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Abstract. Stability analysis of a deterministic SEIR model of Rift Valley Fever with climate change parameters

has been considered. The computational results show that the disease-free equilibrium point (DFE) is locally

asymptotically stable, and using the Metzler stability theory, we find that the DFE is globally asymptotically stable

when R0 < 1. Using the Lyaponuv stability theory and LaSalle’s Invariant Principle we find that the endemic

equilibrium point (EE) is globally asymptotically stable when R0 > 1. These results are in conjecture with the

results obtained from numerical simulations.
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1. Introduction

Stability analysis of equilibria is one of the classical problems in mathematical epidemiology

and different approaches have been proposed to the stability of the equilibria. Lyapunov Direct

Method [1] combined with LaSalle’s Invariance Principle [2] has traditionally been a power-

ful tool for the analysis of stability of autonomous systems of differential equations through
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construction of suitable Lyapunov functions. Lyapunov functions are not unique and therefore

different forms of Lyapunov functions have been proposed to including: (i) the logarithmic

Lyapunov function

(1) L(xi) =
n

∑
i=1

ci(xi− x∗i − x∗i ln
xi

x∗i
)

proposed by Goh [3] for Lotka-Voltera systems, and later applied by Korobeinikov [4] for SIR,

SIRS and SIS epidemic models; (ii) the composite quadratic Lyaponuv function

(2) V (xi) =
c
2

[
n

∑
i=1

(xi− x∗i )

]2

proposed by Vargas-De-León [5] also for SIR, SIRS and SIS epidemic models; (iii) the composite-

Volterra function

(3) W (xi) = c

[
n

∑
i=1

(xi− x∗i )−
n

∑
i=1

x∗i ln
∑

n
i=1 xi

∑
n
i=1 x∗i

]

proposed by Vargas-De-León [6] for models with relapse; and (iv) the explicit Lyapunov func-

tion

(4) V (xi) = ∑ai(xi− x∗i lnxi)

proposed by Korobeinikov [7-9] for SEIR and SEIS epidemic models.

Construction of Lyapunov functions to establish stability of equilibria is not an easy task

and therefore stability analysis through geometric approach proposed by Li and Muldowney

[10] has been used to prove the global stability of the endemic equilibrium. On other hand, a

method based on the use of stable Metzler matrices has been proposed and proven to be useful

to establish the global stability of DFE by Kamgang and Sallet [1]. The importance of the

Metzler matrices is well recognised in the stability of dynamical systems and positive systems

[12-13] and more generally in biology, engineering and economics [1-2,14-17].

In this paper we consider the model developed by Mpeshe et al. [18] to compute the e-

quilibrium points and analyse its stability. We establish the global stability of the disease-free

equilibrium point using stable Metzler matrix theory. We also establish the global stability of
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the endemic equilibrium point using Lyapunov Direct Method combined with LaSalle’s Invari-

ance Principle. Finally, we perform numerical simulations of the model system in a closed

population.

2. Materials and methods

2.1. Model formulation

The model developed by Mpeshe et al. [18] considers three populations: mosquitoes, live-

stock, and humans with disease-dependent death rate for livestock and humans. The mosquito

population is subdivided into two: Aedes species and Culex species. The egg population of

Aedes spp. consists of uninfected eggs (Xa) and infected eggs (Ya). The population for adult

Aedes spp. consists of susceptible adults (Sa), latently infected adults (Ea), and infectious adults

(Ia). The egg population of Culex spp. consists of uninfected eggs (Xc) only and the popula-

tion for adult Culex spp. consists of susceptible adults (Sc), latently infected adults (Ec), and

infectious adults (Ic). The livestock population consists of susceptible livestock (Sl), latently

infected livestock (El), infectious livestock (Il), and recovered livestock (Rl). The human pop-

ulation consists of susceptible humans (Sh), latently infected humans (Eh), infectious humans

(Ih) and recovered humans (Rh). The model parameters and their description as they have been

used in this work are given in Table 1.

