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1. Introduction

Hájek [8] introduced a complete residuated lattice which is an algebraic structure for

many valued logic. When we consider the conjunction to be non-commutative, generalized

residuated lattice was introduced by Georgescu and Popescue [6,7]. Non-commutativity

induces two implications. By using these concepts, information systems and decision rules

are investigated [2,9,12]. Deschrijver, et.al. [3-5,10,11] introduced triangle algebras and

interval-valued residuated lattices.

In this paper, we introduce the notions of generalized triangle algebras in a generalized

residuated lattices. Moreover, we investigate their properties.
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Definition 1.1.[6,7] A structure (L,∨,∧,�,→,⇒,⊥,>) is called a generalized residuated

lattice if it satisfies the following conditions:

(GR1) (L,∨,∧,>,⊥) is a bounded where > is the universal upper bound and ⊥ denotes

the universal lower bound;

(GR2) (L,�,>) is a monoid;

(GR3) it satisfies a residuation , i.e.

a� b ≤ c iff a ≤ b→ c iff b ≤ a⇒ c.

We call that a generalized residuated lattice has the law of double negation if a =

(a∗)0 = (a0)∗ where a0 = a→ ⊥ and a∗ = a⇒ ⊥.

Remark 1.2.[6,7,12] (1) A generalized residuated lattice is a residuated lattice (→=⇒)

iff � is commutative.

(2) A left-continuous t-norm ([0, 1],≤,�) defined by a → b =
∨
{c | a � c ≤ b} is a

residuated lattice

(3) A pseudo MV-algebra is a generalized residuated lattice with the law of double

negation.

Lemma 1.3.[4,5] Let (L,∧,∨,�,→,⇒,⊥,>) be a generalized residuated lattice with the

law of double negation.

For each x, y, z, xi, yi ∈ L, we have the following properties.

(1) If y ≤ z, (x� y) ≤ (x� z), x→ y ≤ x→ z and z → x ≤ y → x for →∈ {→,⇒}.

(2) x� y ≤ x ∧ y.

(3) x→ (
∧

i∈Γ yi) =
∧

i∈Γ(x→ yi) and (
∨

i∈Γ xi)→ y =
∧

i∈Γ(xi → y) for →∈ {→,⇒}.

(4) (x� y)→ z = x→ (y → z) and (x� y)⇒ z = y ⇒ (x⇒ z).

(5) (x� y)0 = x→ y0 and (x� y)∗ = y ⇒ x∗.

(6) x→ (y ⇒ z) = y ⇒ (x→ z) and x⇒ (y → z) = y → (x⇒ z).

(7) x� (x→ y) ≤ y and (x⇒ y)� x ≤ y.

(8) (x⇒ y)� (y ⇒ z) ≤ x⇒ z and (y → z)� (x→ y) ≤ x→ z.

(9) x→ y = > iff x ≤ y iff x⇒ y = >.

(10) x→ y = y0 ⇒ x0 and x⇒ y = y∗ → x∗.
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(11)
∧

i∈Γ x
∗
i = (

∨
i∈Γ xi)

∗ and
∨

i∈Γ x
∗
i = (

∧
i∈Γ xi)

∗.

(12)
∧

i∈Γ x
0
i = (

∨
i∈Γ xi)

0 and
∨

i∈Γ x
0
i = (

∧
i∈Γ xi)

0.

Definition 1.4.A structure (A,∧,∨,�,⇒,→, νi, µi,⊥, ei,>) for i ∈ {1, 2} is called a

generalized triangle algebra if it satisfies the following conditions:

(R) (A,∧,∨,�,⇒,→,⊥,>) is a generalized residuated lattice.

(T1) νi(x) ≤ x and νi(x) ≤ νi(νi(x)).

(T2) νi(x ∧ y) = νi(x) ∧ νi(y) and νi(x ∨ y) = νi(x) ∨ νi(y).

(T3) νi(ei) = ⊥.

(T4) νi ◦ µi = µi.

(S1) x ≤ µi(x) and µi(x) ≥ µi(µi(x)).

(S2) µi(x ∧ y) = µi(x) ∧ µi(y) and µi(x ∨ y) = µi(x) ∨ µi(y).

(S3) µi(ei) = >.

(S4) µi ◦ νi = νi.

(T5) ν1(x⇒ y) ≤ ν1(x)⇒ ν1(x) and ν2(x→ y) ≤ ν2(x)→ ν1(x).

