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Abstract. In this paper, a two patch-model for animal African trypanosomiasis (AAT) disease transmission that

incorporates seasonal variation, livestock, wild animals and tsetse flies is proposed and studied. The main assump-

tion in the formulated model is that seasonal variation is associated with migration of both hosts and vectors from

one patch to another. From model analysis, we computed the basic reproduction number in a periodic environment.

We noted that the disease can be eliminated in the population whenever the basic reproduction number is less than

unity and exist whenever greater than one. We performed the numerical simulation of the model considering two

scenarios: symmetrical and asymmetrical movement of hosts and vectors. Overall, we noted that migration of

hosts and vectors have influence on the spread of disease in the population. Additionally, we observed that solution

profile of all infected species is associated with periodic oscillations caused by the seasonal variations.
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1. INTRODUCTION

Animal African Trypanosomiasis (AAT) is a devastating infection that is caused by protozoa

of the Trypanosmoma genus. It is primarily transmitted by tsetse flies of the Glossina spp.

to almost all domestic mammals and various wild mammal species [51]. The species of Try-

panosmoma that can cause AAT include T. brucei congolense, T. brucei vivax, and T. brucei

rhodesiense [52]. Although both animals and humans can be infected by T. brucei, the most

affected are cattle because of the feeding preferences of tsetse flies [53].

Trypanosomiasis is one of the most important livestock diseases with devastating economic

losses in Africa. In Sub-Saharan Africa (SSA), the direct and indirect impacts of the disease

are estimated to approach 5 billion US dollars annually [54, 55]. The high mortality rates of

livestock from this disease can cause up to a 50% annual reduction of milk and meat production

in SSA [56]. According to Devèze [57], the AAT disease has pushed about half a million

farmers in remote Africa to poverty. Apart from domestic cattle, the disease can also affect

domestic swine, camels, goats, and sheep [58]. The infection of susceptible animals causes

chronic or acute symptoms which are characterized by recurrent fever, diarrhea, anemia, and

even death.

Substantial efforts have been made to study and control AAT but the disease persists in many

parts of SSA [59]. Like other endemic diseases in SSA, mathematical models are among the

efforts which have been explored to understand the dynamics of AAT in the region. Otieno et

al. [60] assessed AAT dynamics in a cattle population and included wild animals as substitute

tsetse fly feeding sources. The model showed that the disease was accelerated in the cattle

population by the wild animals. Further analysis also demonstrated that the rates of vector bit-

ing and survival are significant parameters in the disease control strategies that aim to reduce

contact between vector and cattle populations. Another model was developed by Kajunguri et

al. [61] to include insecticide-treated cattle and the use of insecticides in the control of tsetse

flies in a multi-host population. The authors established that the use of insecticides on cattle

alongside the treatment of infected cattle and humans effectively decreased the prevalence of

trypanosomes. Meisner et al. [62] modeled trypanocide treatment of cattle and demonstrated

that as the number of trypanocide-treated cattle increased, the disease prevalence decreased.
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Very recently, Lord et al. [63] assessed the effects of insecticide-treated cattle on the abundance

of tsetse flies and trypanosome transmission at the livestock-wildlife interface in Serengeti,

Tanzania, and estimated close to 30% increased tsetse fly mortality which explained the com-

paratively low prevalence of T. brucei in cattle. Ndondo et al. [14] also developed an AAT

model but considered only treatment as a control strategy while excluding the contribution of

host and vector migration and seasonal variations on the transmission of the disease.

Although numerous studies have been conducted to model the dynamics and control AAT, the

infection still persists and affects animal production, and continues to threaten livelihoods and

economic development in Africa. Most of the AAT models have not included seasonality as a

factor that influences the transmission dynamics. Seasonal variations can change the rates of

vector development, thus can influence the disease transmission dynamics [23]. The present

paper aimed to incorporate the aspects of seasonal variations of vector and host migration in

modelling the transmission of AAT to address the question “How do seasonal variations and

migration of vector and host populations affect AAT transmission dynamics?” The paper is

organized as follows: In Section 2, the model is formulated, and in Section 2.1, we compute the

basic reproduction number and investigate the stability of the models’ equilibria. In section 2.2,

we perform the numerical simulations to verify the theoretical results and in Section 3, we have

the concluding remarks concerning the formulated model.

2. MODEL FORMULATION

In this section, a two-patch model for the animal African trypanosomiasis (AAT) that incor-

porates seasonal variations, livestock, wild animals and tsetse flies is proposed and studied.

Throughout the document we have used the subscripts L , W and V to denote the livestock,

wild animals and vector respectively; the subscripts i and j represent the first and second

patch for species with i, j = 1,2. The total population of livestock in patch i is denoted by

NLi(t) with i = 1,2 which is sub-divided into four compartments: the susceptible SLi(t), ex-

posed ELi(t), infected ILi(t) and recovered RLi(t) classes. Thus, the total population for live-

stock is given by NLi(t) = SLi(t) +ELi(t) + ILi(t) +RLi(t). The total population of wild an-

imals in patch i is also sub-divided into susceptible SWi(t), exposed EWi(t), infected IWi(t)

and recovered RWi(t) classes. Therefore, the total population of wild animals is given by
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NWi(t) = SWi(t)+EWi(t)+ IWi(t)+RWi(t). Further more; the population of vectors in patch

i is sub-divided into three compartments: susceptible SVi(t), exposed EVi(t) and infected IVi(t).

Thus, the total population of vectors is given by NVi(t) = SVi(t) + EVi(t) + IVi(t). Both the

livestock and wild animals acquire the AAT infection through contact with infected tsetse flies.