The equations of the model are (5), (6), (7), and (8), where T and P represent temperature

and precipitation respectively:

Aedes Mosquito

dXa

dt
= ba(T,P)(Na− faIa)−ha(T,P)Xa,(5a)

dYa

dt
= ba(T,P) faIa−ha(T,P)Ya,(5b)

dSa

dt
= ha(T,P)Xa−µa(T )Sa−λla(T )

Il

Nl
Sa−λha(T )

Ih

Nh
Sa,(5c)

dEa

dt
= λla(T )

Il

Nl
Sa +λha(T )

Ih

Nh
Sa− (εa(T )+µa(T ))Ea,(5d)

dIa

dt
= ha(T,P)Ya + εa(T )Ea−µa(T )Ia,(5e)

dNa

dt
= ha(T,P)(Xa +Ya)−µa(T )Na.(5f)
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Culex Mosquito

dXc

dt
= bc(T,P)Nc−hc(T,P)Xc,(6a)

dSc

dt
= hc(T,P)Xc−µc(T )Sc−λlc(T )

Il

Nl
Sc−λhc(T )

Ih

Nh
Sc,(6b)

dEc

dt
= λlc(T )

Il

Nl
Sc +λhc(T )

Ih

Nh
Sc− (εc(T )+µc(T ))Ec,(6c)

dIc

dt
= εc(T )Ec−µc(T )Ic,(6d)

dNc

dt
= hc(T,P)Xc−µc(T )Nc.(6e)

Livestock

dSl

dt
= blNl−µlSl−λal(T )

Ia

Na
Sl−λcl(T )

Ic

Nc
Sl,(7a)

dEl

dt
= λal(T )

Ia

Na
Sl +λcl(T )

Ic

Nc
Sl− (εl +µl)El,(7b)

dIl

dt
= εlEl− (µl +φl + γl)Il,(7c)

dRl

dt
= γlIl−µlRl,(7d)

dNl

dt
= (bl−µl)Nl−φlIl.(7e)

Humans

dSh

dt
= bhNh−µhSh−λlh

Il

Nl
Sh−λah(T )

Ia

Na
Sh−λch(T )

Ic

Nc
Sh,(8a)

dEh

dt
= λlh

Il

Nl
Sh +λah(T )

Ia

Na
Sh +λch(T )

Ic

Nc
Sh− (εh +µh)Eh,(8b)

dIh

dt
= εhEh− (µh +φh + γh)Ih,(8c)

dRh

dt
= γhIh−µhRh,(8d)

dNh

dt
= (bh−µh)Nh−φhIh.(8e)

2.2. Equilibrium points

In solving for the equilibria, we omit the expression containing R in livestock and humans

because it can be determined when S,E and I are known. This will transform the equilibria from

D ∈ R17
+ to R13

+ . We therefore consider the following system of ordinary differential equation:
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dXa

dt
= ba(T,P)(Na− faIa)−ha(T,P)Xa,(9a)

dYa

dt
= ba(T,P) faIa−ha(T,P)Ya,(9b)

dSa

dt
= ha(T,P)Xa−µa(T )Sa−λla(T )

Il

Nl
Sa−λha(T )

Ih

Nh
Sa,(9c)

dEa

dt
= λla(T )

Il

Nl
Sa +λha(T )

Ih

Nh
Sa− (εa(T )+µa(T ))Ea,(9d)

dIa

dt
= ha(T,P)Ya + εa(T )Ea−µa(T )Ia,(9e)

dXc

dt
= bc(T,P)Nc−hc(T,P)Xc,(9f)

dSc

dt
= hc(T,P)Xc−µc(T )Sc−λlc(T )

Il

Nl
Sc−λhc(T )

Ih

Nh
Sc,(9g)

dEc

dt
= λlc(T )

Il

Nl
Sc +λhc(T )

Ih

Nh
Sc− (εc(T )+µc(T ))Ec,(9h)

dIc

dt
= εc(T )Ec−µc(T )Ic,(9i)

dSl

dt
= blNl−µlSl−λal(T )

Ia

Na
Sl−λcl(T )

Ic

Nc
Sl,(9j)

dEl

dt
= λal(T )

Ia

Na
Sl +λcl(T )

Ic

Nc
Sl− (εl +µl)El,(9k)

dIl

dt
= εlEl− (µl +φl + γl)Il,(9l)

dSh

dt
= bhNh−µhSh−λlh

Il

Nl
Sh−λah(T )

Ia

Na
Sh−λch(T )

Ic

Nc
Sh,(9m)

dEh

dt
= λlh

Il

Nl
Sh +λah(T )

Ia

Na
Sh +λch(T )

Ic

Nc
Sh− (εh +µh)Eh,(9n)

dIh

dt
= εhEh− (µh +φh + γh)Ih.(9o)

