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1.INTRODUCTION
In ecosystems, pregredator interactions are critical, and understanding the mechanisms that drive
them is a difficult issue in ecology and evolutionary biology. In ymedator interactions,
predation has long been regarded to be the most importaott fAgiredator eats prey by hunting
and killing it in the wild. However, increasing evidence suggests that many animals can predict
the likelihood of predation and adjust their behavior accordingly. When prey becomes aware of
the possibility of predationt may engage in anpiredator behaviors like modifying its habits or
appearance, as well as shifting its foraging and reproductive times.

Anti-predator behavior in prey is common, and the fear effect can be large, meaning that fear
has a big impact ongpulation dynamics. Despite the fact that predators do not kill prey directly,
the fear of predators on prey has an impact on predator and prey population dynamics. In fact,
there's evidence that the indirect influence can be just as significant agthefiact. As a result,
when researching prgyedator interactions, taking into account solely the direct killifecefs
insufficient. Hua et aJ1] proposed a twalimensional preyredator model that incorporates the
cost of fear into prey growth. $eral other preypredator systems incorporating the fear effect
have been developed and examined as a restiisafsearch, see-[I2].
As the prey becomes aware of tphree dtahtroeatb edhfa vp ro
as adjuasbiitng, ifter &aging ti mes, and reproducti o
the prey's population density. To avoid being

safer area distakt secomrtiwdehi glonggt nage, | hhe

species may choose to restrict its foraging ac
mechanism and, as a result, |l owering its grow
On t he ot hee¥rprheadnadt,o rp rbeeyh aavnitoir i sc acno nbneo rs,i gann o

i mplying that fear has a signif i[cBhmrte dtmgpd ca tow
di mensi epmeldapgroey model adding the cost of featl
Their findings -psrudgigae srt e & chtaitont hies amrtitgrieddt arn

bal ance. They also discovered that in the mod:ée
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can occur and can be both supercritical and s
preyedat oPamodel al . [11] | oo-peddatothemofilebri af
preyedator i nteractionDefAolgled ws f wme c tBieodndai In g tr

di scovered that as the <cost bé &aevdr progsedes't
solutions via supercritical Hopf bi furcati on.
bi furcation aags three olmewvelsd @il tadr ngascwkeseesopu
1L Recentl vy, Sar kajrdeasndg ni¢ldajaanrdc feixafmd therd sy sptreen
Hol | i Ag tfyumect i onal response that intrThhkewced t
showed thatppedvaetrdnulr aacti-pnedataor sitmatbed actei @
t hoeccurrence of the periodic activity.

Foll owi ng ,t masheerstswcdieenst i sts used the Holl i ng
the feeding-tpophessdmddfacdadselamday et al [ 13]
and explored ohefeambpberpoafood chain model, I n
the middle predator is reduced owing to the ¢
i's repressed due to the cost of miwldé et lpe eswns
from chaos to st ab]|sei nifoicaudsi nbgys hwael riea tfkoeu, npdé birna 4
and Naji [ 15] investigated DeAngefl esehoedothta
with three species. afhay sdiavcodoverad tmdtil ukbaart
threshold degree; ot her wi se, I. Mu lalce rsj eaes parno veix
mat hemati cal model that simulates two compet.i
fear tkatboitrmpadcte prey population's meprde&udti
[ 16dle. observed that although a high | evel of 1

intraspecific competition withianndt hceo nppreetdi attiovre

to cdexl][slt’/Abd and Naj i devised and analyzed a
first and second | evels. Alternative food sou
They obt dienesd¢g st &&@my hdysn ami c s, including chaos,

i ncreasi ngMadhtodleaand aNeaj i recently suggested
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t#tirophi-Goweswkebodystreen iumfdlew e njc.e Tohfe yf edairs c[olv8e I
thearfdactor acts as a system stabilizer up to

become extinct.

I n contrast to prior researches, this publicat
in the wupper | etvvked owdhaihte tfhoeo dl ecvhealisn of t he f
species -masdamorancapabilitThesdoh | awiggoup ddéfe
paper: Section 2 describes the model and its ¢

points and describes the conditions that must
persistence is discussed in Section 4, and t hi
Section 6 investigatesnt hevhf é@siskeicltiitoynw af dlead &
for Hopf bi fuMacrad asxessrt,i ono&8c warp.pl i es numeri cal
t heoretical findings and discovers <chaos by
exponent bifuFicaallby, diRgramscl usi on and di sc

section 9.

