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1. Introduction

In 1922, S. Banach proved the famous and well known Banach contraction principle con-
cerning the fixed point of contraction mappings defined on a complete metric space. In recent
years, Gahler [9, 10] introduced the notion of 2-metric spaces while Dhage [1] introduced the

concept of D-metric spaces. Later on, Mustafa and Sims [14] showed that most of the results
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concerning Dhage’s D-metric spaces are invalid. Therefore, they introduced a new notion of
generalized metric space, called G-metric space.

In 2006, Bhaskar and Lakshmikantham [11] introduced the notion of coupled fixed point and
proved some fixed point theorem under certain condition. Later, Lakshmikantham and Ciri¢
in [12] extended these results by defining of g-monotone property. After that many results
appeared on fixed point theory ([7, 6, 14, 15, 13, 16, 17, 18, 19, 20, 21, 22]).

Now we give preliminaries and basic definitions which are used throughout the paper.
2. Preliminaries

Definition 2.1 [14, 4] Let X be a non-empty set, G: X x X x X — R™ be a function satisfying

the following properties:

(G1): G(x,y,z) =0ifx=y=1z.
(G2): 0 < G(x,x,y) for all x,y € X with x # y.
(G3): G(x,x,y) < G(x,y,z) for all x,y,z € X with y # z.
(G4): G(x,y,z) = G(x,z,y) = G(y,z,x) = .... (symmetry in all three variables).
(G5): G(x,y,z) < G(x,a,a)+ G(a,y,z) for all x,y,z,a € X (rectangle inequality).
Then the function G is called a generalized metric, or, more specially, a G-metric on X,

and the pair (X, G) is called a G-metric space.

Definition 2.2 [14] Let (X, G) be a G-metric space, and let (x,) be a sequence of points of X.
We say that (x,) is G-convergent to x € X if lim+ G(x,xn,x,) = 0, that is, for any € > 0, there
n,m—y oo

exists N € N such that G(x,x,,x,) < €, for all n,m > N. We call x the limit of the sequence

and write x, — xor lim x, —x.
n—-y—oo

Proposition 2.3 [14] Let (X, G) be a G-metric space. The following are equivalent:

(1): (x,) is G-convergent to x.
(2): G(xy,x,,x) —> 0 as n —> oo,
(3): G(xy,x,x) —> 0 as n —» +oo.

4): G(xy,Xm,x) —> 0 as n,m — +oo.
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Definition 2.4 [14] Let (X,G) be a G-metric space. A sequence (x,) is called a G-Cauchy
sequence if, for any € > 0, there is N € N such that G(x,,x,,,x;) < € for all m,n,l > N, that is,

G(xp,Xm,x;) —> 0 as n,m,l — +oo.
Proposition 2.5 [15] Let (X, G) be a G-metric space. Then the following are equivalent

(1): the sequence (x,) is G-Cauchy
(2): for any € > 0, there exists N € N such that

G(xp,Xm,Xm) < €, forall m,n>N.

Proposition 2.6 [14] Let (X,G) be a G-metric space. A mapping f : X — X is G-continuous
atx € X if and only if it is G-sequentially continuous at x, that is, whenever (x,) is G-convergent

to x, (f(x,)) is G-convergent to f(x).

Proposition 2.7 [14] Let (X,G) be a G-metric space. Then, the function G(x,y,z) is jointly

continuous in all three of its variables.

Definition 2.8 [14] A G-metric space (X, G) is called G-complete if every G-Cauchy sequence

is G-convergent in (X, G).

Definition 2.9 [2] Let (X, G) be a G-metric space. A mapping F : X x X — X is said to be con-
tinuous if for any two G-convergent sequences (x,) and (y,) converging to x and y respectively,

(F (xa,yn)) is G-convergent to F (x,y).

A partial order is a binary relation < over a set X which is reflexive, antisymmetric, and
transitive. Now let us recall the definition of the monotonic function f : X — X in the partially
order set (X, <). We say that f is non-decreasing if for x,y € X, x <y, we have fx < fy.
Similarly, we say that f is non-increasing if for x,y € X, x <y, we have fx > fy.

The concept of a mixed monotone property has been introduced by Bhaskar and Lakshmikan-
tham in [11].

Definition 2.10 [11] Let (X, <) be a partially ordered set. A mapping
F : X x X — X is said to have mixed monotone property if F(x,y) is monotone non-decreasing

in x and is monotone non-increasing in y; that is, for any x,y € X

X1,X2 €X7 X1 jx2:>F(x1,y) jF(x27y)
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yi, 2 €X, y1 Xy2 = F(x,y2) X F(x,y1).

Lakshmikantham and Ciri¢ in [12] introduced the concept of a g-mixed monotone mapping.

Definition 2.11 [12] Let (X, <) be a partially ordered set. Let us consider mappings F : X X
X — X and g: X — X. The map F is said to have mixed g-monotone property if F(x,y) is

monotone g-non-decreasing in x and is monotone g-non increasing in y; that is, for any x,y € X,

xi,x2 €X, gx1 Xgxa = F(x1,y) 2 F(x,y),

yy2 €X, gy 2 gy €X = F(x,y2) 2 F(x,y).
Definition 2.12 [11] An element (x,y) € X x X is called a coupled fixed point of a mapping
F:XxX—Xif F(x,y) =xand F(y,x) = y.

Definition 2.13 [12] An element (x,y) € X x X is called a coupled coincidence point of the
mappings F : X xX — X and g: X — X if F(x,y) = gx and F(y,x) = gy.

Definition 2.14 [12] We say that mappings F' : X x X — X and g : X — X are commutative
if

g(F(x,y)) = F(gx,gy) forall x,y €X.

Habib Yazidi in [5] introduced the concept of a (7', S)-mixed monotone mapping.

Definition 2.15 [5] Let X be a non-empty set endowed with a partial order <.
Consider the mappings F : X x X — X and T,S : X — X. We say that F has the mixed

(T, S)- monotone property on X if for all x,y € X,

x1,% €X, T(x1) 2S(x) = F(x1,y) 2 F(x2,y),
W x1,% €X, T(x1) = S(x) = F(x1,y) = F(x2,y),
yi:y2 €X, T(y1) 28(y2) = F(x,y1) = F(x,y2),
yi,y2 €X, T(y1) = S(y2) = F(x,y1) X F(x,y2).

Remark 2.16 If we take 7 = S, then F has the mixed (T, S)-monotone property implies that F

has the mixed T-monotone property.

Denote by ¥ the set of functions y : [0, +e0) — (0, +oc0) which satisfy
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1.: vy is continuous and non-decreasing,

2.: y(r) =0if and only if r = 0.
The elements of W are called altering distance function.