On the other-hand, susceptible tsetse flies acquire infection through bites of an infected hosts

(either livestock or wild animals). Therefore, the force of infection for livestock, wild animals

and vectors in patch i are respectively denoted by λLi, λWi and λVi defined as:

λLi(t) =
σvi(1−ui)βV LiIVi

NLi +NWi
(1)

λWi(t) =
σViβVWiIVi

NLi +NWi
(2)

λVi(t) =
σvi(1−ui)βLViILi

NLi +NWi
+

σViβWViIWi

NLi +NWi
(3)

The parameter βV k with k = L,W represents the probability of disease transmission from infec-

tious tsetse fly to susceptible hosts (either livestock or wild animal), σVi(t) represents a periodic

function that accounts for vector biting rates and ui represents the rate of spraying the livestock

with insecticides to prevent contact with tsetse flies in patch i. Since most of the studies in liter-

ature (see,[5, 36]) show that seasonal variations influence the tsetse flies biting rates, we define

the vector bite rates σVi in patch i by:

σVi(t) = σ
0
Vi[1+σ

1
Vi cos(θ t + τ)](4)

Where σ0
Vi represents the average vector biting rate in the absence of seasonality, σ1

Vi is a maxi-

mum amplitude of seasonal variations with 0 < σ1
Vi < 1, θ = 2π

360 define a one-year period and

τ denotes the phase shift to capture the seasonality.

Following successive contact rates between hosts and vectors in patch i, the host becomes ex-

posed and spend 1
αki

days in the incubation period. We have also assumed that infectious ki hosts

in patch i recover from the infection with permanent immunity through treatment or naturally

after 1
γki

days of infection. In addition, the parameters bki and µki represent the birth and natural

mortality rates of k hosts in patch i; βV Li and βVWi denote the probability of disease transmission

from an infectious vector to susceptible livestock and wild animals in patch i; The change of
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seasonality affects the life span of adult tsetse flies, and therefore, vectors may die while still in

the incubation period. Therefore, we have assumed that upon infection, vectors progress to an

infectious state at rate:

αVi(t) = α
0
Vi[1+α

1
Vi cos(θ t + τ)](5)

where α0
Vi denotes the average incubation rate in the absence of seasonal variations, α1

Vi repre-

sents the maximum amplitude of seasonality with 0 < α0
Vi < 1. In addition, bVi(t) and µVi(t)

represent the vector birth and natural mortality rates respectively which both follow the seasonal

variations:

bVi(t) = b0
Vi[1+b1

Vi cos(θ t + τ)](6)

µVi(t) = µ
0
Vi[1+µ

1
Vi cos(θ t + τ)](7)

Where µ0
Vi and b0

Vi denote the average natural mortality and birth rates, respectively, and µ0
Vi(0<

µ0
Vi < 1) and b0

Vi(0 < b0
Vi < 1) represent the maximum amplitudes of seasonal variations. In

vector-borne diseases the abundance and distribution of both hosts and vectors, therefore, we

have assumed that seasonality is associated with the migration of hosts and vectors from one

patch to another. Let the migration of susceptible, exposed, and recovered livestock from patch i

to j be denoted by pi j(t), while the migration of infectious livestock from patch i to j by mi j(t):

pi j(t) = p0
i j[1+ p1

i j cos(θ t + τ)](8)

mi j(t) = m0
i j[1+m1

i j cos(θ t + τ)](9)

Where p0
i j, m1

i j denote the average movement rates in the absence of seasonal variations, p1
i j(0<

p1
i j < 1) and m1

i j(0 < m1
i j < 1) are the amplitudes of seasonal variations. The migration rate of

susceptible, exposed and recovered wild animals in patch i to j is denoted by qi j(t), and that of

infectious wild animals by hi j(t) which both follow the seasonal variations shown in (10) and

(11):

qi j(t) = q0
i j[1+q1

i j cos(θ t + τ)](10)

hi j(t) = h0
i j[1+h1

i j cos(θ t + τ)](11)
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Where q0
i j, h1

i j denotes the average movement rates of wild animals in the absence of seasonal

variations, q1
i j(0 < q1

i j < 1) and h1
i j(0 < h1

i j < 1) represent the maximum amplitudes of season-

ality. Furthermore, ni j(t) is migration rate of susceptible and exposed vectors and ri j(t) the

migration rate of infectious vectors. Therefore we define the movement rates for susceptible,

exposed and infectious vectors from patch i to j by:

ni j(t) = n0
i j[1+n1

i j cos(θ t + τ)]

ri j(t) = r0
i j[1+ r1

i j cos(θ t + τ)]

where n0
i j, r1

i j represents the average migration rates in the absence of seasonal variations while

n1
i j(0 < n1

i j < 1) and r1
i j(0 < r1

i j < 1) represent the maximum amplitude of seasonality. Based

on the above assumptions, we have the following flow chart and nonlinear ordinary differential

equations (for i 6= j = 1,2):

FIGURE 1. Flow chart of host and vector interactions
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(12)



S′Li(t) = bLiNLi(t)−λLi(t)SLi(t)−µLiSLi(t)

+p jiSL j(t)− pi jSHi(t),

E ′Li(t) = λLi(t)SLi(t)− (µLi +αLi)ELi(t)+ p jiEL j(t)− pi jELi(t),

I′Li(t) = αLiELi(t)− (µLi + γLi)ILi(t)+m jiIL j(t)−mi jILi(t),

R′Li(t) = γLiILi(t)−µLiRLi(t)+ p jiRL j(t)− pi jRLi(t),

S′Wi(t) = bWiNWi(t)−λWi(t)SWi(t)−µWiSWi(t)

+q ji(t)Sq j(t)−qi j(t)Sqi(t),

E ′Wi(t) = λWi(t)SWi(t)− (µWi +αWi)EWi(t)+q ji(t)EW j(t)−qi j(t)EWi(t),

I′Wi(t) = αWiEWi(t)− (µWi +αWi)IWi(t)+h ji(t)IW j(t)−hi j(t)IWi(t),

R′Wi(t) = γWiIWi(t)−µWiRWi(t)+q jiRW j(t)−qi jRWi(t),

S′Vi(t) = bVi(t)NVi(t)−λVi(t)SVi(t)− (µVi(t)+δVi(t))SVi

+n ji(t)SV j(t)−ni j(t)SVi(t),

E ′Vi(t) = λVi(t)SVi(t)− (αVi(t)+µVi(t)+δVi(t))EVi(t)

+n ji(t)EV j(t)−ni j(t)EVi(t),

I′Vi(t) = αVi(t)EVi(t)− (µVi(t)+δVi(t))IVi(t)+ r ji(t)IV j(t)− ri j(t)IVi(t),

.