We compute the equilibria D by setting the left-hand side of the system (9) equal to zero. That

is,
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0 = ba(T,P)(Na− faIa)−ha(T,P)Xa,(10a)

0 = ba(T,P) faIa−ha(T,P)Ya,(10b)

0 = ha(T,P)Xa−µa(T )Sa−λla(T )
Il

Nl
Sa−λha(T )

Ih

Nh
Sa,(10c)

0 = λla(T )
Il

Nl
Sa +λha(T )

Ih

Nh
Sa− (εa(T )+µa(T ))Ea,(10d)

0 = ha(T,P)Ya + εa(T )Ea−µa(T )Ia,(10e)

0 = bc(T,P)Nc−hc(T,P)Xc,(10f)

0 = hc(T,P)Xc−µc(T )Sc−λlc(T )
Il

Nl
Sc−λhc(T )

Ih

Nh
Sc,(10g)

0 = λlc(T )
Il

Nl
Sc +λhc(T )

Ih

Nh
Sc− (εc(T )+µc(T ))Ec,(10h)

0 = εc(T )Ec−µc(T )Ic,(10i)

0 = blNl−µlSl−λal(T )
Ia

Na
Sl−λcl(T )

Ic

Nc
Sl,(10j)

0 = λal(T )
Ia

Na
Sl +λcl(T )

Ic

Nc
Sl− (εl +µl)El,(10k)

0 = εlEl− (µl +φl + γl)Il,(10l)

0 = bhNh−µhSh−λlh
Il

Nl
Sh−λah(T )

Ia

Na
Sh−λch(T )

Ic

Nc
Sh,(10m)

0 = λlh
Il

Nl
Sh +λah(T )

Ia

Na
Sh +λch(T )

Ic

Nc
Sh− (εh +µh)Eh,(10n)

0 = εhEh− (µh +φh + γh)Ih.(10o)

Direct computations gives us two equilibrium points on the transformed region R13
+ , the

disease-free equilibrium (DFE)

D0 = (X0
a ,Y

0
a ,S

0
a,E

0
a , I

0
a ,X

0
c ,S

0
c ,E

0
c , I

0
c ,S

0
l ,E

0
l , I

0
l ,S

0
h,E

0
h , I

0
h )

=

(
ba(T,P)
ha(T )

N0
a ,0,

ba(T,P)
µa(T )

N0
a ,0,0,

bc(T,P)
hc(T )

N0
c ,

bc(T,P)
µc(T )

N0
c ,

0,0,
bl

µl
N0

l ,0,0,
bh

µh
N0

h ,0,0
)
,

(11)

and the endemic equilibrium

D∗ = (X∗a ,Y
∗
a ,S
∗
a,E
∗
a , I
∗
a ,X

∗
c ,S
∗
c ,E
∗
c , I
∗
c ,S
∗
l ,E
∗
l , I
∗
l ,S
∗
h,E
∗
h , I
∗
h )
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where

X∗a =
ba(T,P)
ha(T,P)

N∗a −Y ∗a ,(12a)

Y ∗a =
ba(T,P) faεa(T )E∗a

ha(T,P)(ba(T,P) fa−µa(T ))
(12b)

S∗a =
ha(T,P)X∗a

µa(T )+
λla(T )εlE∗l

N∗l (µl+φl+γl)
+

λha(T )εhE∗h
N∗h (µh+φh+γh)

,(12c)

E∗a =
λla

I∗l
N∗l

+λha
I∗h
N∗h

εa(T )+µa(T )
S∗a,(12d)

I∗a =
ha(T,P)

ba(T,P) fa
Y ∗a ,(12e)

X∗c =
bc(T,P)
hc(T,P)

N∗c ,(12f)

S∗c =
hc(T,P)X∗c

µc(T )+
λlc(T )εlE∗l

Nl(µl+φl+γl)
+

λhc(T )εhE∗h
N∗h (µh+φh+γh)

,(12g)

E∗c =
λlc

I∗l
N∗l

+λhc
I∗h
N∗h

εc(T )+µc(T )
S∗c ,(12h)

I∗c =
εc(T )E∗c
µc(T )

,(12i)

S∗l =
blN∗l

µl +
λal(T )ha(T,P)Y ∗a

N∗a ba(T,P) fa
+ λcl(T )εc(T )E∗c

Ncµc(T )