Remark 2.17 If y € ¥ and if ¢ : [0, 4+-00) — [0, 4-o0) is a continuous function with the condition
y(t) > ¢(¢) for all ¢ > 0, then ¢(0) = 0.

Now, we are ready to state and prove our results.
3. Main results

Theorem 3.1 Let (X, =) be a partially ordered set and G-metric on X such that (X,G) is a
complete G-metric space. Let T,S : X — X and F : X X X — X be a mapping having the

mixed(T, S)-monotone property on X. Suppose that

() V[G(F(x,y),F(u,v),F(w2))] < ¢(max{G(Tx,Tu,Sw),G(Ty,Tv,Sz)})

forall x,y,z,u,vywe X withTx S Tu=SworTx>Tu>SwandTy>=Tv>=SzorTy<Tv =<8z
where W € ¥ and @ : [0,00[— IR is a continuous function with the condition y(t) > @(t) for
all t > 0. Assume that F(X x X) C T(X)NS(X) and assume also that T,S and F satisfy the

following hypothesis:

(1) F,T and S are continuous,

(2) F commutes respectively with T and S.

If there exist xq,y0,x1 in X and y| such that
Txo = Sx1 = F(x0,50), Tyo = Sy1 = F(yo,%0),

then there exist x,y € X such that Tx = Sx = F (x,y) and Ty =Sy = F(y,x), thatis, T, S and F

have a coupled coincidence point (x,y) € X x X.

Proof. Let xq,y0,x1,y1 € X such that

Txo < Sx; = F(x0,¥0); Tyo = Sy1 = F(yo,x0)-
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Since F(X x X) C T(X)NS(X), we can choose x3,y2,x3,y3 € X such that
Txy = F(x0,Y0) Sx3 = F(x1,y1)
and
Tyz = F(y0,X0) Sys =F(y1,x1)

Continuing this process we can construct sequences x;, and y, in X such that

3 Txon42 = F(X21,Y20)
Ty2n—|—2 = F(yvaxZn)

@ Sx2043 = F (Xon+1,Y2n+1)

Syont3 = F (Yant1,%2m+1)

for all n > 0. We shall show that for all n > 0,

5) Txon =2 Sx2p41 2 Txop42
TyZn i Sy2n+l i Ty2n+2

As Txp = Sx; = F(x0,y0) = Txp and Tyo = Sy; = F(yo,x0) = Tyz, our claim is satisfied for
n = 0. Suppose that (5) holds for some fixed n > 0. Since Tx3,, =< Sx2,+1 = Tx2,42 and

Ty2, = Sy2n+1 = Tyant2 and as F has the mixed (7,.S)-monotone property, we have

Tx2n+2 = F(x2n7y2n) = F(x2n+lay2n) =

F(x2041,Y2n41) = F (X202, Y2n41) = F (X2n42,Y20n42)5

then
Txopy2 =2 Sx243 X Tx2p44.
On the other hand,
Tynt2 = F(yan,%2n) = F (Yant1,%20) 2=
F(yons1:%n41) = F(Yont2,%2041) = F (Y2n42,X2042),
then

Tyani2 = Sy2nt3 = Tyont4.

Thus by induction, we proved that (5) holds for all n > 0.

We complete the proof in the following steps
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Step 1: We will prove that

(6) nl_igl_ooG(F(xn;yn)aF(xn7yn)7F(xn+lJyn-i-l)) =0

lim G(F(ymxn)aF(ynaxn)aF(yn—i-l7xn+1)) =0.

n—-> oo

From (5) and (2), we have

V[G(F (x20,y20), F (%20, ¥20), F (X201, Y2041)) | <
@ (max { G(Tx2n, Tx20,S%2011), G(TY20, TY20, Sy2011) }) -

(7

Using the condition of the theorem, we have

G<F<x2n7y2n);F(x2n7y2n);F(x2n+l>y2n+1)) <
maX{G(Tx2mTx2n7sx2n+l)7G(Ty2naTy2n7Sy2n+l)}-

®)

Again, using (5) and (2), we have

V[G(F (yan,xon), F (y20:X20), F (y2ns1,%2041)) | <

9)
(P(max {G(Tyva Tyon, Sy2n+1)a G(TXZna T'xon, Sx2n+1>}) .

Using the condition of the theorem, we have

G(F (yan,X2n), F (V2n,%20) s F (Von41,%2n41)) <
max { G(Tyon, Ty2n,Sy2n+1), G(Tx2n, T X2, Sx2p41) } -

(10)

Combining (8) and (10), we obtain

max { G(F (x2n,Y20), F (X2n,¥2), F (X204 1,Y2041))
G(F (yan,X2n), F (2n,%20) s F (yon41,%2041) ) } <
max { G(Tx2n, TX2n,Sx2n+1), G(TY2n, TY20, Sy2n+1) } -

Then (max {G(szn, Txon, 82041, G(TY20, TY210,SYo0+1)) }) is a positive decreasing sequence.

Hence there exists r > 0 such that

lim max {G(Tx2, Tx2n,S%2041), G(Ty20, Ty, Sy2n41) } = -

n—+oo

Combining (7) and (9), we obtain

max { Y (G(Txzn12, TxX2n12,5%2043) ) s W (G(Ty2n42, TY2012,Sy2m43)) } <
(Y ( max {G(TyZm Ty2n,Syan+1 ); G(Tx2n; Tx2n,SX2n+1 ) }) .
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Since Y is non-decreasing, we get

l//(max {G(Txons2. Tx2012,8%2043), G(Ty2042, TY2012, Sy20+3) }) <
@ (max {G(Tyan, Tyzn, Syn+1), G(Tx2n, T2, Sx2041) } ) -
Letting n — 4o in the above inequality, we get y(r) < @(r), by using the condition of the

theorem 3.1, we have r = 0. Consequently

lim maX{G(F<x2nay2n)aF(x2nuy2n)7F(x2n+l7y2n+1>)7

(11 oo
G(F(y2n7-x2n)7F(y2n7x2n)7F(y2n+17x2n+1))} =0.

By the same way, we obtain

lim max {G(F (X202, Y2n42), F (2042, ¥2042) s F (2041, Y2041)) »
(12) n—y—4-oo

G(F (yan+2:%2042), F (V2nt2,%2042), F (Y2041, X2n41 ))} =0.

Finally, (11) and (12) give the desired result, that is, (6) holds.