(T6) (ν1(x) ⇔ ν1(y)) � (µ1(x) ⇔ µ1(y)) ≤ (x ⇔ y) and (µ2(x) ↔ µ2(y)) � (ν2(x) ↔

ν2(y)) ≤ (x↔ y).

(T7) ν1(x)⇒ ν1(y) ≤ ν1(ν1(x)⇒ ν1(y)) and ν2(x)→ ν2(y) ≤ ν2(ν2(x)→ ν2(y)).

Remark 1.5.(1) If � is commutative (or ⇒=→), ν1 = ν2, µ1 = µ2 and e1 = e2 in

Definition 1.4, then (A,∧,∨,�,⇒, ν1, µ1,⊥, e1,>) is a triangle algebra in [10].

(2) In Definition 1.4, νi(>) = > and µi(⊥) = ⊥ because νi(>) = νi(µi(ei)) = µi(ei) = >

and µi(⊥) = µi(νi(ei)) = νi(ei) = ⊥.

2. The properties of generalized triangle algebras

Theorem 2.1. Let (A,∧,∨,�,⇒,→,⊥,>) be a generalized residuated lattice and νi

be unary operator on A satisfying νi(>) = > for i ∈ {1, 2}. Then νi satisfies (T5) iff

νi(x ∧ y) ≤ νi(x) and νi(x)� νi(y) ≤ νi(x� y) for i ∈ {1, 2} and x, y ∈ A.
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Proof. (⇒) Since > = x ∧ y → x = x ∧ y ⇒ x, then

> = ν1(1) = ν1((x ∧ y)⇒ x) ≤ ν1(x ∧ y)⇒ ν1(x) iff ν1(x ∧ y) ≤ ν1(x)

> = ν2(1) = ν2((x ∧ y)→ x) ≤ ν2(x ∧ y)→ ν2(x) iff ν2(x ∧ y) ≤ ν2(x).

Moreover, y ≤ x, then νi(y) ≤ νi(x) for i ∈ {1, 2}. Since y ≤ x⇒ x�y and x ≤ y → x�y,

then

ν1(y) ≤ ν1(x⇒ x� y) ≤ ν1(x)⇒ ν1(x� y) iff ν1(x)� ν1(y) ≤ ν1(x� y)

ν2(x) ≤ ν2(y → x� y) ≤ ν2(x)→ ν2(x� y) iff ν2(x)� ν2(y) ≤ ν2(x� y).

(⇐) Since νi(x ∧ y) ≤ νi(x) for each i ∈ {1, 2}, then νi is an increasing function. Since

x� (x⇒ y) ≤ y and (x→ y)� x ≤ y, then

ν1(x)� ν1(x⇒ y) ≤ ν1(x� (x⇒ y)) ≤ ν1(y)

iff ν1(x⇒ y) ≤ ν1(x)⇒ ν1(y),

ν2(x→ y)� ν2(x) ≤ ν2((x→ y)� x) ≤ ν2(y)

iff ν2(x→ y) ≤ ν2(x)→ ν2(y).

Remark 2.2.Let (A,∧,∨,�,⇒,→, νi, µi,⊥, ei,>) for i ∈ {1, 2} be a generalized resid-

uated lattice. Since νi satisfies (T3) and (T4), by Remark 1.5 (2), νi satisfies (T5) iff

νi(x)� νi(y) ≤ νi(x� y) for i ∈ {1, 2} and x, y ∈ A.

Theorem 2.3. Let (A,∧,∨,�,⇒,→, νi, µi,⊥, e,>) for i ∈ {1, 2} be a generalized resid-

uated lattice with e ∈ A such that e = e0. For each i ∈ {1, 2}, Define

Ei(A) = {x ∈ A | νi(x) = x}, νi(A) = {νi(x) | x ∈ A},

νi(Ei(A)) = {νi(x) | νi(x) = νi(νi(x))}, Fi(A) = {x ∈ A | µi(x) = x},

µi(A) = {µi(x) | x ∈ A}, µi(Fi(A)) = {µi(x) | µi(x) = µi(µi(x))}.

Then

(1) Ei(A) = νi(A) = νi(Ei(A)) = Fi(A) = µi(A) = µi(Fi(A)).

(2) E1(A) is closed under ∧,∨,� and ⇒.

(3) E2(A) is closed under ∧,∨,� and →.

(4) Ei(A) is a complete bounded lattice with top elements > and bottom element ⊥.
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(5) νi(x) =
∨
{y ∈ Ei(A) | y ≤ x} and µi(x) =

∧
{y ∈ Ei(A) | x ≤ y}, for each

i ∈ {1, 2}.