,(12j)

E∗l =
λal

I∗a
N∗a

+λcl
I∗c
N∗c

εl +µl
S∗l ,(12k)

I∗l =
εlE∗l

µl +φl + γl
,(12l)

S∗h =
bhN∗h

µh +
λlhεlE∗l

N∗l (µl+φl+γl)
+ λah(T )ha(T,P)Y ∗a

N∗a ba(T,P) fa
+ λch(T )εc(T )E∗c

N∗c µc(T )

,(12m)

E∗h =
λlh

I∗l
N∗l

+λah
I∗a
N∗a

+λch
I∗c
N∗c

εh +µh
S∗h,(12n)

I∗h =
εhE∗h

µh +φh + γh
.(12o)

2.3. Stability analysis of equilibrium points

In this section, we determine the conditions under which the equilibrium points are asymp-

totically stable or unstable. Asymptotic stability implies that the solution starting sufficiently
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close to the equilibrium point remains close to it and approaches it as t→∞, while instability of

the equilibrium implies that there are solutions starting arbitrary close to the equilibrium point

which do not approach it.

2.3.1. Local stability of the DFE

In general, local asymptotic stability (LAS) implies that trajectories start arbitrary close to

the equilibrium point but they do not reach it. We start by evaluating the Jacobian matrix at the

DFE.

That is,

(13) J(D0) =


J11 0 J13

J21 J22 J23

J31 J32 J33

 ,
where

(14) J11 =



−ha(T,P) 0 0 0 0

0 −ha(T,P) 0 0 0

ha(T,P) 0 −µa(T ) 0 0

0 0 0 −(εa(T )+µa(T )) 0

0 ha(T,P) 0 εa(T ) −µa(T )


,

(15) J13 =



0 0 0 0 0

0 0 0 0 0

0 −λla(T )
S0

a
N0

l
0 0 −λha(T )

S0
a

N0
h

0 λla(T )
S0

a
N0

l
0 0 λha(T )

S0
a

N0
h

0 0 0 0 0


,J21 =



0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 −λal(T )
S0

l
N0

a


,

(16) J22 =



−hc(T,P) 0 0 0 0

hc(T,P) −µc(T ) 0 0 0

0 0 −(εc(T )+µc(T )) 0 0

0 0 εc(T ) −µc(T ) 0

0 0 0 −λcl(T )
S0

l
N0

c
−µl


,
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(17) J23 =



0 0 0 0 0

0 −λlc(T )
S0

c
N0

l
0 0 −λhc(T )

S0
c

N0
h

0 λlc(T )
S0

c
N0

l
0 0 λhc(T )

S0
c

N0
h

0 0 0 0 0

0 0 0 0 0


,

(18) J31 =



0 0 0 0 λal(T )
S0

l
N0

a

0 0 0 0 0

0 0 0 0 −λah(T )
S0

h
N0

a

0 0 0 0 λah(T )
S0

h
N0

a

0 0 0 0 0


,J32 =



0 0 0 λcl(T )
S0

l
N0

c
0

0 0 0 0 0

0 0 0 −λch(T )
S0

h
N0

c
0

0 0 0 λch(T )
S0

h
N0

c
0

0 0 0 0 0


,

and

(19) J33 =



−(εl +µl) 0 0 0 0

εl −(µl +φl + γl) 0 0 0

0 −λlh
S0

h
N0

l
−µh 0 0

0 λlh
S0

h
N0

l
0 −(εh +µh) 0

0 0 0 εh −(µh +φh + γh)


.

Combining all together, the matrix J(D0) diagonal entries in the third, seventh, tenth, and

thirteenth columns. Therefore, the diagonal entries −µa,−µc,−µl,−µh are four eigenvalues

of the Jacobian. Excluding these columns and their corresponding rows, we remain with a

matrix J̃11×11 given by

(20) J̃(D0) =


J̃11 0 J̃13

0 J̃22 J̃23

J̃31 J̃32 J̃33

 ,
where

(21) J̃11 =


−ha(T,P) 0 0 0

0 −ha(T,P) 0 0

0 0 −(εa(T )+µa(T )) 0

0 ha(T,P) εa(T ) −µa(T )

 ,
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(22) J̃13 =


0 0 0 0

0 0 0 0

0 λla(T )
S0

a
N0

l
0 λha(T )

