )
N
N
N
Pi
Pi
Pi
= −λ1,i+1 β2 + λ3,i+1 (1 − µ) + λ4,i+1 (1 − σ2 )β2 + λ5,i+1 σ2 β2
N
N
N

λ4,i = −B + λ2,i+1 α4 + λ4,i+1 (1 − µ − α1 − α4 ) + λ5,i+1 α1
λ5,i = A + λ4,i+1 (α2 + vi ) + λ5,i+1 (1 − µ − vi − α2 )
With the transversality conditions at time T . λ1,T = λ2,T = λ3,T = 0, λ4,T = −B and λ5,T = A.
Furthermore, for i = 0, 1, 2...T − 1, the optimal controls u∗i and v∗i are given by

(9)

u∗i
v∗i




max
min 1
[(λ1,i+1 − λ4,i+1 ) Pi ]
= min u ; max u ,
M1




 nc 
max
min 1
= min v ; max v ,
λ5,i+1 − λ4,i+1 Ri
M2

Proof. The Hamiltonian at time step i is given by
M1 2
M2 2
c
Hi = ARnc
i − BRi + 2 ui + 2 vi + λ1,i+1 (Λ + (1 − µ)Pi − β1

Pi Ric
i
N

− β2

Pi Rdc
i
N

− ui Pi )

c
dc
ic
+λ2,i+1 ((1 − µ − α3 )Ric
i + α4 Ri ) + λ3,i+1 ((1 − µ)Ri + α3 Ri )
Pi Rdc
i
N
Pi Ric
Pi Rdc
i
i
+λ5,i+1 ((1 − µ − α2 − vi )Rnc
+
β
(1
−
σ
)
+
σ
β
2
2
1
1
i
N
N

+λ4,i+1 ((1 − µ − α1 − α4 )Rci + σ1 β1

Pi Ric
i
N

+ β2 (1 − σ2 )

nc
+ α2 Rnc
i + ui Pi + vi Ri )

+ α1 Rci )
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dc∗ c∗ nc∗ and (u∗ , v∗ ) ,
Using Pontryagin’s maximum principle [11] and setting Pi∗ , Ric∗
i i
i , Ri , Ri ,Ri

we obtain the following adjoint equations:
λ1,i =

∂ Hi
∂ Pi

h
h
i
i
Ric
Ric
Rdc
Rdc
λ1,i = λ1,i+1 (1 − µ) − β1 Ni − β2 Ni − ui + λ4,i+1 σ1 β1 Ni + (1 − σ2 )β2 Ni + ui
h
i
Ric
Rdc
+λ5,i+1 β1 (1 − σ1 ) Ni + σ2 β2 Ni
λ2,i =

∂ Hi
∂ Ric
i

λ2,i = −λ1,i+1 β1 PNi + λ2,i+1 (1 − µ − α3 ) + λ3,i+1 α3 + λ4,i+1 σ1 β1 PNi + λ5,i+1 β1 (1 − σ1 ) PNi
λ3,i =

∂ Hi
∂ Rdc
i

λ3,i = −λ1,i+1 β2 PNi + λ3,i+1 (1 − µ) + λ4,i+1 (1 − σ2 )β2 PNi + λ5,i+1 σ2 β2 PNi
λ4,i =

∂ Hi
∂ Rci

λ4,i = −B + λ2,i+1 α4 + λ4,i+1 (1 − µ − α1 − α4 ) + λ5,i+1 α1
λ5,i =

∂ Hi
∂ Rnc
i

λ5,i = A + λ4,i+1 (α2 + vi ) + λ5,i+1 (1 − µ − α2 − vi )
with transversality conditions
λ1,T = λ2,T = λ3,T = 0, λ4,T = −B and λ5,T = A.
To obtain the optimality conditions, we take the variation with respect to control (u∗i , v∗i ) and
set it equal to zero
∂ Hi
= M1 ui − λ1,i+1 Pi + λ4,i+1 Pi = 0
∂ ui
∂ Hi
nc
= M2 vi + λ4,i+1 Rnc
i − λ5,i+1 Ri = 0
∂ vi
Then we obtain the optimal controls:
(10)

1
(λ1,i+1 − λ4,i+1 ) Pi
M1

1
=
λ5,i+1 − λ4,i+1 Rnc
i
M2

ui =
vi

By the bounds in Uad of the controls, it is easy to obtain u∗k and v∗k in the form of (9).