Step 2: We will prove that (F(xp,y,)) and F((ys,x,)) are Cauchy sequences. From (6), it is
sufficient to show that (F(xp,,y2,)) and (F(y,,x2,)) are Cauchy sequences. We proceed by
negation and suppose that at least one of the sequences (F(x2,,v2,)) or (F(y2u,X2,)) is not a

Cauchy sequence. This implies that

G(F(x2n7y2n)>F(x2may2m);F(x2m7y2m)) -0

or
G(F(y2n7x2n)7F(Y2M7x2m)aF(y2m7x2m)) -0

as n,m — +oo. Consequently

maX{G(F(XZn;yZn)vF(meyyZm)aF(XZmayZm))7

G(F(y2n7x2n)aF(y2max2m)aF(y2m7x2m))} -+ 0,

as n,m — +oo. Then there exists € > 0 for which we can find two subsequences of positive

integers (m;) and (n;) such that n; is the smallest index for which n; > m; > i,

maX{G(F(XZm,':yZmi)aF(x2m,~ay2m,~)7F(x2n,->y2n,'))7

(13)
G<F(y2m,'7x2m,‘)7F(yZmiaXZm,‘)vF(yZn,'a-XZn,'))} 28-
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This means that

max{G(F(XZmpyZmi)aF(meivyZmi)aF(XZni—27y2ni—2>)7

(14)
G(F(yZm,w?Qm,-)aF()’Zm,-ax2m,-):F(yZn,-—ZaXZn,-—Z))} < €.

From (1), (14) and using the rectangle property of G , we get

& < max { G(F (2, y2m) s F (Vo Vo), F (Xamsv2m,))
G (F (yamys X2m;) s F (vamys Xam; ) s F (Vo> Xon,)) }
< max {G(F (X2 s Y2m; ) s F (X2 Yom, ) F (X2n,—2, Yam—2))
G (F (yams X2m; ) s F (yomys Xom; ) F (y2ni727x2n,-72))}
+max {G(F(XZni—Z;yZni—Z)aF(XZni—27y2n,-—2);F(XZn,'—l7y2ni—l>)7
G(F(yZni—27x2n,-—2)7F(y2n,-—27x2ni—2)>F(yZni—17x2ni—1))}
+max {G(F(XZni—l;YZni—l)aF(XZni—layZni—l)aF(XZniayZni));
G (F (yan—1,%2m—1)s F V2n—1,%2m,—1) s F (y2n; - X2n;) ) }

Letting i — oo in above inequality and using (6), we obtain that

lim max{G(F(XZmiayZmi)yF(x2m,-7y2m,~)7F(x2n,~7y2n,~))7

(15) oo
G(F(yZmiaXZmi)aF(yZm[vx2m5>7F(y2n,‘7x2n,‘))} = E.
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Also, we have

& < max { G(F (xam, yom )+ F (62 Vo) F (52 320,))
G(F (v2m%2m)sF 2 Xam ) F (amXan,)) }
< max {G(F(meivyZmi);F<x2mi;y2mi)7F(x2mi—l Yami—1))
G(F(yZmprm,-)aF(y2miax2mi)7F(y2mi717x2m,-71))}
+max {G(F(szi—l V2mi—1)s F (X2m—1,y2mi—1) s F (X2, y20,))
G(F(y2m,-717x2m,-71)7F(yZmifl7x2mi71)7F(y2n,-7x2n,->)}
< max {G(F (2> Y2y ) F (2mys Yomy )y F (Xom;—1, Y2mi—1) )+
G(F(yZm,-aXZmi)vF(y2m,-ax2m,-)aF(y2m,-—lax2m,-—1))}
+ max {G(F(XZmi—lvyZmi—l)vF(x2m,-—l7y2mi—1)vF(x2mi7y2mi))7
G(F(y2m,-—l7x2m,-—1)7F(y2m,-—1ax2mi—1)>F(y2m,-7x2m,-))}
+max { G (F (x2m;,y2m; )+ F (X2mys Yomy ) F (X2m;, Y20;) ) »
G (F (yam;»%2m )+ F (Vomss Xom; ) F (Yan» Xon,;)) } :

Using that G(x,x,y) < 2G(x,y,y) for any x,y € X, we obtain

£ < max {G(F (X2 Y2m; ) s F (X2 Yam; ) s F (X2, y2m;))
G(F (v 2m) s F 02 Ko ) F (amson,)) b
< max {G(F(XZmi»)’Zmi)aF(XZmiayZm,-)uF(XZmiflayZm,-fl))u
G (F (yamysXom;) s F (Vamps X2m; ) s F (Y2m—1 7x2m,-—1))}
+max {G(F(XZm,-fl7y2m,-71>7F(x2m,-717y2mi71)7F(x2niay2n,’))7
G(F(yZm,-—l>x2m,-—1)aF(yZm,-—l7x2mi—l)7F(y2n,~7x2n,~>)}
< 3max {G(F(XZmi—l,)’2m,-—1)7F(x2m,~—17y2m,-—1)=F(x2m,-,)’2mi))a
G(F(yZm,-—l>x2mi—1)aF(y2m,-—lax2mi—l)7F(y2mi>x2mi))}
+max { G (F (X2mys Y2m; ) s F (omys yam; )+ F (%2m;, ¥2m,))
G (F (yamy>X2m;)s F (Vamgs Xom; ) F (Y2, %2n;) ) } :

Using (6), (15) and letting i — +oo in the above inequality, we obtain

lim max{G(F()Qmi—l7y2m,-—1)>F(x2m,~—l;yZmi—l)aF(XZni7y2ni))>
(16) oo

G(F (yam—1:%2m;—1)s F (V2m—1:X2m;— 1), F (Y2, X2m;) ) } =E€.
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On other hand, we have

max {G (F (2mys Y2m; ) s F (Comys Yom; ) s F (X2, y2m,))
G (F (vamssXom;) s F (Vomss Xom; )s F (Vans X2n;)) }
< max {G(F (X2 Y2m; ) F (X2 Yam; ) s F (X241, Y2m41) )
G (F (yomys X2m; ) s F (vomys Xom; ) s F (Van 41, X2m,41)) }
+max {G(F(in,»ﬂ Voni1)s F (%2ns1,2m41), F (X2m;,Y2m) )

G(F(yZn,'—H7x2ni+l)7F(y2n,'+la-x2n,‘+l)7F(y2ni;x2n,'))}-

Since y is a continuous non-decreasing function, it follows from the above inequality that

y(e) < W(max {G(F(XZmn}Qmi)yF(x2m,'7y2m,->7F(x2ni+l7y2n,~+1))7

17
G (F (yoms X2m; ) s F (vamys X2m, ) s F (Vani41,X2m41)) })

Using the contractive condition, on one hand we have

W(G(F(XZm,-7y2m[)7F(x2m;7y2m[)7F(x2n,-+lay2n,'+1))) <
¢ (maX {G(szmi7 T X2 S%2n41) G(TY2m; TY2m;> SY20,41) }) <
(p(max {G(F(XZm,‘fZ,yZm,‘fZ)aF(XZm,'727y2m[72)aF<x2n[717y2n,-71))7
G (F (yom—2,%2m;—2 ) F (Yomi—2,Xom;—2), F (Y2m—1,%2n,-1) ) })