S0
a

N0
h

0 0 0 0


,

(23) J̃22 =


−hc(T,P) 0 0

0 −(εc(T )+µc(T )) 0

0 εc(T ) −µc(T )

 , J̃23 =


0 0 0 0

0 λlc(T )
S0

c
N0

l
0 λhc(T )

S0
c

N0
h

0 0 0 0

 ,

(24) J̃31 =


0 0 0 λal(T )

S0
l

N0
a

0 0 0 0

0 0 0 λah(T )
S0

h
N0

a

0 0 0 0

 , J̃32 =


0 0 λcl(T )

S0
l

N0
c

0 0 0

0 0 λch(T )
S0

h
N0

c

0 0 0

 ,

and

(25) J̃33 =



−(εl +µl) 0 0 0

εl −(µl +φl + γl) 0 0

0 λlh
S0

h
N0

l
−(εh +µh) 0

0 0 εh −(µh +φh + γh)


.

Making further computations on J̃(D0), we find that all eigenvalues of the Jacobian matrix

J(D0) are negative. This implies that the system is asymptotically stable, and hence, the fol-

lowing proposition:

Propositon 2.1. The disease-free equilibrium point is locally asymptotically stable in D if

R0 < 1 and unstable if R0 > 1.

2.3.2. Global stability of the DFE
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The global stability of the DFE is determined by applying Castillo-Chavez et al. [19]. We

write the system in the form

(26)


dXn
dt = A1(x)(Xn−XDFE,n)+A12(x)Xe,

dXe
dt = A2(x)Xe,

where Xn is the vector representing the non-transmitting compartments, and Xe is the vector
representing the transmitting compartments.
Hence,

Xn = (Xa,Sa,Xc,Sc,Sl ,Sh)
T , Xe = (Ya,Ea, Ia,Ec, Ic,El , Il ,Eh, Ih)

T ,(27a)

XDFE,n = (
ba(T,P)
ha(T,P)

Na,
ba(T,P)
µa(T )

Na,
bc(T,P)
hc(T,P)

Nc,
bc(T,P)
µc(T )

Nc,
bl

µl
Nl ,

bh

µh
Nh,)(27b)

with

(28) A1(x) =



−ha(T,P) 0 0 0 0 0

ha(T,P) −µa(T ) 0 0 0 0

0 0 −hc(T,P) 0 0 0

0 0 hc(T,P) −µc(T ) 0 0

0 0 0 0 −µl 0

0 0 0 0 0 −µh


,

(29) A12(x) =



0 0 −ba(T,P) fa 0 0 0 0 0 0

0 0 0 0 0 0 −λla(T ) Sa
Nl

0 −λha(T ) Sa
Nh

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −λlc(T ) Sc
Nl

0 −λhc(T ) Sc
Nh

0 0 −λal(T )
Sl
Na

0 −λcl(T )
Sl
Nc

0 0 0 0

0 0 −λah(T )
Sh
Na

0 −λch(T )
Sh
Nc

0 −λlh
Sh
Nl

0 0


and

(30) A2(x) =

 M11 M12

M21 M22

 ,
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where

(31) M11 =



−ha(T,P) 0 ba(T,P) fa 0 0

0 −(εa(T )+µa(T )) 0 0 0

ha(T,P) εa(T ) −µa(T ) 0 0

0 0 0 −(εc(T )+µc(T )) 0

0 0 0 εc(T ) −µc(T )


,

(32) M12 =



0 0 0 0

0 λla(T )
Sa
Nl

0 λha(T )
Sa
Nh

0 0 0 0

0 λlc(T )
Sc
Nl

0 λhc(T )
Sc
Nh

0 0 0 0


,M21 =


0 0 λal(T )

Sl
Na

0 λcl(T )
Sl
Nc

0 0 0 0 0

0 0 λah(T )
Sh
Na

0 λch(T )
Sh
Nc

0 0 0 0 0

 ,

and

(33) M22 =


−(εl +µl) 0 0 0

εl −(µl +φl + γl) 0 0

0 λlh
Sh
Nl

−(εh +µh) 0

0 0 εh −(µh +φh + γh)

 .