2.1. The basic reproduction number. In this section, we compute the disease-free equilib-

rium followed by the threshold quantity R0 which determines the power of the disease to invade

the population. Therefore, by direct calculation, we have that the model system (12) is always

has a disease-free equilibrium given by:

E0 =
(
S0

L1,0,0,0,S
0
W1,0,0,0,S

0
V 1,0,0,S

0
L2,0,0,0,S

0
W2,0,0,0,S

0
V 2,0,0,

)
= (NL1,0,0,0,0,NW1,0,0,0,NV 1,0,0,NL2,0,0,0,0,NW2,0,0,0,NV 2,0,0) .

Let NL(t) = ∑
2
i=1 NLi, NW (t) = ∑

2
i=1 NWi, and NV (t) = ∑

2
i=1 NVi. Therefore, one can show that

the domain of biological interest of the model system (12) given by:

Ω =




NL(t)

NW (t)

NV (t)

 ∈ R22
+

∣∣∣∣∣∣∣∣∣
NL(t)≤ NL1 +NL2,

NW (t)≤ NW1 +NW2,

NV (t)≤ NV 1 +NV 2

 ,
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is positively invariant and attracts all orbits with respect to the model system (12), by the same

approach as in Bacaër and Guernaoui [21] and the general calculation procedure in Wang and

Zhao [22]. Therefore, we can similarly introduce the next-generation matrices F(t) and V (t)

(evaluated at the disease-free equilibrium) as:

F(t) =

F1(t) 0

0 F2(t)

 , and V (t) =

V11(t) V21(t)

V12(t) V22(t)

(13)

where

Fi(t) =



0 0 0 0 0
σVi(t)(1−ui)βV LiNLi

NLi +NWi

0 0 0 0 0 0

0 0 0 0 0
σVi(t)βVWiNWi

NLi +NWi

0 0 0 0 0 0

0
σVi(t)(1−ui)βLViNVi

NLi +NWi
0

σVi(t)βWiNVi

NLi +NWi
0 0

0 0 0 0 0 0


,

V11(t) =



y1 0 0 0 0 0

−αL1 y2 0 0 0 0

0 0 y3 0 0 0

0 0 −αW1 y4 0 0

0 0 0 0 y5 0

0 0 0 0 −αV 1(t) y6


,

V22(t) =



x1 0 0 0 0 0

−αL2 x2 0 0 0 0

0 0 x3 0 0 0

0 0 −αW2 x4 0 0

0 0 0 0 x5 0

0 0 0 0 −αV 2(t) x6


,

y1 = µL1 +αL1 + p12(t), x1 = µL2 +αL2 + p21(t),
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y2 = µL1 + γL1 +m12(t), x2 = µL2 + γL2 +m21(t),

y3 = µW1 +αW1 +q12(t), x3 = µW2 +αW2 +q21(t),

y4 = µW1 + γW1 +h12(t), x4 = µW2 + γW2 +h21(t),

y5 = µV 1(t)+αV 1(t)+δVi +n12(t), x5 = µV 2(t)+δVi +αV 1(t)+n21(t),

y6 = µV 1(t)+δV 1 + r12(t), x6 = µV 2(t)+δV 2 + r21(t),

and

V12(t) =



−p12 0 0 0 0 0

0 −m12 0 0 0 0

0 0 −q12(t) 0 0 0

0 0 0 −h12(t) 0 0

0 0 0 0 −n12(t) 0

0 0 0 0 0 −r12(t)


,

V21(t) =



−p21 0 0 0 0 0

0 −m21 0 0 0 0

0 0 −q21(t) 0 0 0

0 0 0 −h12(t) 0 0

0 0 0 0 −n21(t) 0

0 0 0 0 0 −r21(t)


,

In order to define the basic reproduction number of this non-autonomous model, we follow

the work of Wang and Zhao [22] who introduced the next-infection operator L for a model in

periodic environments by

(14) (Lφ)(t) =
∫

∞

0
Z(t, t− s)F(t− s)φ(t− s)ds,

where Z(t,s), t ≥ s, is the evolution operator of the linear ω-periodic system dz/dt =−V (t)z and

ψ(t), while the initial distribution of infectious individuals is ω-periodic and nonnegative. The

basic reproduction number is then defined as the spectral radius of the next-infection operator:

(15) R0 = ρ(L).
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For our model (12), the evolution operator can be determined by solving the system of dif-

ferential equations dz/dt = −V (t)z with the initial condition Z(s,s) = I12×12. It can be eas-

ily verified that all entries of matrices V12(t) and V21(t) are zero. Further, we can simply

dz/dt =−V (t)z by considering V11(t) and V22(t) separately. Let Zii(t,s) represent the outcome

form dz/dt =−Vii(t)z. Thus, we obtain:

Z11(t,s) =



y11(t,s) 0 0 0 0 0

y21(t,s) y22(t,s) 0 0 0 0

0 0 y33(t,s) 0 0 0

0 0 y43(t,s) y44(t,s) 0 0

0 0 0 0 y55(t,s) 0

0 0 0 0 y65(t,s) y66(t,s)


.