On the other hand we have

W(G(F(Y2m,-7x2mi),F()’zm,-,mmi),F(yzniJrl,ini+1))) <
¢ (maX {G(TYZm” Tyom;» SY2ni41)s G(TXom; s T X2y, SX20;41) }) <
(p(max {G(F(yZmif%me,'fZ)vF(y2m5727x2mi72)aF(yZnithZn,-fl))7
G (F (x2m;—2, y2m—2)s F (Xom;—2, Yom;—2), F (X20,-1, Y2m 1)) })

Therefore, we have

maX{W(G(F(XZmiayZmi)aF(x2miay2m,-)7F(x2n,'+l7))2n,~+1))>a
(18) W(G(F()’Zm[;XZmi>7F(y2m[ax2mi)7F(y2ni+17x2n,-+l)>>} S
w(max {G(F(}’Zm,-—Za)CZm,-—Z):F(y2mi—27x2m,~—2):F(yZni—laXZn,-—l))7

G (F (xam;—2:Y2m;—2) F (X2m;—2, Y2mi—2), F (X2m,— 1, Y2m-1) ) }
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We claim that

lim max {G(F(sz,-fz,yzm,-fz),F(sz[fz,)’2mi72),F(szfl,mn,-fl)),
(19) oo

G(F(yZm,-—Z:me,-—Z)7F(y2mi—27x2mi—2)aF(y2ni—l7x2n,-—1))} = €.

In fact, using the rectangle property, we have

G (F (xom—2,Y2mi—2)> F (X2m;—2, Yomi—2), F (X2m—1,y2m—1)) <
G (F (xamj—2:Y2m—2)> F (X2m—2, y2mi—2) F (X2m—1, Y2mi—1))
+G (F (x2m—1,Y2mi—1) F (X2m—1,Y2m— 1), F (%20, Y20,) )
+G (F (x2n;, y2n;) s F (X2m;:Y2m:) , F (X201, Y20,-1) ) -

Letting i — 4o in the above inequality and using (6) and (16), we obtain

(20 lim G(F (xam—2,y2m—2)> F (X2m—2, yomi—2), F (X2n,—1,Y2m—1)) < €

i— oo

On the other hand, we have

G (F (xom—1,Y2m—1) s F (Com;—1, Yomi—1), F (X2n;,Y2m;) ) <
G (F (xom—1,Y2m—1)s F (C2mi—1, Yomi—1), F (X2m;—2, Yom;—2) )
+G (F (xom;—2,Yomi—2), F (X2m;—2, Yomi—2), F (Xom—1, Y2m,-1))

+G(F (xon—1,Y2m-1)s F (%2m—1,2m-1), F (X2n;, Yom, ) ) -

Letting i — +oo in the above inequality and using (6) and (16), we obtain

21 lim  G(F (xam—2,Y2m—2)s F (Xom—2, Yomi—2), F (Xom,—1,Y2m—1)) = €.

[— o0

Combining (20) and (21), we get

hm G(F(XZm,»fLYZm,-fZ)7F(x2m,-727y2m,472)7F(x2n,<fl»)’Zn,-fl)> :8

i—-oo

By the same way, we obtain

lim G (F (yam—2,%om—2)s F (Vom—2,%2m;—2) s F (Yon,— 1, X2m—1) ) = €.

i—+oo
Thus we proved (19). Finally, letting i — +o0 in (18), using (17), (19) and the continuity of
y and ¢, we get y(€) < @(€), using the condition of the theorem 3.1, we get € = 0, which is a
contradiction. Thus (F (x2,,y2,)) and (F (y2,,X2,)) are Cauchy sequences in X, which gives us
that (F (xp,y,)) and (F (yn,x,)) are also Cauchy sequences.

Step 3: Existence of a coupled coincidence point.
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Since (F(x,,yn)) and ((F (yn,X,))) are Cauchy sequences in the complete metric space (X,G),

there exist &, 8 € X such that:

lim F(x,,y,) =0 and lim F(y,,x,) = B.

n—-y oo n—-y—+oo

Therefore, lim Tx =qa, lim T = Iim Sx = o and
o dim Tappyo =, lim Tysuep =P, lHm Sxos

lim Sy2n+3 = B

n—->—+oo

Using the continuity and the commutativity of " and 7', we have

T(Tx2n—|—2> = T(F(x2n7y2n)) = F(TXvaTyZH)

and

T(Tyant2) = T(F (yan,x20)) = F(Ty2n, TX2n).
Letting n — +o, we get T = F(a,B) and T = F(B, ).
Using also the continuity and the commutativity of /' and S, by the same way, we obtain
Sa=F(c,B)and SB=F(B,a). Therefore Taa = F(a,f) =Saand TB = F(B,a) = SB.
Thus we proved that (@, ) is a coupled coincidence point of T, S and F. This completes the

proof.

In the next result, we prove that the previous theorem is still valid if we replace the continuity

of F by some conditions.

Theorem 3.2 If we replace the continuity hypothesis of F in Theorem 3.1 by the following
conditions:

(i) if a non-decreasing sequence (xy) is such that x, —» x, then x, <x forall n,

(ii) if a non-increasing sequence (yy) is such that y, — y, theny <y, forall n.

(iii) x,ye X, x Xy=—=Tx X9y,

(iv)x,yeX, x=y=—Tx = Sy.

Then T,S and F have a coupled coincidence point.