A direct computation shows that the eigenvalues of A1(x) are real and negative. Thus, the

system
dXn

dt
= A1(x)(Xn−XDFE,n)+A12(x)Xe,

is globally asymptotically stable at XDFE . Also, combining all the sub-matrices, the matrix

A2(x) is a Metzler stable matrix. Thus, the DFE is GAS and therefore, we have the following

proposition:

Propositon 2.2. The disease-free equilibrium point is globally asymptotically stable in D if

R0 < 1 and unstable if R0 > 1.

2.3.3. Global stability of the endemic equilibrium

The local stability of the DFE suggests local stability of the EE for the reverse condition [20].

Hence we only investigate the global stability of the EE. We explored the global stability of
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the endemic equilibrium via construction of a suitable Lyapunov function using Korobeinikov

approach [7-9]. In this approach, we construct Lyapunov functions of the form

(34) V = ∑ai(xi− x∗i lnxi),

where ai is properly selected constant, xi is the population of the ith compartment, and x∗i is

the equilibrium point. The approach has been found to be useful for compartmental epidemic

models with any number of compartments [7-9].

Thus, consider the Lyapunov function

V = w1(Xa−X∗a lnXa)+w2(Ya−Y ∗a lnYa)+w3(Sa−S∗a lnSa)

+w4(Ea−E∗a lnEa)+w5(Ia− I∗a ln Ia)+w6(Xc−X∗c lnXc)

+w7(Sc−S∗c lnSc)+w8(Ec−E∗c lnEc)+w9(Ic− I∗c ln Ic)

+w10(Sl−S∗l lnSl)+w11(El−E∗l lnEl)+w12(Il− I∗l ln Il)

+w13(Sh−S∗h lnSh)+w14(Eh−E∗h lnEh)+w15(Ih− I∗h ln Ih),

(35)

where wi > 0 for i = 1,2, · · · ,15.

The time derivative of V is then given by

dV
dt

= w1(1−
X∗a
Xa

)
dXa

dt
+w2(1−

Y ∗a
Ya

)
dYa

dt
+w3(1−

S∗a
Sa

)
dSa

dt

+w4(1−
E∗a
Ea

)
dEa

dt
+w5(1−

I∗a
Ia
)
dIa

dt
+w6(1−

X∗c
Xc

)
dXc

dt

+w7(1−
S∗c
Sc

)
dSc

dt
+w8(1−

E∗c
Ec

)
dEc

dt
+w9(1−

I∗c
Ic
)
dIc

dt

+w10(1−
S∗l
Sl
)
dSl

dt
+w11(1−

E∗l
El

)
dEl

dt
+w12(1−

I∗l
Il
)
dIl

dt

+w13(1−
S∗h
Sh

)
dSh

dt
+w14(1−

E∗h
Eh

)
dEh

dt
+w15(1−

I∗h
Ih
)
dIh

dt

(36)
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and from (9) we have

dV
dt

= w1(1−
X∗a
Xa

)[ba(T,P)(Na− faIa)−ha(T,P)Xa]

+w2(1−
Y ∗a
Ya

)[ba(T,P) faIa−ha(T,P)Ya]

+w3(1−
S∗a
Sa

)[ha(T,P)Xa−µa(T )Sa−λla(T )
Il

Nl
Sa−λha(T )

Ih

Nh
Sa]

+w4(1−
E∗a
Ea

)[λla(T )
Il

Nl
Sa +λha(T )

Ih

Nh
Sa− (εa(T )+µa(T ))Ea]

+w5(1−
I∗a
Ia
)[ha(T,P)Ya + εa(T )Ea−µa(T )Ia]

+w6(1−
X∗c
Xc

)[bc(T,P)Nc−hc(T,P)Xc]

+w7(1−
S∗c
Sc

)[hc(T,P)Xc−µc(T )Sc−λlc(T )
Il

Nl
Sc−λhc(T )

Ih

Nh
Sc]

+w8(1−
E∗c
Ec

)[λlc(T )
Il

Nl
Sc +λhc(T )

Ih

Nh
Sc− (εc(T )+µc(T ))Ec]

+w9(1−
I∗c
Ic
)[εc(T )Ec−µc(T )Ic]

+w10(1−
S∗l
Sl
)[blNl−µlSl−λal(T )

Ia

Na
Sl−λcl(T )

Ic

Nc
Sl]

+w11(1−
E∗l
El

)[λal(T )
Ia

Na
Sl +λcl(T )

Ic

Nc
Sl− (εl +µl)El]

+w12(1−
I∗l
Il
)[εlEl− (µl +φl + γl)Il]

+w13(1−
S∗h
Sh

)[bhNh−µhSh−λlh
Il

Nl
Sh−λah(T )

Ia

Na
Sh−λch(T )

Ic

Nc
Sh]

+w14(1−
E∗h
Eh

)[λlh
Il

Nl
Sh +λah(T )

Ia

Na
Sh +λch(T )

Ic

Nc
Sh− (εh +µh)Eh]

+w15(1−
I∗h
Ih
)[εhEh− (µh +φh + γh)Ih].