where:

y11(t,s) = exp−

{
(αL1 +µL1 + p0

12)(t− s)+
2p0

12 p1
12

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,

y21(t,s) =

(
e−

∫
(µL1+γL1+m12(t))dt

)∫ t

s
e(µL1+αL1+m12(x))αL1(x)y11(x,s)dx,

y22(t,s) = exp−

{
(γL1 +µL1 +m0

12)(t− s)+
2m0

12m1
12

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,

y33(t,s) = exp−

{
(αW1 +µW1 +q0

12)(t− s)+
2q0

12q1
12

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,

y43(t,s) =

(
e−

∫
(µW1+γW1+h12(t))dt

)∫ t

s
e(µW1+γW1+h12(x))γW1(x)y33(x,s)dx,

y44(t,s) = exp−

{
(γW1 +µW1 +h0

12)(t− s)+
2h0

12h1
12

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,

y55(t,s) = exp−

{
(µ0

V 1 +α
0
V 1 +n0

12 +δV 1)(t− s)+
2µ0

V 1µ1
V 1

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)

+
2α0

V 1αV 1

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)

+
2n0

12n1
12

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,

y65(t,s) =

(
e−

∫
(µV 1(t)+n12(t)+δV 1)dt

)∫ t

s
e(µV 1(x)+n12(x)+δV 1)αV 1(x)y55(x,s)dx,
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y66(t,s) = exp−

{
µ

0
V 1(t− s)+

2µ0
V 1µ1

V 1
θ

cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)

+r0
12(t− s)+

2r0
12r1

12
θ

cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)
+δV 1(t− s)

}
,

.

and:

Z22(t,s) =



x11(t,s) 0 0 0 0 0

x21(t,s) x22(t,s) 0 0 0 0

0 0 x33(t,s) 0 0 0

0 0 x43(t,s) x44(t,s) 0 0

0 0 0 0 x55(t,s) 0

0 0 0 0 x65(t,s) x66(t,s)


.

where:

x11(t,s) = exp−

{
(αL2 +µL2 + p0

21)(t− s)+
2p0

21 p1
21

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,

x21(t,s) =

(
e−

∫
(µL2+γL2+m21(t))dt

)∫ t

s
e(µL2+αL2+m21(x))αL2(x)x11(x,s)dx,

x22(t,s) = exp−

{
(γL2 +µL2 +m0

21)(t− s)+
2m0

21m1
21

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,

x33(t,s) = exp−

{
(αW2 +µW2 +q0

21)(t− s)+
2q0

21q1
21

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,

x43(t,s) =

(
e−

∫
(µW2+γW2+h21(t))dt

)∫ t

s
e(µW2+γW2+h21(x))γW2(x)x33(x,s)dx,

x44(t,s) = exp−

{
(γW2 +µW2 +h0

21)(t− s)+
2h0

21h1
21

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,

x55(t,s) = exp−

{
(µ0

V 2 +α
0
V 2 +n0

21 +δV 2)(t− s)+
2µ0

V 2µ1
V 2

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)

+
2α0

V 2αV 2

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)

+
2n0

21n1
21

θ
cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)}
,
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x65(t,s) =

(
e−

∫
(µV 2(t)+n21(t)+δV 2)dt

)∫ t

s
e(µV 2(x)+n21(x)+δV 2)αV 2(x)x55(x,s)dx,

x66(t,s) = exp−

{
µ

0
V 2(t− s)+

2µ0
V 2µ1

V 2
θ

cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)

+r0
21(t− s)+

2r0
12r1

21
θ

cos

(
θ

2
(t + s)

)
sin

(
θ

2
(t− s)

)
+δV 2(t− s)

}
,

.

In what follows, we use the same approach as in Helikumi at el. [23] to analyze the thresh-

old parameter defined in Equation (15). We use lemma 1 to demonstrate that the threshold

parameter R0i is the local stability for the disease-free equilibrium E0.

Lemma 1. (Theorem 2.2 in Wang and Zhao [22]). Suppose that Z(t) = (E ji(t), I ji(t)), with

i = 1,2 and j = L,W,V denote the species of all infected classes for the model system (12), such

that its linearization at disease-free equilibrium E0 is:

Ż(t) = (Fi(t)−Vii(t))z(t),(16)

where Fi(t) and Vii(t) represent the matrix for singular (14). Furthermore, let φFi(t)−Vii(t) and

ρ(φFi−Vii(ξ ) be the monodromy matrix of system (16) and the spectral radius of φFi−Vii(ξ ), re-

spectively. Then we have following statements:

(i) R0i = 1, if and only if ρ(φFi−Vii(ξ )) = 1;

(ii) R0i > 1, if and only if ρ(φFi−Vii(ξ ))> 1;

(iii) R0i < 1, if and only if ρ(φFi−Vii(ξ ))< 1.

Therefore, the disease-free equilibrium E0 of the model system (12) is locally asymptotically

stable if R0i < 1 and unstable if R0i > 1.

In what follows, we have to show that the threshold quantity R0i which determines the ability

of AAT to invade the population is an important threshold parameter for disease extinction and

persistence. In particular, we have to demonstrate that when R0i < 1, the model system (12)

admits a globally asymptotically stable disease-free equilibrium E0, and if R0i > 1, the disease
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persists and we use the same approach as in [46]. First of all we stare and prove the theorem

(2.1):

Theorem 2.1. If R0i < 1 with i = 1,2, then the disease-free equilibrium E0 of system (12) is

globally asymptotically stable in Ω .