2. THE MODEL FORMULATION

I n the presewtrdacpberest ieodeahain system i s
It I's assumed that fear affects negatively t
Furthermore, the middlenpfedmtobhesupear ofedn
predator's foraging too. Accordingly, the pre:
of the prey at the first | evel, and that of t
decasing function of wupper predator populatio
preys hawredat carnttiechni que capability against

| evCeolnnsequently, the dynamhas nofsSytshe malt@awne bees

the following set of first orde+—nona&mdear d

represent the reductiomnidntthleergdowt h onat e o f

foraging ofedtahteor middudel et op r§ b ketbdfwetdylp ef Winiclt € o b & le
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respanmsesused to describe the predat-proed aptroorc e

t ec hnTlihgeureef or e, the abovechaiscr sged emealanwoel
matnmaet i cally using the following system of dif
— —— @ —— —0h
— Qah (1)
— —— Qdh

wi tohn  mhonm e dn m whéfYer epr dsheentpsr ey density
YOYis theprneiddadloer den¥i wywiMiest hpeéetdampor densi
ti METhe par atnheet es(yds)tieamr e assiumevde tandeapbl| det ai
( b)e!l ow.

Tabl®he description of the model (1) par ame

Par ame Description
i The intrinsic gpomwtlhatiaame. of
&) I ntraspecific competition
®, ® Maxi mum attack rates of the middle
0, © Conversion rates to the middle pr
£ & Fear | evel s pfrredmttohre amidddlog pr ed
a,a Preferencemirdapleesd dtoar tehred t op pr e
Q,Q Natur al mortality rates of middl e
Clearly, hagseémveéh) parameters in all. Therefo
number of parameters is reduced using the fol
o —hy —P4 —m I M —ho —F —h
6 —ho —mW —mM —h6 —M -8

Theref ohei memsi onal syst e hseytshtaeins c(glr)vespbwpnds t
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— O— O — —  dQduah
— O 6  3Q dahuhah (2)

) a'Q ofvha 8

Here, the interactian fducdod omoo amed def.i ne o
Mor eover ,ntsdrnacet itohne fiudhhanidoss dienof heé hei glyst em
and have a continuous plairgd ahi tdziraTvhalt s v cetsh ® rhseo
of the system (2) exists and is unique.

Theoridmll1lthe solutions of ®Whaersy sutnanm o(r2anl,y vbhoil

Probétoohoohid be the solutionr wmh tsheeyufaimnri Htad) , it
obt attmeetdw w, t henlbabe foll owiongp. i s obtained
Def i nfeurn hhileibom®m w6 WO —aO0.

Di fferenti atli &a,g yihel dsuincti on

— 86— — —— — 66 6 —a

Then
— ¢¢Ow 6w 60w —a ¢6 10

whei el Elphd . ConseqafeHt liyt, iass obtain that
b6 —.

Henc e otl hse § lbsey s t2e mwi( tnhe gnaotn p® i ind h tafret ml ynbobohbhede:

regieonaha va ht 6 0 w6 —G0 —.

3. EQUILIBRIUM POINTS AND LOCAL STABILITY ANALYSIS
The syshtaessth Mmdyst-nt gaddquwmielni br,i utnh ep ofionrtng o f poin
existence conditions are stated bel ow.

1. The trivial equilibrium poin{TEP) that is denoted b Tt always exiss.

2. The axial equilibrium poinfAEP) that is denoted b2 phimt  always exiss.
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3. The top predator free equilibrium point TPFEP, which is denote@by afudrt , of the
system (2) can be obtained by solvihg following system of equations.
60w p O0W OOWW p WP OW T
60w O60w 6 T
Straightforward computation shows thanh the
the i nweéepi anrédfi velbqgqby(3) provided that the
(4) hold together.

G OC T 8 8 T8
o ——hw —— 3
GO0y co ( )

whereée 6,06 60 66w p and @ pp 6.

10 6 6 h
‘ 4)
of p8
4. The coexistenceequilibrium point (CEP), that is denoted b oSS, exists
uniquely in the interior of positive octant if and only if there is a unique solution to the

following set of égebraic equations.