Proof. Following the proof of Theorem 3.1, we have that F(x,,y,) and F(y,,x,) are Cauchy

sequences in the complete metric space (X, G), there exist o, B € X such that

lim F(xn,y,) =a and lm F(yn,x,) = B.

n—-> oo n—-r oo
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Therefore

lim F()Qn,yzn) = and lim F(yzn,XQn) = ﬂ

n—> o0 n—>oe0

Hence lim Tx =qa, lim T = Iim Sx =oaand lim S =p.
JAm Txopgp =0, Hm Tyyo=p, lm Sy ,m Sy =P

Using the commutativity of ' and G and of F and § and the contractive condition, it follows

from conditions (iii)-(iv) that

W(G(T(F(XZn:yZn))a T(F(x2n7YZn))7S(F(x2n+l7))2n+1>))> =
(22) W(G (F(Tx2n, Ty2n), F (Tx20, Ty2n), F (szn+1,5y2n+1))> <
0 <max {G(T(sz,,), T(Tx20),8(S%2n11)), G (T (Ty2), T (Tyan), S(Syan11)) })

Similarly, we have

W<G<T(F(y2nax2n))7T<F(y2nax2n))7S<F Yont1,%2n+1) )
(23) 0 (G(F(Tyan, Tx), F (T2, Tx0), F(Sy2011,S520:1))

)
<
0 <max {G(T(Tyzn), T(Ty2n),S(Syani1)), G(T(Tx2), T (Tx20), S(Sx2m 1)) })

Combining (22), (23) and the fact that max{¢(a),(b)} = ¢(max{a,b}) for a,b € [0,+c),

from (iii)-(iv), we obtain

‘l’<maX{ (T (F (x2n,y20)), T (F (X20,¥20) ), S(F (X201, Y2041)))
G(T (F (y2n,%2)), T (F (y2n:X20) ) s S(F (Y2041, %2041)) ) }) <
(p(max {G(T(szn), T(Tx21),5(Sx2041)), G(T(Ty2n), T (Ty21),S(Sy2n+1)) })

Letting n — +oo in the last expression, using the continuity of 7" and S, we get This implies

that

l//(max{G(Ta,Ta,Sa),G(Tﬁ,TB,S[S')}) <
(p(max{G(Toc,Toc,Sa),G(TB, TB,SB)}).

By using the condition of the theorem 3.2, we have max {G(Ta, T, Sat),G(TB,TB,SB) } =

Consequently

(24) Ta=So and T = Sp.
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To finish the proof, we claim that F (¢, ) =To = Saand F(B,a) =T = SB.

Indeed, using the contractive condition, it follows from (i)-(iv) that
Y (G(F (T (520, Ty20)), F (T (20, Tyon)), F(0,B)) ). <
0 (max {G(T(sz,,), T(Tx4),5t), G(T(Ty2), T(Ty2n),SPB) }) .
Using the condition of the theorem, we get

G(F(T(XZYHTyZn))aF(T<x2naTy2n))7F(a7ﬁ)) <

(25)
max {G(T(szn), T(Txy),Scx), G(T(Tyzn),T(Tyzn),SB)}.

Similarly, we have
¥ (G(F(T (ya0, T2)), F(T (v T20)). F (B, @) ) <
(p(max {G(T(Tyz,l), T(Ty2),SB), G(T (Tx20), T(Tx2), Sct) })

Using the condition of the theorem 3.2, we see that

G(F(T (yon, Tx2n)), F (T (yon, Tx20)), F (B, 0)) <
max {G(T(Tyz,l), T(Tyan),SB), G (T (Txz,), T(szn),Soc)}.

Combining (25) and (26), we get

(26)

max{G(F(T(xzn,Tyzn»,F(T(xzn,Tyzn B)).
G(F (T (yan, Tx20)), F (T (yan, Tx20)), )} <
max{G(T(Tyzn),T(Tyzn),Sﬁ),G( (Tx2n), T (Tx2,), }

Using the commutativity of F" and 7', we write

max { G (T (F (30, y20)), T (F (20, 20) (a B).
( (F(yZn;XZn))aT(F(yZna)Qn }
max{G(T(TyZH),T(TyZn),SB),G( (Txay), T(TxZn),S )}

Letting n — oo, using the continuity of 7', we obtain

max<« G(Ta,Ta,F(a,B)),G(TB,TB,F(B,a)) s <maxsG(TB,TB,SB),G(To,Toe,Scx) ¢.
{a( (0. 8)). G (B,2)) } <max {G( )G )}

In view of (24), we deduce that

max {G(Ta. T, F(a,B)),G(TB,TB,F(B,a)) } =0
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Therefore, G(T o, T, F (o, B)) =0and G(TB,TB,F(B,c)) = 0. Consequently

(27) Toa=F(a,B) and TB=F(B, ).

By the same way, we get

(28) Sa=F(o,B) and SB=F(B,a).

Finally, combining (24), (27) and (28), we deduce that (o, 3) is a coupled coincidence point of
F, T and S. This completes the proof.

Now, we give a sufficient condition for the existence and the uniqueness of the coupled
common fixed point. Notice that if (X, =) is a partially ordered set, we endow X x X with

the following partial order relation: for

(x,y),(u,v) € X xX, (x,y) 2 (u,v) <= x<uand y > v

Theorem 3.3 In addition to the hypotheses of Theorem 3.1 (resp. Theorem 3.2, suppose that
for every (x,y), (X',y") € X x X there exists a (u,v) € X x X such that (F(u,v),F (v,u)) is com-
parable to (F(x,y),F(y,x)) and (F(x',y),F(y,x')). Then F,T and S have a unique coupled
common fixed point, that is, there exist a unique (x,y) € X X X such that

x=Tx=F(x,y)=Sxandy=Ty=F(y,x) = Sy.

Proof. We know, from Theorem 3.1 (resp. Theorem 3.2, that exists a coupled coincidence

point. We suppose that exist (x,y) and (x’,y’) two coupled coincidence points, that is,
Tx=F(x,y) =Sx, Ty = F(y,x) = Sy,
Tx =F(x',y)=Sx and TY =F(y,x') =Sy
We claim that
(29) Tx=Tx =SxX =Sx and Ty =Ty =Sy =Sy.

By assumption there is (u,v) € X x X such that (F (u,v),F (v,u)) is comparable to (F (x,y), F (y,x))
and (F(X',y"),F(y,x")). We distinguish two cases:
First case: We assume that

(F(,y). F (33)) = (F(u,v),F (v.)) and (F (¥ /), F () % (F (u,v), F (v,)).
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Put up = u and vo = v and we choose u; and v; such that Tug < Su; < F(ug,vo), Tvo = Svi =

F(vo,up). Similarly as in the proof of Theorem ??, we can construct sequences (u,) and (v,) in
Tuopyo = F(uzn,v2 Suont3 = F(Uan41,Von+1

X such that " (420 V2n) and " (ant1,van1) for all n > 0. Looking
Tvania = F(van, tan) Svon+3 = F (Vant1,uzn+1)

at the proof of Theorem 3.1, precisely at (5), we see that (Tuy,) is a non- decreasing sequence,

Tuy, = Supu+1, and (Tvy,) is a non-increasing sequence, 7'vo, = Svo,,+1. Therefore, we have
Tx=F(x,y) X F(uo,vo) = Tuz = Tuz, =X Suopy1
(30) and
Ty =F(y,x) = F(vo,up) = Tvy = Tva, = Svopt1.
Similarly, we have
Tx' =F(x',y") 2 F(uo,vo) = Tus = Tup, = Suzp i
(31) and
Ty = F(y',x') = F(vo,ug) = Tva = Tvap = Svan1.