4. S IMULATION
In this formulation, there were initial conditions for the state variables and terminal conditions
for the adjoints. That is, the optimality system is a two-point boundary value problem with
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separated boundary conditions at time steps k=0 and k=T. We solve the optimality system by
an iterative method with forward solving of the state system followed by backward solving of
the adjoint system. We start with an initial guess for the controls at the first iteration and then
before the next iteration we update the controls by using the characterization. We continue until
convergence of successive iterates is achieved.

4.1. Discussion. In this section, we study and analyse numerically the effects of optimal control strategies such as the efforts to raise religious awareness, early education on religion, advocating the conformity of behavior with the religious ideas for the potential individuals who may
become religious and the efforts made through intellectual seminars and deep religious debates
on the part of great scholars and thinkers for the individuals who renounce religion.
The numerical solution of model (1) is executed using Matlab with the following parameter
values and initial values of state variable to illustrate our results. By choosing Λ = 1 × 103 , P0 =
3 dc
3 c
3 nc
2
5.103 , Ric
0 = 2.10 , R0 = 1.10 , R0 = 2.10 , R0 = 5.10 , α1 = 0.05, α2 = 0.7, α3 = 0.1, α4 =

0.05, β1 = 0.7, β2 = 0.6, σ1 = 0.5, σ2 = 0.5, µ = 0.04,

4.1.1. Strategy A: The control that represents the efforts to raise religious awareness. Given
the importance of the efforts to raise religious awareness, early education on religion, advocating the conformity of behavior with the religious ideas, we propose an optimal strategy for this
purpose. Hence, we activate the optimal control variable u which represents the efforts to raise
religious awareness, early education on religion, advocating the conformity of behavior with
the religious ideas for potential religious individuals. The figure (Fig 2) compares the evolution
of individuals who are convinced of the religious ideas with and without control u in which the
effect of the proposed efforts to raise religious awareness is proven to be positive in increasing the number of religious individuals who are convinced of the religious ideas and practise
religious rites.

4.1.2. Strategy B: The control that represents the efforts made on deep intellectual seminars.
When the number of the individuals who renounce religion and do not practise religious rites is
so high, it is obligatory to resort to some strategies such as the efforts made through deep intellectual seminars in order to reduce the number of individuals who renounce religion. Therefore,
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F IGURE 2. The evolution of the individuals who are convinced of the religious
ideas with and without controls u(i).
we propose an optimal strategy by using the optimal control v in the beginning. In spite of using
the optimal control v, we observe a temporary decrease of the individuals who renounce religion (Figure3),(Figure4). The reason for this decrease is explained and justified by the influence
of specialized scholars and thinkers on individuals who renounce religion. On the other hand,
the impact of this strategy remains limited compared to the role of religious NGOs, unofficial
preachers and missionaries, and civil society groups interested in religious issues.

4.1.3. Strategy C: The control that represents the efforts to raise religious awareness and
the efforts made on deep intellectual seminars. In this strategy, we combine the two previous
strategies to achieve better results. We notice that the number of potential religious individuals
(Figure5) who renounce religion (Figure6) are decreased markedly and the number of religious
individuals who are convinced of the religious ideas is increased significantly which leads to
satisfactory results.
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F IGURE 3. The evolution of the individuals who renounce religious ideas with
and without controls v(i).

F IGURE 4. The evolution of the individuals who are convinced of the religious
ideas with and without controls v(i).
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F IGURE 5. The evolution of the individuals who renounce the religious ideas
with and without controls u(i) and v(i).

F IGURE 6. The evolution of the individuals who are convinced of the religious
ideas with and without controls u(i) and v(i).
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5. C ONCLUSION
In this paper, we introduced a discrete modeling of the propagation of religious ideas in
order to maximize the number of religious individuals who are convinced of the religious ideas
and practise religion and minimize the individuals who renounce religion and do not practise
religious rites. We also introduced two controls which respectively represent the efforts to raise
religious awareness, early education on religion, advocating the conformity of behavior with
the religious ideas and the efforts made on intellectual seminars and deep religious debates on
the part of great scholars and thinkers. We applied the results of the control theory and we
managed to obtain the characterisations of the optimal controls. The numerical simulation of
the obtained results proved the effectiveness of the proposed control strategies.
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