~

— O — —  Th

6 mh (5)

— 06
Al t hough the third equation has two positive

system (7) that results from the fid&HX plt wo eq.t

may or may not have a umd qure timd evaslecd | ofn tploe

u

Wi : (6)
oWy — ® — mh
- , (7)
O o — 0 T8

For instance, for the parameter values:

~

6 M cv ™ phv pv v TWH pd ™. (8)
From equation (6), thede a@iatenpagpdpsdti ve va
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systemon7)gi vash & yRtrg q@aew sol ut i

TPwXx wg However
@ta) and (1b) respec

e it hae, nsesoFuguoe

whi l
(2)Qhamtmdiai que CEP given by

(8), the system

Fi gureEXi stence of CEP. (a) The ump maearePtsOd)ut i

There is nowsa®Pwkwon when

he | ocal stability analysis

I n the foll owing t

i nvestigated iusn ntgedhtrei quen.eari zat

The Jacobin fma)r ax xtylpespdn eline (wr i tten as:
o— Q  w— w—
(\Y r r ”n, ’ ﬁ e ™~
0 & W— 0— Q w— 5 ® h (9)
y 94— a— a— QO
wh e rde o — - 0 — 0 @ — — 0 — ,®
,@ 0 ,® _ — ,® T ,®
0 — 0 , witphoow -~ p 600, - p O00Q , and



9
CHAOS | RODBECHAI N SYSTEM WI TH FEAR

Therefore, the following can be obtain:
The JacobiT&Emamattrhiex eatgp,nval &a,es 06, andQhence

i's a eiaddl e p

The JacobilEP nhaatsr itxheatei qppenvatués and 0,

henQe s a | ocally asymptotically stable provid
— 0. (10)

The JacobiTaPrF EnPatirsi x¥ eadtuced t o:

0 ® (11la)
whebe ¢ S¥@ g & O5g 045 0 0 g4 @ gog 0 0 @
2h nd md L oewith p 6, T p 6@ p 0.

Therefoharatheri st icanedeastwirontefn a

_ 0 _ 00 o _ 9w (11b)
Clearly, the eigenvalues of the Eq. (11b) <can
_ a = — 0 . (12)
It is easy to verify Othate, neghtitVie, sahedohkeing

asymptotically stable, provided that the foll

—L ), (13a)

[ J— (13b)

— 0. (13c)
The Jacobian matrix of the system (2) at the

0 o, (14)

wher e:

€
€
€
€
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O T® ,® T
wit-h p 6 h-. p 6h-. p 60&h-. p 6& . Consequent|

characteristicanedperatwiron tefm as:

0 0 0 T (D5

wh e roe O O H OO OO 0w , and od © o |,

wi tYho 6 o O O OO 0O OO0 O

Now accor diHugr wiot zRocurtiht er i oh, t hlel chlae a@ibgenv al
have negative r e&lB epcarnmess dnod atlH en atstyenpt ot i ¢c al
& md m andtAccordingly, the following theorel

Theorefm &BRPBl:osal |l y asympft otthe afldlyl cswiarblgoelsd f f i ¢

of —, (16a)

G - (ab)
— (16¢)

00G=—2p 06  —m: COFE 6006G—2 6—u>, (16d)

Céé(bz(ixz_z_z CO(‘L)Z(A’)Z—Z_Z_Z é é_z_z -z p é(bz -z y (166‘)

66 p 66 —» COOFH——200E—2 60—y . (16f)

4 PERSI STENCE

The persistence of the system (2) is studied,
and only if each species persist, mat hemat i c.
solution of the system wiotels thloe paviet iowme gian il t
boundary of its domai n.

Tlesys{ 2mashialbssy st etmhd yp ovgi tiinwe p ja,a dwdeint hboeef wr i t t
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asoll ow:

— O—— ® —— A dwh

— G—— 6 A fof )
It is easy to verify that, this subsystem has
of the system (2) in the iwdpelrame. oNow,het op odsii
pesibility of the existence of periodic dynami
(17), the Dulac function approach is used.
Define th'e diwuneCliecatrhiys function is continuous

in theornbé the po swiotpilvaen ed wdmedr & n tf oadfto athhl.e

Furthermore, direct computation gives that
Yofu —" A —" A - —_—

Theref¥dweoes not change si guondehde nfoocl dinodvii nnigo o a |

— P (18)
Note that, condition (18) i's coincide with ¢
Ssubsystem (17) is a globally asymptotically s

ww plane whenever the subsystem mashasai mtcad il g
Hence, according to the Dulac approach, there
guadr awpl @afne for the subsystem.