Proof. According to Lemma 1, if R0i < 1, then the disease-free equilibrium E0 of the model

system (12) is locally asymptotically stable. Therefore, we demonstrate that for R0 < 1, the

disease-free equilibrium is the global attractor. Assume that R0 < 1, again from Lemma 1, we

have, ρ(ξF−V (φ))< 1. By considering the infected classes, we have the following outcome for

i 6= j = 1,2 :



ĖHi(t) ≤
(

σVi(t)(1−ui)βV LiIVi

NLi(t)+NWi(t)

)
S0

Li− (µLi +αLi)ELi(t)+ p jiEL j(t)− pi jELi(t),

İLi(t) = αLiELi(t)− (µLi + γLi)ILi(t)+m jiIL j(t)−mi jILi(t),

ĖWi(t) ≤
(

σVi(t)βVWiIVi

NLi(t)+NWi

)
S0

Wi− (µWi +αWi)EWi(t)+q ji(t)EW j(t)−qi j(t)EWi(t),

İWi(t) = αWiEWi(t)− (µWi +αWi)IWi(t)+h ji(t)IW j(t)−hi j(t)IWi(t),

ĖVi(t) ≤
(

σVi(t)(1−ui)βLViILi

NLi(t)+NWi
+

σVi(t)βWViIWi

NLi(t)+NWi

)
S0

Vi +(αVi(t)+µVi(t)+δVi(t))EVi(t)

+n ji(t)EV j(t)−ni j(t)EVi(t),

İVi(t) = αVi(t)EVi(t)− (µVi(t)+δVi(t))IVi(t)+ r ji(t)IV j(t)− ri j(t)IVi(t).

for t ≥ 0. Consider the following auxiliary system:

˙̃ELi(t) =

(
σVi(t)(1−ui)βV LiĨVi

NLi(t)+NWi(t)

)
S0

Li− (µLi +αLi)ẼLi(t)+ p jiẼL j(t)− pi jẼLi(t),

˙̃ILi(t) = αLiẼLi(t)− (µLi + γLi)ĨLi(t)+m jiĨL j(t)−mi j ĨLi(t),

˙̃EWi(t) =

(
σVi(t)βVWiĨVi

NLi(t)+NWi

)
S0

Wi− (µWi +αWi)ẼWi(t)+q ji(t)ẼW j(t)−qi j(t)EWi(t),

˙̃IWi(t) = αWiẼWi(t)− (µWi +αWi)ĨWi(t)+h ji(t)ĨW j(t)−hi j(t)ĨWi(t),

˙̃EVi(t) =

(
σVi(t)(1−ui)βLViĨLi

NLi(t)+NWi
+

σVi(t)βWViĨWi

NLi(t)+NWi

)
S0

Vi +(αVi(t)+µVi(t)+δVi(t))ẼVi(t)

+n ji(t)ẼV j(t)−ni j(t)ẼVi(t),
˙̃IVi(t) = αVi(t)ẼVi(t)− (µVi(t)+δVi(t))ĨVi(t)+ r ji(t)ĨV j(t)− ri j(t)ĨVi(t).
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By Lemma 1 and the standard comparison principle, there exists a positive ω−periodic function

z̃(t) such that z(t)≤ z̃(t)ept , where z̃(t) = (Ẽi j(t), Ĩi j(t), R̃k j)
T, for i= L,W,V , j = 1,2, k = L,W ,

and p = 1
ξ

lnρ
(
φ(F−V )(·)(ξ )

)
< 0. Thus, we conclude that y(t)→ 0 as t→ ∞, that is:

lim
t→∞

Ei j(t) = 0, lim
t→∞

Ii j(t) = 0, and lim
t→∞

Rk j(t) = 0, i = L, ,W, j = 1,2,k = L,W.

Hence it follows that:

lim
t→∞

Si j(t) = S0
i j, and lim

t→∞
Ni j(t) = N0

i j, i = L,W,V, j = 1,2.

Thus, we conclude that the disease-free equilibrium E0 of system (12) is globally asymptotically

stable. �

Theorem 2.2. If R0 > 1, then system (12) is uniformly persistent, i.e., there exists a positive

constant η , such that for all initial values of (Si j(0),Ei j(0), Ii j(0),Rk(0))R5
+× Int(R+)

6, (i =

L,W,V , j = 1,2, k = L,W), the solution of model (12) satisfies:

liminf
t→∞

Si j(t)≥ η , liminf
t→∞

Ei j(t)≥ η , liminf
t→∞

Ii j(t)≥ η , liminf
t→∞

Rk(t)≥ η .

Proof. Let consider the following:

Z = R12
+ ; Z0 = R6

+× Int(R+)
6; ∂Z0 = Y\Z0.

Let P : Z −→ Z be the Poincaré map associated with our model (12), such that P(z0) = u(ω,z0)

∀z0 ∈ Z , where u(t,z0) denotes the unique solution of the system with u(0,z0) = z0. Therefore,

we fist show that P is uniformly persistent with respect to (Z0,∂Z0). From model (12), Z and Z0

are positively invariant. Moreover, ∂Z0 is a relatively closed set in Z. It follows from Theorem

2.2 that solutions of model (12) are uniformly and ultimately bounded. Thus the semiflow P

is point dissipative on R11
+ , and P : R11

+ → R11
+ is compact. By Theorem 3.4.8 in [47] it then

follows that P admits a global attractor which attracts every bounded set in R11
+ .

Define:

N∂ = {(Si j(0),Ei j(0), Ii j(0),Rk(0)) ∈ ∂Y0 : Pn(Si j(0),Ei j(0), Ii j(0),Rk(0)) ∈ ∂Y0, ∀m≥ 0},



HOST AND VECTOR MIGRATION ON THE SPREAD OF ANIMAL AFRICAN TRYPANOSOMIASIS 15

for i = L,W,V, j = 1,2 k = L,W.

Next, we claim that N∂ = {(SL j(0),0,0,RL j(0),SW j(0),0,0,RW j(0),SV j(0),0,0) : Si j ≥ 0,Rk ≥

0}. Clearly, Ñ = {(SL j(0),0,0,RL j(0),SW j(0),0,0,RW j(0),SV j(0),0,0) : Si j ≥ 0,Rk≥ 0}⊆N∂ .