Using (30) and the contractive condition, we write

l[/(G(F<X y) F( y)7F(u2n+17V2n+1))> <

(maX{G (Tx,Tx,Suzpv1),G(Ty, Ty,sznH)})
and
‘I’(G(F( ¥, X), (V2n+lau2n+l))> <
(p(max{G Ty, Ty,Svoni1),G(Tx, Tx,Suan)}).
Therefore
v (max { G(F(x.9),F (6,9),F(tans.1,v2011)).
G(F (), F(3%), F(vaas1,12041)) } ) <
(p<maX{G(Tx, Tx,Suzni1),G(Ty, Ty, SVZn—H)})-
Therefore
l//(maX{G(Tx, Tx,Su2n+3),G(Ty, Ty,Sv2n+3)}> <
. [0) <max {G(Tx, Tx,Suzni1),G(Ty, Ty, Svou+1) })
We see that
l;/(max {G(Tx, Tx, Su2n+3),G(Ty, Ty, Sv2n+3)}> <
(p(max {G(Tx, Tx,Suzn+1),G(Ty, Ty, sz,,H)})



184 SIDI HAMIDOU JAH

Using the condition of the theorem 3.3, we get
max {G(Tx, Tx,Su2443),G(Ty, Ty, Svon+3) })

< max {G(Tx, Tx,Suzn1),G(Ty, Ty,Svan+1) }

This implies that (max {G(Tx, Tx,Susn+1),G(Ty, Ty, Sv2n+1)}> is a non-increasing sequence.

Hence, there exists > 0 such that

lim max {G(Tx, Tx,Suzp+1),G(Ty, Ty, sz,,H)} =r

n—y oo

Passing to limit in (32) as n — +o0, we obtain

y(r) < o(r),
by using the condition of the theorem 3.3, we get, r = 0. We deduce that

(33) lim max {G(Tx,Tx,Suzn11),G(Ty, Ty,Sv2ns1) } =O0.

n—-y—4oo

Similarly, one can prove that

(34) lim max {G(Tx,Tx',Suz,11),G(TY, Ty ,Svans1) } =0.

n—-y—+o0

By uniqueness of the limit and using (33) and (34), we have nir& wSuan =Tx=Tx

and an}L N Svopp1 =Ty = Ty'. This prove the claim (29) in this case.

Second case: We assume that

(F(x,9), F(3,)) = (F(u,v), F(vou)) and (F(x',y/), F (6 ,)) = (F (u,v), F (v,u).

Put uy = u and vp = v and we choose u; and vy such that Tug < Su; < F(ug,vo), Tvy = Sv =

F(vo,up). Similarly as in the proof of Theorem 3.1, we can construct sequences (u,) and (vy)

in X such that Titzne2 = F iz, v) and Stzns = F (a1, vant) for all n > 0.
Tvonto = F(van, an) Svant3 = F(vans1, uznt1)

Looking at the proof of Theorem 3.1, precisely at (5), we see that (Tuy,) is a non- decreasing

sequence, Tuy, = Sup,+1, and (T'vy,) is a non-increasing sequence, 7vy, = Svy,+1. Therefore,

we have
Tx=F(x,y) = F(uo,vo) = Tup = Tuo, = Sz, 1

and

Ty =F(y,x) = F(vo,up) = Tvy X Tvy, < Svopt1.
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Similarly, we have
Tx' =F(X',y) = F(uy,vo) = Tup = Tup, = Supp
and
Ty =F(y,xX') X F(vo,up) =Tvy = Tvop =< Svoui1.
From this, we complete the proof identically as in the first case and we obtain the claim (29)
in this case. Since Tx = F(x,y) = Sx and Ty = F(y,x) = Sy, by the commutativity of F,T and
F,S, we have
T(Tx) =T(F(x,y)) = F(Tx,Ty), T(Ty) = T(F (y,x)) = F(Ty,Tx)
(35) and
$(8x) = S(F(x,)) = F(8x,8y), S(Sy) = S(F (y,x)) = F (S, Sx)-

Set Tx =a = Sx, Ty = b = Sy. Then from (35),
(36) Ta=F(a,b)=Sa and Tb=F(b,a) = Sb.

Thus (a,b) is a coupled coincidence point. Then from (29) with X' = a and y’ = b it follows that

Ta=Tx=Saand Th =Ty = Sb. Therefore
(37) Ta=a=Sa and Tb=b=S5b.

We deduce that (a,b) is a coupled common fixed point. To prove the uniqueness, assume that
(¢,d) is another coupled common fixed point. Then by (29) and (37) we havec=Tc=Ta=a
and d = Td = Th = b. This complete the proof.

Corollary 3.3 Let (X, =) be a partially ordered set and G-metric on X such that (X,G) is a
complete G-metric space. Let g: X — X and F : X x X — X be a mapping having the mixed

g-monotone property on X. Suppose that

@[G(F(x,y),F(u,v),F(w2))] < ¢(max{G(gx,gu,gw),G(gy,gv,82)})

forall x,y,z,u,v,w € X with gx Jgu Xgworgx>=gu>=gwand gy > gv>=gzorgy = gv=gz
where y € ¥ and @ : [0,c0[— IR is a continuous function with the condition y(t) > ¢(t) for all

t > 0. Assume that F(X x X) C g(X) and assume also the following hypotheses:

(1) g is continuous,
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(2) F is continuous or g is non-decreasing mapping and X satisfies the following properties:
(i) if a non-decreasing sequence (xy) is such that x, — x, then x, <x forall n,
(ii) if a non-increasing sequence (yy) is such that y, — y, theny <y, forall n.
(3) Forevery (x,y), (x',y") € X x X there exists a (u,v) € X x X such that (F(u,v),F(v,u))
is comparable to (F(x,y),F(y,x)) and (F(x',y'),F(y,x)).

(4) F commutes with g.

If there exist xq,yo, x| and y such that

gxo = gx1 = F(x0,0), &yo = gy1 = F(yo,X0),

then there exist a unique (x,y) € X x X such that x = gx = F (x,y) and y = gy = F (y,x), that is,

then F and g have a unique coupled common fixed point.