(6) νi(x)� νi(y) ≤ νi(x� y) and µi(x)� µi(y) ≥ µi(x� y) for all x, y ∈ A.

(7) x ≤ y iff ν1(x) ≤ ν1(y) and µ1(x) ≤ µ1(y) iff ν2(x) ≤ ν2(y) and µ2(x) ≤ µ2(y).

Proof. (1) Let x ∈ Ei(A). Then νi(x) = x ∈ νi(A). So, Ei(A) ⊂ νi(A). Let

νi(x) ∈ νi(A). Since νi(x) = νi(νi(x)), νi(x) ∈ νi(Ei(A)). Thus, νi(A) ⊂ νi(Ei(A)).

Trivially, νi(Ei(A)) ⊂ Ei(A).

Let x ∈ Ei(A). Since νi(x) = x, by (T4),

µi(x) = µi(νi(x)) = νi(x) = x ∈ Ei(A).

Let y ∈ Fi(A). Since µi(y) = y, by (S4), νi(y) = νi(µi(y)) = µi(y) = y. y ∈ Ei(A). Hence

Ei(A) = Fi(A). Similarly, Fi(A) = µi(A) = µi(Fi(A)).

(2) and (3). For x, y ∈ Ei(A), νi(x ∧ y) = νi(x) ∧ νi(y) = x ∧ y and νi(x ∨ y) =

νi(x)∨νi(y) = x∨y. Then x∧y, x∨y ∈ Ei(A). Since x⇒ y = ν1(x)⇒ ν1(y) ≤ ν1(ν1(x)⇒

ν1(y)) ≤ ν1(x)⇒ ν1(y) = x⇒ y, then x⇒ y ∈ E1(A). Similarly, x→ y ∈ E2(A). Since

x� y = νi(x)� νi(y) ≤ νi(x� y) ≤ x� y from Theorem 2.1, then x� y ∈ Ei(A).

(4) For xj ∈ Ei(A), since
∨

j∈Γ νi(xj) ≤ νi(
∨

j∈Γ xj) ≤
∨

j∈Γ xj =
∨

j∈Γ νi(xj), then

νi(
∨

j∈Γ xj) =
∨

j∈Γ xj ∈ Ei(A). Since
∧

j∈Γ νi ≤ µi(
∧

j∈Γ xj) ≤
∧

j∈Γ µi(xj) =
∧

j∈Γ xj,

then µi(
∧

j∈Γ xj) =
∧

j∈Γ xj ∈ Ei(A).

(5) Since νi(x) ≤ x ≤ µi(x) and νi(x), µi(x) ∈ Ei(A), then νi(x) ≤
∨
{y ∈ Ei(A) |

y ≤ x} and µi(x) ≥
∧
{y ∈ Ei(A) | x ≤ y}. For y ∈ Ei(A) and y ≤ x, we have

y = νi(y) ≤ νi(x) ≤ x. Hence νi(x) ≥
∨
{y ∈ Ei(A) | y ≤ x}. For y ∈ Ei(A) and

x ≤ y, we have y = µi(y) ≥ µi(x) ≥ x. Hence µi(x) ≤
∧
{y ∈ Ei(A) | x ≤ y}. So,

νi(x) =
∨
{y ∈ Ei(A) | y ≤ x} and µi(x) =

∧
{y ∈ Ei(A) | x ≤ y}, for each i ∈ {1, 2}.

(6) Since νi(x)�νi(y) ≤ x�y and νi(x)�νi(y) ∈ Ei(A) from (4), νi(x)�νi(y) ≤ νi(x�y).

Since µi(x)�µi(y) ≥ x� y and µi(x)�µi(y) ∈ Ei(A) from (4), µi(x)�µi(y) ≥ µi(x� y)

for all x, y ∈ A.

(7) If x ≤ y, then νi(x) ≤ νi(y) and µi(x) ≤ µi(y) for i ∈ {1, 2}.
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Let νi(x) ≤ νi(y) and µi(x) ≤ µi(y) for i ∈ {1, 2}. Then νi(x ∧ y) = νi(x) and

µi(x∧y) = µi(x) By(T6), >�> = (ν1(x∧y)⇔ ν1(x))�(µ1(x∧y)⇔ µ1(x)) ≤ (x∧y ⇔ x)

implies x ∧ y = x. Thus x ≤ y Moreover, > � > = (µ2(x ∧ y) ↔ µ2(x)) � (ν2(x ∧ y) ↔

ν2(x)) ≤ (x ∧ y ↔ x) implies x ∧ y = x. Thus x ≤ y.