Now, for any (Si j(0), Ei j(0), Ii j(0),Rk(0)) ∈ ∂Z0\N; if EL j(0) = IL j(0) = 0, it follows that

Si j(0)> 0, RL j(0)> 0, EW j(0)> 0, IW j(0)> 0, RW j(0)> 0, EV j(0)> 0, IV j(0)> 0, ĖL j(0) =

λL j(0)SL j(0)> 0, and İL j(0) = 0. If EW j(0) = IW j(0) = 0, it follows that Si j(0)> 0, EL j(0)> 0,

IL j(0) > 0, RL j(0) > 0, RW j(0) = 0, EV j(0) > 0, IV j(0) > 0, ĖW j(0) = λW j(0)SW j(0) > 0,

and İW j(0) = 0. If EV j(0) = IvV j(0) = 0, it follows that Si j(0) > 0, EL j(0) = 0, IL j(0) = 0,

RL j(0)> 0, EW j(0) = 0, IW j(0) = 0, RW j(0) = 0, ĖV j(0) = 0, and İW j(0) = 0. Thus, we have

(Si j(0),Ei j(0), Ii j(0),Rk(0)) /∈ ∂Z0 for 0 < t � 1. By the positive invariance of Z0, we know

that Pn(Si j(0),Ei j(0), Ii j(0),Rk(0)) /∈ ∂Z0 for n ≥ 1, hence (Si j(0),Ei j(0), Ii j(0),Rk(0)) /∈ N∂ ,

and thus, N∂ = {(SL j(0),0,0,RL j(0),SW j(0),0,0,RW j(0),SV j(0),0,0) : Si j ≥ 0,Rk ≥ 0}.

Now consider the fixed point: N0 = (S0
L j,0,0,R

0
L j,S

0
W j,0,0,0,S

0
V j,0,0) of the Poincaré map P,

and define W S(N0) = {z0 : Pn(z0)→ N0,n→ ∞}. We show that:

(17) W S(N0)∩ z0 = /0.

Based on the continuity of solutions with respect to the initial conditions, for any ε > 0,

there exists δ > 0 small enough such that for all (Si j(0),Ei j(0), Ii j(0),Rk(0)) ∈ Z0 with

||(Sii j(0),Ei j(0), Ii j(0),Rk(0))−N0|| ≤ δ , we have:

|| f (t,(Si j(0),Ei j(0), Ii j(0),Rk(0))− f (t,N0)||< ε , ∀t ∈ [0,ω].

To obtain (17), we claim that:

limsup
m→∞

||Pn(Si(0),Ei j(0), Ii j(0),Rk(0))−N0|| ≥ δ , ∀(Si j(0),Ei j(0), Ii j(0),Rk(0)) ∈ Y0.

We prove this claim by contradiction; that is, we suppose

limsup
m→∞

||Pn(Si j(0),Ei j(0), Ii j(0),Rk(0))−N0|| < δ for some (Si j(0),Ei j(0), Ii j(0),Rk(0)) ∈ Y0.

Without loss of generality, we assume that ||Pn(Si j(0),Ei j(0), Ii j(0),Rk(0))−N0||< δ , ∀m≥ 0.

Thus,

|| f (t,Pn(Si j(0),Ei j(0), Ii j(0),Rk(0))− f (t,N0)||< ε, ∀t ∈ [0,ξ ] and n≥ 0.
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Moreover, for any t ≥ 0, we write t = t0 + qξ with t0 ∈ [0,ξ and q = [ t
ξ
], the greatest integer

less than or equal to
t
ξ

. Then we obtain:

|| f (t,(Si j(0),Ei j(0), Ii j(0),Rk(0))− f (t,N0)||= || f (t0,Pn(Si j(0),Ei j(0), Ii j(0),Rk(0))− f (t0,N0)||< ε

for any t ≥ 0. Let (Si j(t),Ei j(t), Ii j(t),Rk(t)) = f (t,(Si j(0),Ei j(0), Ii j(0),Rk(0)). It follows that

N0
i j− ε < Si j(t) < N0

i j + ε , 0 < Ei j(t) < ε , 0 < Ii j(t) < ε , and 0 < Rk(t) < ε . By considering

infected classes only, we have the following relations:

dELi

dt
=

σVi(t)(1−ui)βV LiIViSLi

NLi +NWi
− (µLi +αLi)ELi(t)+ p jiEL j(t)− pi jELi(t),

≥
σVi(t)(1−ui)βV LiIVi(N0

Li− ε)

(N0
Li + ε)+(N0

Wi + ε)
− (µLi +αLi)ELi(t)+ p jiEL j(t)− pi jELi(t),

=

(
σVi(t)(1−ui)βV LiN0

Li

N0
Li +N0

Wi

)(1− ε

N0
Li+N0

Wi

(
1+ N0

Wi
N0

Li

)
1+ 2ε

N0
Li+N0

Wi

)
IVi− (µLi +αLi)ELi(t)+

p jiEL j(t)− pi jELi(t).

For clinically infected humans we have:

İLi(t) = αLiELi(t)− (µLi + γLi)ILi(t)+m jiIL j(t)−mi jILi(t).

The equations of the exposed animal populations become:

dEWi

dt
=

σVi(t)βVWiIViSWi

NWi +NWi
− (µWi +αWi)EWi(t)+q jiEW j(t)−qi jEWi(t),

≥
σVi(t)βVWiIVi(N0

Wi− ε)

(N0
Wi + ε)+(N0

Wi + ε)
− (µWi +αWi)EWi(t)+q jiEW j(t)−qi jEWi(t),

=

(
σVi(t)βVWiN0

Wi

N0
Wi +N0

Wi

)(1− ε

N0
Li+N0

Wi

(
1+ N0

Wi
N0

Wi

)
1+ 2ε

N0
Wi+N0

Wi

)
IVi− (µWi +αWi)EWi(t)+

q jiEW j(t)−qi jEWi(t).
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For infectious animals, we have the following outcome:

İWi(t) = αWiEWi(t)− (µWi +αWi)IWi(t)+h ji(t)IW j(t)−hi j(t)IWi(t).