(37)

Assuming constant total mosquito eggs and constant total population for all species, we have

the following at D∗ : ha(T,P)Ga = ha(T,P)X∗a +ha(T,P)Y ∗a , hc(T,P)Gc = hc(T,P)X∗c ,

ba(T,P)Na = ha(T,P)X∗a +ha(T,P)Y ∗a ,
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bc(T,P)Nc = hc(T,P)X∗c , blNl = µlS∗l +λal(T )
I∗a
Na

S∗l +λcl(T )
I∗c
Nc

S∗l , and bhNh = µhS∗h+λlh
I∗l
Nl

S∗h+

λah(T )
I∗a
Na

S∗h +λch(T )
I∗c
Nc

S∗h. Therefore,

dV
dt

= w1(1−
X∗a
Xa

)[ba(T,P)I∗a+ha(T,P)X∗a −ba(T,P) faIa)−ha(T,P)Xa]

+w2(1−
Y ∗a
Ya

)[ba(T,P) faIa−ha(T,P)Ya]

+w3(1−
S∗a
Sa

)[ha(T,P)Y ∗a +µa(T )S∗a +λla(T )
I∗l
Nl

S∗a +λha(T )
I∗h
Nh

S∗a]

+w3(1−
S∗a
Sa

)[−ha(T,P)Ya−µa(T )Sa−λla(T )
Il

Nl
Sa−λha(T )

Ih

Nh
Sa]

+w4(1−
E∗a
Ea

)[λla(T )
Il

Nl
Sa +λha(T )

Ih

Nh
Sa− (εa(T )+µa(T ))Ea]

+w5(1−
I∗a
Ia
)[ha(T,P)Ya + εa(T )Ea−µa(T )Ia]+w6(1−

X∗c
Xc

)[hc(T,P)X∗c −hc(T,P)Xc]

+w7(1−
S∗c
Sc

)[µc(T )S∗c +λlc(T )
I∗l
Nl

S∗c +λhc(T )
I∗h
Nh

S∗c −µc(T )Sc−λlc(T )
Il

Nl
Sc−λhc(T )

Ih

Nh
Sc]

+w8(1−
E∗c
Ec

)[λlc(T )
Il

Nl
Sc +λhc(T )

Ih

Nh
Sc− (εc(T )+µc(T ))Ec]

+w9(1−
I∗c
Ic
)[εc(T )Ec−µc(T )Ic]

+w10(1−
S∗l
Sl
)[µlS∗l +λal(T )

I∗a
Na

S∗l +λcl(T )
I∗c
Nc

S∗l −µlSl−λal(T )
Ia

Na
Sl−λcl(T )

Ic

Nc
Sl]

+w11(1−
E∗l
El

)[λal(T )
Ia

Na
Sl +λcl(T )

Ic

Nc
Sl− (εl +µl)El]

+w12(1−
I∗l
Il
)[εlEl− (µl +φl + γl)Il]

+w13(1−
S∗h
Sh

)[µhS∗h +λlh
I∗l
Nl

S∗h +λah(T )
I∗a
Na

S∗h +λch(T )
I∗c
Nc

S∗h]

+w13(1−
S∗h
Sh

)[−µhSh−λlh
Il

Nl
Sh−λah(T )

Ia

Na
Sh−λch(T )

Ic

Nc
Sh]

+w14(1−
E∗h
Eh

)[λlh
Il

Nl
Sh +λah(T )

Ia

Na
Sh +λch(T )

Ic

Nc
Sh− (εh +µh)Eh]

+w15(1−
I∗h
Ih
)[εhEh− (µh +φh + γh)Ih].