Theorem 2.4. Let (A,∧,∨,�,⇒,→, νi, µi,⊥, ei,>) be a generalized triangle algebra for

i ∈ {1, 2}. Then

(1) νi(x) ∨ ei = x ∨ e and µi(x) ∧ ei = x ∧ ei.

(2) x = (νi(x) ∨ ei) ∧ µi(x) = (µi(x) ∧ ei) ∨ νi(x).

(3) νi(x� ei) = νi(ei � x) = ⊥.

(4) νi(x� y) = νi((x ∨ ei)� (y ∨ ei)).

(5) νi(x� y) = νi(x)� νi(y).

Proof. (1) Since νi(νi(x) ∨ ei) = νi(νi(x)) ∨ νi(ei) = νi(x) ∨ νi(ei) = νi(x ∨ ei) and

µi(νi(x) ∨ ei) = µi(νi(x)) ∨ µi(ei) = > = µi(x) ∨ µi(ei) = µi(x ∨ ei), we have

> = >�> = (ν1(ν1(x) ∨ e1)↔ ν1(x ∨ e1))� (µ1(ν1(x) ∨ e1)↔ µ1(x ∨ e1))

≤ (ν1(x) ∨ e1 ↔ (x ∨ e1))

> = >�> = (ν2(ν2(x) ∨ e2)⇔ ν2(x ∨ e2))� (µ2(ν2(x) ∨ e2)⇔ µ2(x ∨ e2))

≤ (ν2(x) ∨ e2 ⇔ (x ∨ e2))

Hence νi(x) ∨ ei = x ∨ ei.

Since νi(µi(x)∧ ei) = νi(µi(x))∧ νi(ei) = ⊥ = νi(x)∧ νi(ei) = νi(x∧ ei) and µi(µi(x)∧

ei) = µi(µi(x))∧ µi(ei) = µi(x)∧ µi(ei) = µi(x∧ ei), by a similar way in the above proof,

µi(x) ∧ ei = x ∧ ei.

(2) νi((νi(x) ∨ ei) ∧ µi(x)) = νi((x ∨ ei) ∧ µi(x)) = (νi(x) ∨ νi(ei)) ∧ νi(µi(x)) = νi(x) ∧

µi(x) = νi(x)

µi((νi(x)∨ei)∧µi(x)) = µi((x∨ei)∧µi(x)) = (µi(x)∨µi(ei))∧µi(µi(x)) = >∧µi(x) =

µi(x)

(3) Since x � ei ≤ ei, then νi(x � ei) ≤ νi(ei) = ⊥ and νi(ei � x) ≤ νi(ei) = ⊥. Thus,

νi(x� ei) = νi(ei � x) = ⊥.



1230 YONG CHAN KIM

(4) Since νi(x� ei) = νi(ei � x) = ⊥, we have

νi(x� y) = νi(x� y) ∨ νi(x� ei) = νi((x� y) ∨ (x� ei))

= νi(x� (y ∨ ei)),

νi(x� (y ∨ ei)) = νi(x� (y ∨ ei)) ∨ νi(ei � (y ∨ ei))

= νi((x� (y ∨ ei)) ∨ (ei � (y ∨ e))) = νi((x ∨ ei)� (y ∨ ei)).

(5) Since νi(x) ∨ ei = x ∨ ei and νi(y) ∨ ei = y ∨ ei,

νi(x� y) = νi((x ∨ ei)� (y ∨ ei)) = νi((νi(x) ∨ ei)� (νi(x) ∨ ei))

= νi(νi(x)� νi(y)) ≤ νi(x)� νi(y).

By Remark 2.2, since νi(x)� νi(y) ≤ νi(x� y), we have νi(x)� νi(y) = νi(x� y).

Theorem 2.5. Let (A,∧,∨,�,⇒,→, νi, µi,⊥, e,>) be a generalized triangle algebra for

i ∈ {1, 2}. Then the following statements are equivalent:

(1) µi(x� y) = µi(x)� µi(y) for all x, y ∈ A.

(2) µi(x� y) = µi(x� z) if µi(y) = µi(z).

Proof. (1)⇒(2). If µi(y) = µi(z), then

µi(x� y) = µi(x)� µi(y) = µi(x)� µi(z) = µi(x� z).