Corollary 3.4 Let (X, =) be a partially ordered set and G-metric on X such that (X,G) is a
complete G-metric space. Let T,S : X — X and F : X X X — X be a mapping having the

mixed(T, S)-monotone property on X. Suppose that

G(F(x,y),F(u,v),F(w, z)) < max {G(Tx, Tu,Sw),G(Ty,Tv, Sz)}
—l//(max {G(Tx, Tu,Sw),G(Ty, Tv,Sz) })

(38)

forall x,y,z,u,vyw € X withTx X Tu SworTx>Tu>Swand Ty >=Tv > SzorTy Tv <S8z,
where y € W and ¢ : [0,00[— IR is a continuous function with the condition y(t) > @(t) for
all t > 0. Assume that F(X x X) C T(X)NS(X) and assume also that T,S and F satisfy the

following hypothesis:

(1) F,T and S are continuous,

(2) F commutes respectively with T and S.

If there exist xo,yo,x1 in X and y| such that
Txo = Sx1 2 F(x0,0), Tyo = Sy1 = F(y0,%o),

then there exist x,y € X such that Tx = Sx = F(x,y) and Ty = Sy = F (y,x), thatis, T, S and F

have a coupled coincidence point (x,y) € X x X.

Proof. We replace in Theorem 2.1, y by y(x) = x and ¢ by ¢(x) = x — y(x).
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Corollary 3.5 Let (X, =) be a partially ordered set and G-metric on X such that (X,G) is a
complete G-metric space. Let T,S : X — X and F : X x X — X be a mapping having the

mixed(T, S)-monotone property on X. Suppose that

(39)
V(G(F(x,y),F(u,v),F(w,z))) < y(max {G(Tx,Tu,Sw),G(Ty,Tv,Sz)})

—@(max {G(Tx,Tu,Sw),G(Ty,Tv,5z)})
forallx,y,z,u,vywe X withTx S TuSworTx>Tu>SwandTy>=Tv>=SzorTy<Tv <S8z
where W and @ € Y with the condition y(t) > @(t) for all t > 0. Assume that F(X x X) C
T(X)NS(X) and assume also that T, S and F satisfy the following hypothesis:

(1) F,T and S are continuous,

(2) F commutes respectively with T and S.

If there exist xo,yo,x1 in X and y| such that
Txo = Sx1 2 F(x0,50), Tyo = Sy1 = F(yo,%o),

then there exist x,y € X such that Tx = Sx = F(x,y) and Ty = Sy = F (y,x), thatis, T, S and F

have a coupled coincidence point (x,y) € X x X.

Proof. We replace in Theorem 3.1, ¢ by ¢(x) = y(x) — ¢;(x) where @; € ¥ Let us denote by S
the class of continuous function 3 : [0,00) — [0, 1) which satisfies the condition (#,) — 0 =

t, — 0.

Corollary 3.6 Let (X, =) be a partially ordered set and G-metric on X such that (X,G) is a
complete G-metric space. Let T,S : X — X and F : X X X — X be a mapping having the

mixed(T, S)-monotone property on X. Suppose that

40) G(F(x,y),F(um),F(w,z)) < ﬁ(maX{G(Tx, Tu,Sw),G(Ty, Tv,Sz)})
max {G(Tx,Tu,Sw),G(Ty,Tv,Sz) }

forall x,y,z,u,vyw € X withTx X Tu SworTx>=Tu>Swand Ty >=Tv > SzorTy Tv <S8z,

where y and @ € W with the condition y(t) > @(t) for all t > 0. Assume that F(X x X) C

T(X)NS(X) and assume also that T, S and F satisfy the following hypothesis:

(1) F,T and S are continuous,

(2) F commutes respectively with T and S.



188 SIDI HAMIDOU JAH

If there exist xq,y0,x1 in X and y| such that

Txp = Sx1 X F(x0,¥0), Tyo = Sy1 = F(yo,x0),
then there exist x,y € X such that Tx = Sx = F(x,y) and Ty = Sy = F (y,x), that is, T, S and F
have a coupled coincidence point (x,y) € X x X.

Proof. We replace in Theorem 3.1, y by y(x) = x and ¢(x) = B(x)x.
4. Applications to periodic boundary value problems

In this section, we study the existence and uniqueness of solution to a periodic boundary
value problem, as an application to the fixed point theorem given by Corollary 3.6.
Let C([0,7],R) be the set of all continuous functions u : [0, 7] — R and consider a mapping

g:C(]0,T],R) — C(]0,T],R). Consider the periodic boundary value problem

41) u' = f(t,u) +h(t,u), t€(0,T)

(42) u(0) = u(T),

where f, h are two continuous functions satisfying the following conditions:

There exist positive constants A;,4,, 1) and Uy, such that for all u,v € (C([0,T],R), gv(r) <

gu(t),

@3) 0= (fru(r)) +Au(r)) = (f(,v(1)) + Av(r)) < pr In[(gu(r) —gv(1))* +1]

@4 —mn[(gu(r) — gv(t)® + 1] < (h(t,ut) — Aau(t)) — (h(e, (1)) — Aav(r)) < 0
with

2max{p, pa}

45

< 1.

We firstly study the existence of a solution of the following periodic system:

46) W+ Au— v = ft,u) +h(t,v) + Au— Ay
Vi+ v —u= f(t,v)+h(t,u) +1v— A,
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with the periodicity condition
(47) u(0) =u(T) and v(0) =v(T).
This problem is equivalent to the integral equations:
/ ki(t,s)[f(s,u)+h(s,v)+Aiu— Apv]
—I—/ ko(t,8)[f(s,v) 4+ h(s,u) + Av — Aulds
/ ki(t,8)[f(s,v) 4+ h(s,u) + A1y — Aru]

—|—/ ka(t,s)[f(s,u) +h(s,v) + Aju— Apv]ds

where
1 [ eo1(=s) oy (t—s)
k (t ) i T—EGIT i—eO'ZT 0 S S < t S T
1\5,s)= ro e
1 [ 01+T—s) 0y (t+T—s)
2 el_ealT el_eczT OSt<SST
1 [ ,op(t—s) oy (t—s) ]
k (l ) z ierZT ifeo-lT 0 S S < t S T
2(1,5) = - o e
1 [ eo2(t+T=s) o (t+T—s)
z el—eGZT el—eGIT 0§t<S§T
Here, o) = —()Ll -|-),2) and o, = ()»2 —11).
From ([11], Lemma 3.2), we have
(48) ki(t,s) <0, 0<t,s<T and ky(t,s) >0, 0<¢,s<T.

We assume that there exist o, € C([0,T]) such that

(49)
+/ ko(t, ) (F(5, B(5)) + h(s, a(s)) + M B (s) — Aacx(s))ds
and
g(B)) > /1kl(t,S)(f(S,ﬁ(S))+h(S70€(S))+7Lll3(S) —Aou(s))ds
(50) 0

+/01/<2(I,S)(f(saa(5))+h(s7l3(S))+7Lla(8)—lzﬁ(S))dS
We endow X = C([0,7],R) with the metric G(x,y,z) = max {|x(r) —y(r)], [y(?)

t€[0,T]
(t)|} for x,y,z € X.