TheoreMms {Bme that there are no peri oddys tdegm a mi

2 is uniformly peires ifsotld mtwiprgo wiodhedd ttihoants hol d

6o —, (19a)
6 — (19b)

ProofDef i%dauwya o o & whemdnh are positsyveamadns
%oty T f or Gkl N OEsd  wi tdhchiha m i f  any dwn,e qorf
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approaches zero. Therefore, direct computatio
h
A

5¢

LI cfufo

nNQ /n1Q /Q

>5¢

where theQRewhmti ame given in ctctog dsyngt am (t he.

Lyapunov method, the proolfcunis masor f callll owkso umre
equilibrium points. Therefore,
L )
Wefdfs f —o @ —e — P
P OW P 0w p O
oo 0 64 . . 06
n — — — 0] n ——— 0 8
p 0w p 604 p O P O

We have that

Qe n n 6 n o
Obviously, by choosi ngntshud farchietnrtdryy Ifaqsgiet iwi &
it is obt@&di med that

LQ n — o n o
Note that, the condition ( fy9as) pgousairtainvtee e st htehna
chose of thendar smgtiderassuf fi ci ent | yj,iltarigse ond ttahi
thgetQ m™ Now, regarding to TPFEP, we have:

LQ n —— o
Clearly, the conditlQonm (19b) guarantees that

Hence the system (2) is wuniformly persistent,

5. GLOBAL STABILITY ANALYSIS

In this section the global stability of the locally asymptotically stable equilibrium points of
system (2) is investigated using suitable Lyapnuov functions as shown in the following theorems.
TheordeghAs SumehdBRsotabympt ot i @matdhley fsotlalbolwei ng co
hold then it is a globally asymptotically sta

6p 0 O, 29
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Probéfthe real valduid d wnptliitonow —a

Clearly theaffiiuinscta opositive delf pmmt= ,f whdtlieo:

O ofthdy m, for all valduwes ai go thhd ertdr adg ahdn
pitt . Then using some algebraic manipul ation g
Q) . 6 w p 6 W pW
- 0 W ey — s
Qo p OWw p Ow p OQ
. 0 WWw 0 wa
0O W p — — —
p 0w p 04 p OW
., . Oowa 060
0w — —a
p 0w 0
Consequently, by wusing additional computati on
— 0O w p 0 6 p 60 w —a

Now ubsyig t he @9nditt iisn eb sewlhvieadh tirfteadnss a negati ve
Theredf&dERg!| o baaslylnypt oti.cally stable y
TheorehAs s(ilbmehdREEBODCcabympt ot i,catlhleyn satlalbltene tr

the system (2) startim@gfi momopsiad titshfd eflsminigo wior
sufficient appmaoiatcihomsymptotically to TPFEP

[ P, (21a)

Lot , (21b)

T a. (21lc)

where the amynfbad@ pitloit ar e gi ven in Egqs. (9) and

Probéfthe real valued functi on
uoﬁd'n ()(bdfdi‘i—r w0 o I- —a.

Clearly thafuhhuncta omosiftu et idoedf ufirfita tet ,i swhi | e

O ¢hvhd m for val bes i n couhiey ar gy itwon 1 ahuhx
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ofit . Then for ady i melicanl g sp atieogtit chre sshuthi a by v e g

condition, it i s obtained that
(01 a0 o o 6 ® O O W oW of 0w
-V 0O W w
Qo - I - — -1 -
) 0 w of 60w of 66 adf O &
W W
R
O0wa 00 |,
- o]

Further computation gives:

QD , 6wp o | G 6 & q
- 0 —_— W 0 0w W
Q0 P iy
., 0 P p oaf .
0 0w dw w
-4 - -4 -+
606 60w , ,., ., ., .,
; OWwa 0 W W
0 = ‘
Consequently, wusing the conditions (21a) and
— 0O p O o o o

— — O0wWwa 0 w w38
Accordingly, with the help -efi scomag atiiomne (delfci

hence all the trajectories stating from point

to TPFEP. y
Theor efs siuomeh&€BRbotabslympt ot i,calhleyn satlabltene tr aj
system (2) starting frreogm omo i,onftwsh i lwthth esrafy a ltsld oyw ihr

sufficient appmaiatcihomsy mptotically to CEP

n nn, (22a)
n n ., (22b)
n n, (22¢c)

- (224d)

P
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¢ci w & - N 0 o n o o , (22¢e)