(2)⇒(1). Since µi(µi(y)) = µi(y), we have µi(x� y) = µi(x� µi(y)). Since µi(µi(x)) =

µi(x), µi(x� µi(y)) = µi(µi(x)� µi(y)). Thus

µi(x)� µi(y) ≤ µi(µi(x)� µi(y)) = µi(x� y).

Since µi(x� y) ≤ µi(x)� µi(y), then µi(x� y) = µi(x)� µi(y).

Theorem 2.6. Let (A,∧,∨,�,⇒,→, νi, µi,⊥, ei,>) be a generalized triangle algebra for

i ∈ {1, 2}. Then

(1) µi(x)→ νi(y) ≤ x→ y ≤ νi(x)→ µi(y) for →∈ {⇒,→} and i ∈ {1, 2}.

(2) µ1(x) ⇒ ν1(y) ≤ µ1(x ⇒ y) ≤ ν1(x) ⇒ µ1(y) and µ2(x) → ν2(y) ≤ µ2(x → y) ≤

ν2(x)→ µ2(y).

(3) µ1(ν1(x)� y) = ν1(x)� µ1(y) and µ2(x� ν2(y)) = µ2(x)� ν2(y).

(4) For each z ∈ E1(A), z � e1 ≤ y iff z ≤ µ1(y).
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(5) For each z ∈ E2(A), e2 � z ≤ y iff z ≤ µ2(y).

(6) ν1(ν1(x)⇒ y) = ν1(x)⇒ ν1(y) and ν2(ν2(x)→ y) = ν2(x)→ ν2(y).

(7) µ1(ν1(x)⇒ y) = ν1(x)⇒ µ1(y) and µ2(ν2(x)→ y) = ν2(x)→ ν2(y).

(8) (x ∧ e1)⇒ (y ∧ e1) = (x ∧ e1)⇒ y = (x ∧ e1)⇒ µ1(y).

(9) (x ∧ e2)→ (y ∧ e2) = (x ∧ e2)→ y = (x ∧ e2)→ µ2(y).

(10) ν1((x ∧ e1)⇒ y) = µ1(x)⇒ µ1(y) and ν2((x ∧ e2)→ y) = µ2(x)→ µ2(y).

(11) µ1((x ∧ e1)⇒ y) = µ1(x)⇒ µ1(e1 → y) and µ2((x ∧ e2)→ y) = µ2(x)→ µ2(e2 ⇒

y).

(12) µ1(e1 ⇒ y) = µ1(e1 � e1)⇒ µ1(y) and µ2(e2 → y) = µ2(e2 � e2)→ µ2(y)

(13) ν1(x ⇒ y) = (ν1(x) ⇒ ν1(y)) ∧ (µ1(x) ⇒ µ1(y)) and ν2(x → y) = (ν2(x) →

ν2(y)) ∧ (µ2(x)→ µ2(y)).

(14) µ1(x ⇒ y) = (µ1(x) ⇒ (µ1(e1) ⇒ µ1(y))) ∧ (ν1(x) ⇒ µ1(y)) and µ2(x → y) =

(µ2(x)→ (µ2(e2)→ µ2(y))) ∧ (ν2(x)→ µ2(y)).

(15) µ1(x)⇒ ν1(y) ≤ ν1(x⇒ y) and µ2(x)→ ν2(y) ≤ ν2(x→ y).

(16) (ν1(x) ⇒ ν1(y)) � (µ1(x) ⇒ µ1(y)) ≤ x ⇒ y and (ν2(x) → ν2(y)) � (µ2(x) →

µ2(y)) ≤ x→ y.

Proof. (1) Since νi(x) ≤ x and y ≤ µi(x), we have µi(x)→ νi(y) ≤ x→ y ≤ νi(x)→

νi(y) for →∈ {⇒,→}.

(2) Since νi(x), µi(x), νi(y), µi(y) ∈ Ei(A), we have ν1(x)⇒ µ1(y), µ1(x)⇒ ν1(y) ∈ E1

and ν2(x) → µ2(y), µ2(x) → ν2(y) ∈ E2. Thus µ1(x) ⇒ ν1(y) = µ1(µ1(x) ⇒ ν1(y)) ≤

µ1(x ⇒ y) ≤ µ1(ν1(x) ⇒ µ1(y)) = ν1(x) ⇒ µ1(y). Moreover, µ2(x) → ν2(y) =

µ2(µ2(x)→ ν2(y)) ≤ µ2(x→ y) ≤ µ2(ν2(x)→ µ2(y)) = ν2(x)→ µ2(y).