The equations for the exposed vectors are given by:

dEVi

dt
≥

σVi(t)(1−ui)βLViILi(N0
Vi− ε)

(N0
Li + ε)+(N0

Ai + ε)
+

σVi(t)βWViIWi(N0
V 1− ε)

(N0
Vi + ε)+(N0

Wi + ε)

−(αVi(t)+µVi(t)+δVi)EVi(t)+n ji(t)EV j(t)−ni j(t)EVi(t),

=

(
σVi(t)(1−ui)βV LiN0

Li

N0
Li +N0

Wi

)(1− ε

N0
Li+N0

Wi

(
1+ N0

Wi
N0

Li

)
1+ 2ε

N0
Li+N0

Wi

)
IVi

+

(
σVi(t)βVWiN0

Wi

N0
Wi +N0

Wi

)(1− ε

N0
Li+N0

Wi

(
1+ N0

Wi
N0

Wi

)
1+ 2ε

N0
Wi+N0

Wi

)
IVi

−(αVi(t)+µVi(t)+δVi(t))EVi(t)+n ji(t)EV j(t)−ni j(t)EVi(t).

Finally, the equations for infected vectors are given by:

İVi(t) = αVi(t)EVi(t)− (µVi(t)+δVi(t))IVi(t)+ r ji(t)IV j(t)− ri j(t)IVi(t).

For i = 1,2, let

Mi
ε =



0 0 0 0 0
( ε

N0
Li+N0

Wi

(
1+

N0
Wi

N0
Li

)
1+ 2ε

N0
Li+N0

Wi

)
0 0 0 0 0 0

0 0 0 0 0
( ε

N0
Li+N0

Wi

(
1+

N0
Wi

N0
Wi

)
1+ 2ε

N0
Wi+N0

Wi

)
0 0 0 0 0 0

0
( ε

N0
Li+N0

Wi

(
1+

N0
Wi

N0
Li

)
1+ 2ε

N0
Li+N0

Wi

)
0
( ε

N0
Li+N0

Wi

(
1+

N0
Wi

N0
Wi

)
1+ 2ε

N0
Wi+N0

Wi

)
0 0

0 0 0 0 0 0



,
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such that:

[ĖLi, İLi, ĖWi, İWi, ĖVi, İVi]
T ≥ [F−V −Mi

ε ][ELi, IWi, EWi, IWi, EVi, IVi]
T.

Again based on [22, Theorem 2.2], we know that if ρ(ΦF−V (ω)) > 1, then we can

choose ε small enough such that ρ(ΦF−V−Mε
(ω)) > 1. Again by [22, Theorem 2.2] and

the standard comparison principle, there exists a positive ω− periodic function ν(t) such

that z(t) ≥ z̃1(t)ep1t , where z̃1(t) = (ẼL ji(t), ĨL ji(t))T, for j = W,L,V , i = 1,2 and p1 =

1
ξ

lnρ
(
φ(F−V−Mε )(ξ )

)
> 0 which implies that:

lim
t→∞

Ei(t) = ∞, and lim
t→∞

I j(t) = ∞, j = L,W,V.

which is a contradiction in N∂ since N∂ converges to N0 and N0 is acyclic in N∂ . By [49, Theo-

rem 1.3.1], for a stronger repelling property of ∂Z0, we conclude that P is uniformly persistent

with respect to (Z0,∂Z0), which implies the uniform persistence of the solutions of system (12)

with respect to (Z0,∂Z0) [49, Theorem 3.1.1]. �

3. NUMERICAL RESULTS

The following assumed initial population levels for each patch will be considered: SLi = 10000,

ELi = 40, ILi = 20, RLi = 0, SWi = 10000, EWi = 40, IWi = 20, RWi = 0, SVi = 20000, EVi = 20,

IVi = 10. Furthermore, the rest of the parameter values used were taken from Table 1, a majority

of which values were adopted from the works of Moore et al. [5] and Ndondo et al. [14], while

a few were assumed within realistic ranges due to their unavailability. The total number of new

infections generated per patch over a time period t ∈ [0, t f ] for human and cattle populations

were determined by the following formulas respectively:
CLi =

∫ t f

0

(
σVi(t)(1−ui)βV LiIVi(t)

NLi(t)+NWi(t)

)
dt,

CWi =
∫ t f

0

(
σVi(t)βVWiIVi(t)
NLi(t)+NWi(t)

)
dt,

and:
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TABLE 1. Description of model parameters of system (12), indicating baseline,

ranges and references.

Symbol Description Value Unit Source

NL1,NL2 Total livestock animal population size 1000 Livestock [5]

NW1,NW2 Total wild animals size 2000 Animals [5]

NV 1,NV 2 Total tsetse population size 6000 Tsetse flies [5]

τ Phase-shifting parameter 50 Days Assumed

bWi,bWi Birth rate for the hosts 1
15×365 , 1

50×365 Day−1 [14]

b0
Vi Average birth rate of the vectors 1

33 Day−1 [14]

µ0
Vi Average mortality rate of the vectors 1

33 Day−1 [14]

µWi,µLi Natural mortality rate for the hosts 1
15×365 , 1

50×365 Day−1 [14]

κ0
Vi Average incubation rate for the vectors 1

25 (
1

25 −
1
30 ) Day−1 [14]

κWi,κLi Incubation rate for the hosts 1
12 (

1
10 −

1
14 ) Day−1 [14]

σ0
Vi Average vector biting rate 1

4 (
1
10 −

1
3 ) Day−1 [14]

αWi,αLi Recovery rate of the infectious host 1
25 ,

1
30 Day−1 [14]

η Relative tsetse preference for animal hosts 25 [5]

γWi,γLi Immunity waning rate for the recovered host 1
75 ,

1
90 Day−1 [14]

βVWi,βV Li Probability of infection from an infectious

vector to a susceptible host given that a

contact between the two occurs 0.62 [14]

βWVi,βLVi Probability that a vector becomes infected

after biting an infectious animal or human 0.01 [14]

pi j Migration rate of un-infected livestock

from patch j to i varied Day−1

mi j Migration rate of infected livestock

from patch j to i varied Day−1

q0
i j Migration rate of un-infected wild animals

from patch j to i varied Day−1

h0
i j Migration rate of infected wild animals

from patch j to i varied Day−1

n0
i j Average migration rate of vectors

from patch j to i varied Day−1
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(a) (b)

(a) (b)

(c) (d)

(e) (g)

FIGURE 2. Numerical simulations showing the effect of seasonality on the dynamics

of AAT disease.