1z

«C - n o aqag (22f)
where thg h8Q piffvoalrse gi ven in the proof.
PraofConshiedddrol | owing real valued function:

0 auha o o &1 1= o & ol i= @ o 1=

Clearly theisfuamcpiosnf uwmet iderii dichagt mmi,s whi |l e

O aitd mforval bes i n cuhier ar g inwon hx 10 e

ohih . Thus after some algebraic manipul ati on
,Q) I"] Al NZ r Al NZ ’ rZ I"] ’ rZ r ’ rZ
—  — 0 « n ® & O & —w & ¢ O
Qo q C
n © & ¢ ¢ 1 o & a ¢ & « h
Wher e
n p . N , N :
n ,r'] -

Consequently, usi-hgy2d)hegicwoeadi ti ons (22a)

\z T ’ rz

— - o « l © o ¢ w

Clearly, with the help of cond+isomegaRRep, da

and hence al |l t he trajectories shatiamppr 6aolr

asymptotically to CEP.

6. BIFURCATION ANALYSIS
Il n this section, an investigation of the eff ec

dynami cal behavior (2) is carried out tunhsaitng S«
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t he-hryprer bolic equilibrium point of the dynam
condition for a bifurcation to occur. Therefo
nomyperbolic point is clpagseamedssra candi date bi
Rewrite the system (2) in the form
— O®h®d oy h'O  GSOTONQ . (23)
Al so, the second directional derivative of th
as
oot who Q (24)
wheowe 0 be anyemmnvecitoramydparameter, wit!l
Q C 0 ¢ — LU C U
Cc— 0 U ¢—0 ¢——V0 ’
Q C 0 C LU C U
C 00 C 0 C 0
, 6000w 0w , Op 6w , ,
Q C 0 (—— 0L U
According to the above <calculation, the f ol
occurrence of | ocal bi furcation in the system

TheoremMmsgumeée hehdol | owi nghetcnbedsysbBemMhORisat t he

a transcritical bifampastsieen twh e@u gthh.é hpa vameatee

p O, (25)
PraofThe Jacobian matQh'xceh bbewsystem @8) at

p 6 — T
L VA Tt Tt o
T T 0

Then theée hmaeritxwo eigenvalues with negative re
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z

_ . Hehce -mypmer bol i c point.

Letf [ 0 A be the ei gspwadtinrg dorrf h® €ihguesnva

of m, gi Vves,fttfabm , where® —hanf many real

number .

Now, et r hr represents the eigenvector corrt

_ " mof theO matmhhmsmgi ves| t matht whem e

any real number . Now, according to the Sotomo)
— O & nh Uh — O Qh’ nvthr .

Ther elf 6O @p’ T, hence the sysheme(B)f hmsamnioormn.a:

since
3 T T T 5 5 3
00 & T p T 00 Qh’ | mh [ hi
T T T
Thel|n OO QM | [ T
Al sousibryg equation (24), 1t is obtain that:
G, J o ——,J co [
I~ NN L Z ™ f\-}’ ~
O oQm” [ H c Ol
o T :
Then, due to condition (25) it is observed th
| oroqm [ i — ] .
Then atitcgalnskzirf urcati on take place in tYhe senc:

Theon( &ms sumd htcehrads(t yamd (13b) together with t|
hol dThleem system (2) at the TPFEP undergoes a t

0O passes throdugh. the value

p 6w , T (26)

where theisymgbolkn in the proof.
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PraofThe Jacobian matQmMm'xcaeh bbewsystem G8) at

L % B¢ Qo

U vQh Ry T Qg

Tt Tt Tt
whe®&Q pltde @ ptfftare given in ©d.ecokea)yyp rldamlril oy
poiné at, due to existence ‘oft ,zewhoi | @i gtehnev ad tu
eigenval,ueanare given in Egq. (12) and having

conditions (13a) and (13b).

~

Letf [ H A be the eigenvector corrempondiusg t

of m givgks ,tfhBtf H , wher-eh , —
many r eal number .
Now, et r hr fr represents the eigenvector cori
_ " mof thed maThusg, mgives thet , whereany
real number. Now, since:
— 'O @ mmth U | — 'O Qv mvthn .