(3) By Theorem 2.3 (6), µ1(ν1(x)� y) ≤ µ1(ν1(x))� µ1(y) = ν1(x)� µ1(y).

Since y ≤ ν1(x)⇒ ν1(x)� y, by (2), we have

µ1(y) ≤ ν1(ν1(x))⇒ ν1(x)� y) ≤ ν1(x)⇒ µ1(ν1(x)� y).

Thus, ν1(x)� µ1(y) ≤ µ1(ν1(x)� y). Hence ν1(x)� µ1(y) = µ1(ν1(x)� y).

By Theorem 2.3 (6), µ2(x� ν2(y)) ≤ µ2(x)� µ2(ν2(y)) = µ2(x)� ν2(y).
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Since x ≤ ν2(y) → x � ν2(y), by (2), we have µ2(x) ≤ µ2(ν2(x) → x � ν2(y)) ≤

ν2(ν2(x))→ µ2(x� ν2(y)). Thus µ2(x)� ν2(y) ≤ µ2(x� ν2(y)).

(4) For each z ∈ E1(A), if z � e1 ≤ y, by (3), then µ1(z � e1) = µ1(z) � µ1(e1) = z ≤

µ1(y). If z ≤ µ1(y), then µ1(z� e1) = z ≤ µ1(y) and ν1(z� e1) = ⊥ ≤ ν1(y). By Theorem

2.3(7), z � e1 ≤ y.

(5) It is similarly proved as (4).

(6) Since ν1(x)⇒ ν1(y) ≤ ν1(x)⇒ y, then

ν1(x)⇒ ν1(y) = ν1(ν1(x)⇒ ν1(y)) ≤ ν1(ν1(x)⇒ y).

On the other hand, since ν1(ν1(x) ⇒ y) ≤ ν1(x) ⇒ y, then ν1(x) � ν1(ν1(x) ⇒ y) ≤ y.

By Theorem 2.4 (5),

ν1(x)� ν1(ν1(x)⇒ y) = ν1(ν1(x)� (ν1(x)⇒ y)) ≤ ν1(y).

Thus, ν1(ν1(x)⇒ y) ≤ ν1(x)⇒ ν1(y). Hence ν1(ν1(x)⇒ y) = ν1(x)⇒ ν1(y).

Since ν2(x)→ ν2(y) ≤ ν2(x)→ y, then

ν2(x)→ ν2(y) = ν2(ν2(x)→ ν2(y)) ≤ ν2(ν2(x)→ y).

On the other hand, since ν2(ν2(x) → y) ≤ ν2(x) → y, then ν2(ν2(x) → y) � ν2(x) ≤ y

implies

ν2(ν2(x)→ y)� ν2(x) = ν2(ν2(ν2(x)→ y)� ν2(x)) ≤ ν2(y).

Thus, ν2(ν2(x)→ y) ≤ ν2(x)→ ν2(y). Hence ν2(ν2(x)→ y) = ν2(x)→ ν2(y).

(7) We only show that z ≤ µ1(ν1(x) ⇒ y) iff z ≤ ν1(x) ⇒ µ1(y) for z ∈ E1(A). By

(4), z ≤ ν1(x) ⇒ µ1(y) for z ∈ E1(A) iff ν1(x) � z ≤ µ1(y) iff ν1(x) � z � e1 ≤ y iff

z � e1 ≤ ν1(x)⇒ y iff z ≤ µ1(ν1(x)⇒ y).

We only show that z ≤ µ2(ν2(x) → y) iff z ≤ ν2(x) → µ2(y) for z ∈ E2(A). By

(5), z ≤ ν2(x) → µ2(y) for z ∈ E2(A) iff z � ν2(x) ≤ µ2(y) iff e2 � z � ν2(x) ≤ y iff

e2 � z ≤ ν2(x)→ y iff z ≤ µ2(ν2(x)→ y).

(8) It is similarly proved as the following (9).