3.0.1. Scenario 1-asymmetrical movement of the livestock, wild animals and tsetse flies.
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In Fig. 2, we simulated the model system (12) to show the effects of seasonality with asym-

metrical migration for both hosts and vectors. We assumed that the migration rate of live-

stock, wild animals, and vectors in patch 2 is higher than in patch 1. We used the value of

parameters in Table 1 to simulate the model and migration rates in patch 1 and 2 was set to

be m12 = 0.1, m21 = 0.2, n12 = 0.1, n21 = 0.13, p12 = 0.1, p21 = 0.3, q12 = 0.1, q21 = 0.3,

h12 = 0.1, h21 = 0.13. From the numerical simulations, we observed that the number of new

infections for the livestock in patch 1 and 2 are 3.7993×103 and 958.5724 respectively. Addi-

tionally, we observed that the solution profile of all infected species is associated with periodic

oscillations caused by change of seasonality.

(a) (b)

(c) (d)

(e) (g)

FIGURE 3. Numerical simulations showing the effect of host and vector migrations
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In Fig. 3, we performed the numerical simulations for the model system (12) to demonstrate

the effects of migration of livestock, wild animals and vectors on the spread of African try-

panosomiasis disease transmission. We have assumed that the rate of movement of livestock,

wild animals, and vectors in patch 2 is higher than in patch 1. We used the value of parameters

in Table 1 to simulate the model and set m12 = 0.1,m21 = 0.2, n12 = 0.1, n21 = 0.13, p12 = 0.1,

p21 = 0.3, q12 = 0.1, q21 = 0.3, h12 = 0.1, h21 = 0.13. Overall, we noted that new infections for

the livestock population in patches 1 and 2 are 3.7758×103 and 952.6599 respectively. On the

other hand, the total number of new infections for wild animal in both patches is 3.7513×103.

The results has an implication that migration rate of livestock, wild animals and vectors from

one patch to another influence the spread of disease in the populations.

(a) (b)

(c) (d)

(e) (g)
FIGURE 4. Numerical simulation showing the effects of treating livestock with u1 =

u2 = 0.2
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In Fig. 4, we simulated the model system (12) to show the effect of insecticides on spread of

animal trypanosomiasis. We assumed the same rate of treating the livestock in both patches,

that is u1 = u2 = 0.2 and compared the results with those in Fig. 3. Overall, one can note that

the number of new infections generated in patches 1 and 2 is 1.0432×103 and 264 respectively,

which is low compared to the number of infections in Fig. 3. Additionally, the number of new

infections generated for wild animals in both patches is 1.2926×103, which is less compared to

the number of infections in Fig. 3. This demonstrate that treating the livestock with insecticides

in both patches have the potential to reduce the spread of disease in the populations.

(a) (b)

(c) (d)

(e) (g)
FIGURE 5. Numerical simulation showing the effect of treating the livestock with in-

secticide spray, with u1 = 0.2 in patch 1 and u2 = 0 in patch 2

3.0.2. Scenario 2-symmetrical movement of the livestock, wild animals and tsetse flies.
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In Fig. 5, we simulated the model system (12) to show the impact of treating livestock with

insecticides spray. We assumed the same rates of animal migration in both patches. We assigned

the control in patch 1 to be u1 = 0.2 and that of patch 2 to be u1 = 0. we observed that, the

number of new infections generated in patch 1 was low compared to patch 2. In particular,

we observed that the number of new infections in patch 1 was 723 and that of patch 2 was

3.5946×103. On the other hand, the number of new infection for wild animals in both patches

was 895. From the results one can note that treating the livestock with insecticide spray reduce

the spread of disease in the populations.

(a) (b)

(c) (d)

(e) (g)
FIGURE 6. Numerical simulations showing the effects of host and vector migrations

with u1 = u2 = 0.

In Fig. 6, shows the effect of symmetric movement for both hosts and vectors in the dynamics of

animal African trypanosomiasis disease. We assumed the same rate of host and vector migration

in both patches. We set the control in patch 1 and 2 to be u1 = u2 = 0. Overall, we noted that the
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number of new infections generated for livestock and wild animals in both patches are the same,

that is 1.4014×103. From these results, one can note that there is no significant difference on

spread of animal African Trypanosomiasis disease when the rate of migrations are the same in

both patches.

3.1. Concluding remarks. In this work, a two-patch model that inter-plays between two hosts

(Livestock and wild animals) and tsetse flies migration in seasonal variation has been proposed

and systematically analyzed to assess the effect of host and vector movements in the dynam-

ics of Animal trypanosomiasis transmission. The effect of treating livestock through spraying

insecticides is incorporated in the model and its impact in reducing the spread of disease in

the population has been investigated. In model analysis, the basic reproduction number R0 that

govern the spread of disease is computed in the periodic environment. Overall, we observed

that it is possible to eradicate the animal African trypanosomiasis disease whenever the basic

reproduction number R0 is less than unity. We performed the numerical simulation of the model

considering two scenarios: that is symmetrical and asymmetrical movement of both hosts and

vectors. We observed that the solution profile of the model system for infected species is as-

sociated with the periodic oscillations which is caused by seasonal variation and migration of

host and vectors. We have also noted that whenever the migration of hosts and vectors is asym-

metrical, the number of infected species in both patches are not the same. In addition, we noted

that treating the livestock with insecticides minimize the spread of disease in the population.
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