Thereelf O QM m hence the syshethe(B)f hmsamnioors.a:

since
3 T T T 5 o
00 o’ nmn n )} 00 QhJ mirth |
LS 1 SR o)

Thel|n OO QM | [ r T
Al so, by wusing equation (24), it is obtain th

ooeh® g d
Wher e

,d C #nj— C — r"”.[
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q —. 1 < T o—Lp
d o]
Then, using the conditions (26) yields:
| ooQm’ [ H e | r 8
Hence a transcrtical bi furcation take Yl ace i

Theo( 8As s ume hetechnadis(t 6o 16 b) ,( 1(6le6c )t,ogernchher with
conditiombhkwe!l system (2) at t-med e ERi funrdeatgioers

paramepasses t hr oaf gh—+he—val

z z

z z

. Q r Q TT, (27)

PraoofThe Jacobian matrix 6ofé"che degswwemt¢2n as:

® ®
0 0QR 0w W ow,
T T
whe 0 8HQ pitfo wi toh® @ 6 , ad@d & 6 . Direct comput at
theto” ow’ > T hence the det ®&rinsi reagrutalo ft ot leee rmoa t r

mat Oihxas a zero eigenmyabhod bewner -byee CERl iic @mo

Letf [ H H be the eigenvector corrf espofnhduisng
Of m , gi yes, ft Hrdft , where, mdue to candi tainan
] mis any real number .

Now, et r b fr represents the eigenvector cori
" mof the0 maThWils, m givls ,trhlath r , where

— mdue conditi,on—36a)ndwedt o conditions (1

(16e) rwitmlbbe any real number . Mor eover, it is

— oo mh—m O QR mh—
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z

Ther elf 6O @

r TT,

z z

Mor eover, since

z

0 oQm [ H Q ,

wher e

Therefore, using the condition (27), it is ob

| ool [ H L Q rQ Tt

Then anedddbiefurcation Sakemplyace in the sens.

7. HOPF BIFURCATION ANALYSIS

In this section, the possibility of occurrence of the Hopf bifurcation is investigated. Recall
that the threelimensional dynamical system undergoes a Hopf bifurcation around an equilibrium
point provided that the Jacobian matrix at that equilibrium poinbhasiegative eigenvalue with

two complex conjugate eigenvalues having real pa®R_ satisfies thatY Q_ s 11, and
—YQ s 1t (known as transversality condition), whereis a bifurcation parameter.
Theor(elmAs:sume thadititbededlé6and (16fF) along w
condition hol d:

OBOWH ——2: COWVW —2—2—2 0 6—2—> —, p O0W - (28a)

0 o 6 666 o (28b)
wheDdBHQ ptfv are the coefficients of the charact e

undergoes a Hopf bi furcat iboma sneeag tt hreodiCgehP tahse

z

wh e 0’e — - ., Wil pitcib are the el ements of
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ProA¢cording tY o6tbhed fovmnoin equation (15), i
Y mwhedh 6, whoétreprovided that the given condi't
it i sOo obd @i ndo 6. Consequently, the <cohaoacter.
becomes
o _ _ 6 _ 0o T, (29)
wheoe andre pdesettwovethe given conditions. Nouv
the equation (29) has the foll owing roots
_ & andgp 00 .
Therefore, the first condition of the Hopf bi
i magi narynpogpt exetgenvaloued&.Nosv, s atni & fhiee ch ewlgen
ofo" the complex <conjugate JeibgefNvoal ueslenadke
substi_tutdi n® 6 in equaandnt f@mM)take thetoderi ve
the bifurcad iAdn epartehmeat ecrompar e ¢ dwattiwon samnddke s
equatimagalt h&nd i maginary parts, we get
(61 6 %OT 6 g6 (30)
%0 | O [ 01 O 30 h
wher e
[ o d o ¢cO 67 O 0 o g o ,
%00 @ 61 0 ¢cO 67 O ,
go 1 O0 0 © 0o 61 o 0o o 0o 691 o,
30 ¢ 61 060 O 0o 691 0o
Solving the linear system (30), we get
1 0 h
(31)
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Hence, the transversal idt ytdgaandi t3i00%06° i sT sat i s
Obviously, 1 wé heaweg ¢hato 6, then the coefficiel

atb O become:

Therefore,
go'[ 0 306 %0
6 0° 0 O 6 600 6 0 60 o 8
Henaoed, [ 6 30 %0 munder the conditijod (®8b), v