(9) We have (x ∧ e2)→ y = (x ∧ e2)→ µ2(y). Since

ν2((x ∧ e2)→ µ2(y))� (x ∧ e2)) ≤ ν2(x ∧ e2) ≤ ν2(e2) = ⊥ ≤ ν2(y)
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µ2((x ∧ e2)→ µ2(y))� (x ∧ e2)) ≤ µ2(µ2(y)) = µ2(y),

by Theorem 2.3 (7), ((x ∧ e2) → µ2(y)) � (x ∧ e2) ≤ y. Thus, (x ∧ e2) → µ2(y) ≤

(x ∧ e2)→ y. Hence (x ∧ e2)→ µ2(y) = (x ∧ e2)→ y. Moreover, put y ∧ e2 instead of y,

(x∧e2)→ µ2(y∧e2) = (x∧e2)→ µ2(y)∧µ2(e2) = (x∧e2)→ µ2(y) = (x∧e2)→ (y∧e2).

(10) Since ν1((x ∧ e1) ⇒ y) = ν1((x ∧ e1) ⇒ µ1(y)), we only show that ν1((x ∧ e1) ⇒

µ1(y)) = µ1(x)⇒ µ1(y). Since x ∧ e1 ≤ x ≤ µ1(x), we have

µ1(x)⇒ µ1(y) = ν1(µ1(x)⇒ µ1(y)) ≤ ν1((x ∧ e1)⇒ µ1(y)).

Since (x ∧ e1) � ν1((x ∧ e1) ⇒ µ1(y)) ≤ (x ∧ e1) � ((x ∧ e1) ⇒ µ1(y)) ≤ µ1(y), then

µ1(x)�ν1((x∧e1)⇒ µ1(y)) ≤ µ1(x∧e1)�ν1((x∧e1)⇒ µ1(y)) = µ1((x∧e1)�ν1((x∧e1)⇒

µ1(y)) ≤ µ1(µ1(y)) = µ1(y). Thus, ν1((x ∧ e1) ⇒ µ1(y)) ≤ µ1(x) ⇒ µ1(y). Other case is

similarly proved.

(11) We will show that z ≤ µ1((x∧ e1)⇒ y) iff z ≤ µ1(x)⇒ µ1(e1 → y) for z ∈ E1(A).

z ≤ µ1((x ∧ e1)⇒ y) iff z � e1 ≤ (x ∧ e1)⇒ y

iff (x ∧ e1)� z � e1 ≤ y iff (x ∧ e1)� z ≤ e1 → y

iff µ1((x ∧ e1)� z) ≤ µ1(e1 → y), ⊥ = ν1((x ∧ e1)� z) ≤ ν1(e1 → y)

iff µ1(x)� z ≤ µ1(e1 → y) iff z ≤ µ1(x)⇒ µ1(e1 → y).

We will show that z ≤ µ2((x ∧ e2)→ y) iff z ≤ µ2(x)→ µ2(e2 ⇒ y) for z ∈ E2(A).

z ≤ µ2((x ∧ e2)→ y) iff e2 � z ≤ (x ∧ e2)→ y

iff e2 � z � (x ∧ e2) ≤ y iff z � (x ∧ e2) ≤ e2 ⇒ y

iff µ2(z � (x ∧ e2)) ≤ µ2(e2 ⇒ y), ⊥ = ν2(z � (x ∧ e2)) ≤ ν2(e2 ⇒ y)

iff z � µ2(x) ≤ µ2(e2 ⇒ y) iff z ≤ µ2(x)→ µ2(e2 ⇒ y).

(12) We will show that z ≤ µ1(e1 ⇒ y) iff z ≤ µ1(e1 � e1)⇒ µ1(y) for z ∈ E1(A).

z ≤ µ1(e1 � e1)⇒ µ1(y) iff µ1(e1 � e1)� z ≤ µ1(y)

iff µ1(e1 � e1 � z) ≤ µ1(y), ⊥ = ν1(e1 � e1 � z) ≤ ν1(y)

iff e1 � e1 � z ≤ y iff e1 � z ≤ e1 ⇒ y

iff z ≤ µ1(e1 ⇒ y)

Other case is similarly proved.
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(13) Since x = (µ1(x) ∧ e1) ∨ ν1(x) = (x ∧ e1) ∨ ν1(x) from Theorem 2.4 (1,2), we have

x⇒ y = (x ∧ e1) ∨ ν1(x)⇒ y = ((x ∧ e1)⇒ y) ∧ (ν1(x)⇒ y).

By (6) and (10), we have

ν1(x⇒ y) = ν1(((x ∧ e1)⇒ y) ∧ (ν1(x)⇒ y))

= ν1(((x ∧ e1)⇒ y)) ∧ ν1(ν1(x)⇒ y)

= (µ1(x)⇒ µ1(y)) ∧ (ν1(x)⇒ ν1(y))

Other case is similarly proved.