This space can be equipped with a partial order given by

x,y € C([0,T]), x Xy <= x(r) <y(1), for any ¢t € [0,7].

g(a(n) < /lkl(ts)(f( () + hls, B(5)) + M1 r(s) ~ 2B ()ds
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In X x X we define the following partial order
(x,9), (,v) EX XX, (x,y) = (u,v) < xZuandy = v.

Since for any x,y € X we have that max(x,y) and min(x,y) € X, assumption 3 of Corollary 3.6 is
satisfied for (X, <). Moreover in [3] it is proved that (X, <) satisfies assumption 2 of Corollary
3.6.

Now, we shall prove the following result.

Theorem 4.1 Suppose that g : X x X is a non-decreasing continuous mapping. Suppose also
that (40)-(41) and (46)-(47) hold. Then (43)-(44) has a unique solution. Therefore (38)-(39)

has also a unique solution.
Proof. We introduce the operator F : X x X — X defined by
Flu)(t) = /OT K (£,5) [f (5, 1) + h(s,v) + At — Aavlds
+/0T ko(t,8)[f(s,v) 4+ h(s,u) + Av — Aulds

forall u,v € X andt € [0, T].
We claim that F has the mixed g-monotone property.

In fact, for gx; < gx, and ¢ € [0,T], we have
Fx1,y)(t) = F(x,3) (1) = /OTkl (#,5)(f(s,x1(s)) = f(5,%2) + A1 (x1(5) — x2(s) )ds
+/0Tk2(f,S)(h(S»X1(S)) —h(s,x2) = A2 (x1 — x2))ds.
From (40), (41) and (45), for all r € [0, T], we have
F(x1,y)(1) = F(x2,y)(2) <0.

This implies that
F<x17y) = F(XZ;y)'

Also, for gy; < gy, and r € [0,T], we have

Flx,y)(t) =F(xy)() = /OT ki(t,)(h(s,y1(s)) = h(s,y2) = Aa(y1(s) —y2(s))ds

4 [ hale )1 ()~ S s202) 4 a1~ ).
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Looking at (40), (41) and (45), for all 7 € [0, T], we have

Fx,y1)(1) = F(x,y2)(t) 20,

that is

F(xhy) EF(XZay)'

Thus, we proved that F' has the mixed g-monotone property.
For gx = gu = gz and gy < gv =< gw, we have F(x,y) = F(u,v), F(x,y) = F(z,w),
F(u,v) = F(z,w) and

= max {1F (6.3)(0) = F ) ()L IF (6)(0) = Femw) (0] 1F ) (0) = F ()]
= max {(Fix ¥)(0) = F(u,v)(1)), (F(x,9)(0) = F(2,w) (), (F ,) (1) = Fz,)(1)) |
= max { | ) (sx(5) = £ls,(s)) + 21 (1= ) = (s, ()
—h(s,¥(s)) = Aa(y —v))lds — OTkz(t,S)[(f(s v(s)) = £(s,7(5) + 21 (v —))
—(h(s,u(s)) — h(s,x(5)) — A (u—x))]ds
(s (
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Using (40) and (41) we get

G(F(x,y),TF(u,v),F(z,w)) <
max {/O kyi(z,s) (ul In [(gx(s)—gu(s))2+1] + U In [(gY(S)—gV(s))2+1])ds

t€[0,T] .
+ /0 (~ka(t,5)) (g1 1n[(gv(s) — g¥(5)*+ 1] + iz In [( gx(s) — gu(s))*+1] )ds,

Rl R ]+uzln[ wis))?+1] )ds
—|—/ —ka(t,s)) (,ul In [(gw(s) —gy(s))" +1] +,u21n[ (s) — gz(s))* + 1])ds,
/Oqu(r 5) (1 n [(gus) — g2(5)? }ﬂmn[ w(s))+1])ds
+/ (—ko(t s))(/,tl In [(gw(s) —gv(s))”+1] —H.Lzln[ —gz(s))z—l—l})ds}
then,
G(F(x, F(z,w)) <
T 2
< max{ur, o} ( n;g; { [ ale.9)=kale.9)) n [(gx(5) — gu(s))* + 1]+
OTklts —ka(t,5))In [(gy (s)*+1],
/OTklts —ko(t,5))In [(gx(s) — g2(s))2 + 1] +
/OTklts —ko(t,5))In [(gy w(s))®+1],
/Tklts —ka(t,s))In [(gu ()2 + 1]+
OT
/O (ki1 (2,5) — ka(t,5)) In [(gv )2+1]}).

By property (G4) of G we have

G(F(x,y),F(u,v),F(z,w)) <

T - 2
<lg?§‘,’;}/0 (k1(t,s)—k2(t,s))> max{ul,u2}<ln [(G(gx, gu,g2))* + 1]+

in [(Gleygnm)* +1])

T G] (t—s) T G] (t+T—s)
< 2max max ‘
{M’“Z} elo,7]1Jo eC’lT e"lT

In [(maX{G(gx, gu,gZ), G(gy, gv, gW)})2 +1].

After integrating, we get

G(F(x,y);F(M,V);F(Z,W)) < mafliL—uimln [(maX{G(gx7gl/l,gZ),G(gy7gv,gw)})2+1].
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From (47), we obtain

G(F(x,y),F(u,v),F(z,w)) <1In[(max{G(gx,gu,gz),G(gy,gv.gw)})* + 1],

which implies that

(GF(e.y).F).F(w))” < (1n [(max{G(gx.gu.2). Gley.gv.em)})? +1])

Then,
Set w(t) =t> and @(t) = (In(t> + 1)2. Clearly ¥ € ¥ and ¢ are altering distance functions

and satisfy the condition y(x) > ¢(x) for x > 0 and from the above inequality, we obtain

W(G(F(x,y)f(u,V),F(z,W))) < ¢(max{G(gx,gu,gz),G(gy,gv,gw)})

for all x,y,u,v,z,w € X such that gx > gu >~ gz and gy < gv =< gw.

Now, let o, B € X be the functions given by (46) and (47).Then, we have
go = F(a,B) and F(B, ) = gP.

Thus, we proved that all the required hypotheses of Corollary 3.6 are satisfied. Hence, g and
F have a unique coupled fixed point (u,v) € X x X, that is, (u,v) is the unique solution of

(38)-(39). This completes the proof.
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