Thus system (2) unde&rgébh.es Hopf bifurcation at

8. NUMERICAL SIMULATION

In this section, the food chain system (2) is solved numerically using the hypothetical set of
biologically feasibleparameters values that given by (8). The objectives are to confirm the
theoretical finding and understand the impact of varying the values of the parameters including the

fear rates on the dynamical behavior of the system. The obtained numerical sdltiierfiood

chain system (2) is presented in different forms such as phase portrait, time sires, bifurcation

di agr ams, and Lyapunov exponentds bifurcati ol
numerical trajectory of system (2) using the parameter8yeiith the initial point (0.8, 0.7, 0.6)

are drawn in Figure (2).
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(a)

=
%)

Populations

Time

Fi g@rTehe trajectory of system (2) using par
represents stimTamgeosfattelseacdtorange )attractor

strange ataturpalcatnobrr oi{nd tthieon of t hevaptiramrege att
(eP)rojection of theoasptlraannrege attractor in the
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According2tosksgeme( @)t aatpipcraolalcyh etso aas ysmipr ange a
after removing Nohw, ttrhaen seafefneactefdféecitmrtyhegr amg
mp® on the dynamics of the system (2) is inyv

di agram alpounngo vwietxhpoLnyeant s bi furcation di agr ams

0.995

Max (x)

0.9%

0.985
o]

(@)

05

Max (z)

Lyapunov exponents

FiguBef8rcation di agraifagKaswa. Mbp)c two.n of

(dMa VWs. (d) Exppwmratr s vs.
According3)tothiegbréufcati on di aghams fHfbpwt bheéel
m 6, pgtvAst he vadl uecrodasepSipsop patthe chaotic
transfer to periodic dyYyndmirc taygi < adhvhng ilsne eF iod u
(22)ppreosacaheympal |y tot@&ysot ablas GHERP winori5hd Y he Fi
for a typiocaHuryv aleuwewmyp & ,s yfsarem ( 2) |l oses its
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approaches asymptoticall yb)t of oTeP RBE/Pil.ause sohfown i

(a) (b)

08F
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=)
—

Populations

04r

FigudreThe trajectory of syYstpg&m ((29) foD pehrei c

attractor. (b) Time series of the periodic a
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FigureThe trajectory of sgstvem( &) Adympttdtei o
stable CEP mdh@meg xgi Y &n Byme series of the per
The effect of v&riyi ndog et@Panmaet amedgnami cs of t
i s i nvestigated numerically wusing the bifurec

bi furcation diagrams as shown in Figure (6).
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Clearly, system (2)
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FigureBl®Ourcation di agr yam§x) av®s a Mbiyhcvson of
6. Mapk wVWs. (d) lxppumratr s Vs.
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Obviousl yv) Ridgus(Mew (t he presence otheompfex dj
wide range o6. tThlee paxiameemrce of a positive Ly
range ensures the existence of chaos too.

Moreover, the impact of varying other paramet
al sotigaeed using bifurcation diagrams and Ly
the obtained result @-(@r ef oprr etsheed el hoehtne tFeingsu r e s

O respectively.

0998

0996

0.994 1

Max (x)
Max ()

0992

0991

0988 . . L .
05 06 07 0.g 0.9 1

Lyapunov exponents

FigureBl2urcation di agr dymgx) aws a Mbgwhcvson of
6. Map Vs. (d) lkxppumradt s Vvs.



30

D KAMEL NAJI

RAI

RAS HUSSEAN MAGHOOL,

F

1.4

1.2r

0.6

0.4

(d)

L L,

I,

0.5

spuanodia aoundody

0.9981
0996

0.994

() xopy

09921

0.99r

0.988

10

of

Yag) ads a MBiyhcv s on

,

agr

di

FigureBi3urcation

V'S

exppumravt s

L (d)

\Os

Ve §)

0996

() xopy

09921

0.983
]




31

N SYSTEM WI TH FEAR

| RODBE CHAI

CHAOS

siuatodia acundplT

of

Mbiyhctv s on

4

®S a

Yag) a

agr
Exopunrav s

di &

on

reBidfdurcat.i

gu

Fi

V'S

(d)

\0S

Ve )

O

sjuauodxa soundek

03

o

01

e} enpy

03

01

of

Yamgx) ad®s a MBbiyhcv s on

agr
exppumravt s

14

di

FigureBl5b5urcation

V'S

(d)

0SS

Ve )



32

D KAMEL NAJI

RAI

RAS HUSSEAN MAGHOOL,

F

sjuauodia aoundody

of

gr ¥m¥x) ad®s a Mbghcvson

on

reBi6burcati

gu

Fi

V'S

@\ s

(d) kxppur

S