(14) Since x⇒ y = ((x ∧ e1)⇒ y) ∧ (ν1(x)⇒ y), by (7) and (11),

µ1(x⇒ y) = µ1(((x ∧ e1)⇒ y) ∧ (ν1(x)⇒ y))

= µ1(((x ∧ e1)⇒ y)) ∧ µ1(ν1(x)⇒ y)

= (µ1(x)⇒ µ1(e1 → y)) ∧ (ν1(x)⇒ ν1(y))

Other case is similarly proved.

(15) Since ν1(x) ≤ µ1(x), we have

µ1(x)⇒ ν1(y) ≤ ν1(x)⇒ ν1(y), µ1(x)⇒ ν1(y) ≤ µ1(x)⇒ µ1(y).

µ1(x)⇒ ν1(y) ≤ (ν1(x)⇒ ν1(y)) ∧ (µ1(x)⇒ µ1(y))

= ν1(x⇒ y).

(16) By Lemma 1.3(2), we have

(ν1(x)⇒ ν1(y))� (µ1(x)⇒ µ1(y))

≤ (ν1(x)⇒ ν1(y)) ∧ (µ1(x)⇒ µ1(y)) = ν1(x⇒ y) ≤ x⇒ y.

Other case is similarly proved.

Theorem 2.7. Let (A,∧,∨,�,⇒,→, νi, µi,⊥, ei,>) be a generalized triangle algebra for

i ∈ {1, 2}. Then e0
1 ≤ e1 and e∗2 ≤ e2. If x∗0 = x0∗ = x for all x ∈ A, then e0

1 = e1, e
∗
2 = e2

and ei � ei = ⊥ for i ∈ {1, 2}.

Proof. Since ν1(e0
1) ≤ e0

1 and ν2(e∗2) ≤ e∗2, then

e1 ≤ e0∗
1 ≤ (ν1(e0

1))∗, e2 ≤ e∗02 ≤ (ν2(e∗2))0.
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Since ν1(e0
1) ∈ E1(A) and ν2(e∗2) ∈ E2(A), by Theorem 2.3 (2,3),

(ν1(e0
1))∗ ∈ E1(A), (ν2(e∗2))0 ∈ E2(A).

So,

> = µ1(e1) ≤ µ1((ν1(e0
1))∗) = (ν1(e0

1))∗.

> = µ2(e2) ≤ µ2((ν2(e∗2))0) = (ν2(e∗2))0.

Then ν1(e0
1) = ⊥ = ν2(e∗2). Since e1 ∨ e0

1 = e1 ∨ ν1(e0
1) = e1 and e2 ∨ e∗2 = e2 ∨ ν2(e∗2) = e2

from Theorem 2.4(1), e0
1 ≤ e1 and e∗2 ≤ e2.

Let x∗0 = x0∗ = x for all x ∈ A be given. Since µ1(e0
1) ≥ e0

1 and µ2(e∗2) ≥ e∗2, then

e1 = e0∗
1 ≥ (µ1(e0

1))∗, e2 = e∗02 ≥ (µ2(e∗2))0.

Since µ1(e0
1) ∈ E1(A) and µ2(e∗2) ∈ E2(A), by Theorem 2.3 (2,3),

(µ1(e0
1))∗ ∈ E1(A), (µ2(e∗2))0 ∈ E2(A).

So,

⊥ = ν1(e1) ≥ ν1((µ1(e0
1))∗) = (µ1(e0

1))∗.

⊥ = ν2(e2) ≤ ν2((µ2(e∗2))0) = (µ2(e∗2))0.

Then µ1(e0
1) = > = µ2(e∗2). Since e1 ∧ e0

1 = e1 ∧ µ1(e0
1) = e1 and e2 ∧ e∗2 = e2 ∧ µ2(e∗2) = e2

from Theorem 2.4(1), e0
1 ≥ e1 and e∗2 ≥ e2. Thus e0

1 = e1 and e∗2 = e2. Moreover, since

e1 ≤ e1 → ⊥ and e2 ≤ e2 ⇒ ⊥, ei � ei = ⊥ for i ∈ {1, 2}.

References

[1] C. Alcalde, A. Burusco, R. Fuentes-Gonzalez, A constructive method for the definition of interval-

valued fuzzy implication operators, Fuzzy Sets and Systems, 153 (2005), 211-227.
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[8] P. Hájek, Metamathematices of Fuzzy Logic, Kluwer Academic Publishers , Dordrecht (1998).
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