(38)

Further simplification gives

dV
dt

=−w1(1−
X∗a
Xa

)2ha(T,P)Xa−w3(1−
S∗a
Sa

)2
µaSa−w6(1−

X∗c
Xc

)2hc(T,P)Xc

−w7(1−
S∗c
Sc
)2

µcSc−w10(1−
S∗l
Sl
)2

µlSl−w13(1−
S∗h
Sh

)2
µhSh +F(D),

(39)
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where

D= {(Xa,Ya,Sa,Ea, Ia,Xc,Sc,Ec, Ic,Sl,El, Il,Sh,Eh, Ih)> 0}

and

F(D) = w1(1−
X∗a
Xa

)[ba(T,P)I∗a−ba(T,P) faIa)]+w2(1−
Y ∗a
Ya

)[ba(T,P) faIa−ha(T,P)Ya]

+w3(1−
S∗a
Sa

)[ha(T,P)Y ∗a −ha(T,P)Ya +λla(T )
I∗l
Nl

S∗a +λha(T )
I∗h
Nh

S∗a]

+w3(1−
S∗a
Sa

)[−λla(T )
Il

Nl
Sa−λha(T )

Ih

Nh
Sa]

+w4(1−
E∗a
Ea

)[λla(T )
Il

Nl
Sa +λha(T )

Ih

Nh
Sa− (εa(T )+µa(T ))Ea]

+w5(1−
I∗a
Ia
)[ha(T,P)Ya + εa(T )Ea−µa(T )Ia]

+w7(1−
S∗c
Sc

)[λlc(T )
I∗l
Nl

S∗c +λhc(T )
I∗h
Nh

S∗c −λlc(T )
Il

Nl
Sc−λhc(T )

Ih

Nh
Sc]

+w8(1−
E∗c
Ec

)[λlc(T )
Il

Nl
Sc +λhc(T )

Ih

Nh
Sc− (εc(T )+µc(T ))Ec]

+w9(1−
I∗c
Ic
)[εc(T )Ec−µc(T )Ic]

+w10(1−
S∗l
Sl
)[λal(T )

I∗a
Na

S∗l +λcl(T )
I∗c
Nc

S∗l −λal(T )
Ia

Na
Sl−λcl(T )

Ic

Nc
Sl]

+w11(1−
E∗l
El

)[λal(T )
Ia

Na
Sl +λcl(T )

Ic

Nc
Sl− (εl +µl)El]

+w12(1−
I∗l
Il
)[εlEl− (µl +φl + γl)Il]

+w13(1−
S∗h
Sh

)[λlh
I∗l
Nl

S∗h +λah(T )
I∗a
Na

S∗h +λch(T )
I∗c
Nc

S∗h]

+w13(1−
S∗h
Sh

)[−λlh
Il

Nl
Sh−λah(T )

Ia

Na
Sh−λch(T )

Ic

Nc
Sh]

+w14(1−
E∗h
Eh

)[λlh
Il

Nl
Sh +λah(T )

Ia

Na
Sh +λch(T )

Ic

Nc
Sh− (εh +µh)Eh]

+w15(1−
I∗h
Ih
)[εhEh− (µh +φh + γh)Ih].

(40)

F(D) is non-positive by following the approach of McCluskey [21] and Korobeinikov [4,7-

9]. Thus, F(D) ≤ 0 for all D. Hence, dV
dt ≤ 0 in D and is zero when D =D∗. Therefore, the

largest compact invariant set in D such that dV
dt = 0 is the singleton {D∗} which is the endemic

equilibrium point. LaSalle’s invariant principle then implies that D∗ is globally asymptotically

stable (GAS) in the interior of D. Thus, we have established the following result:
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Propositon 2.3. If R0 > 1, then, system (9) has a unique endemic equilibrium point D∗ which

is GAS in D.

3. Numerical results and discussion

To explore the dynamical behaviour of RVF in the a closed system and illustrate some

analytical results, numerical simulations were carried for the case climate change parameter

are considered constant and when the climate change parameters are considered to change

with temperature and precipitation. The state initial values used for simulations are Xa(0) =

4999, Ya(0) = 1, Sa(0) = 4500, Ea(0) = 499, Ia(0) = 1, Xc(0) = 5000, Sc(0) = 4500, Ec(0) =

499, Ic(0) = 1, Sl(0) = 1000, El(0) = 0, Il(0) = 0, Rl(0) = 0, Sh(0) = 1000, Eh(0) = 0, Ih(0) =

0, and Rh(0) = 0. For the case where climate change parameters are considered to be constant,

the parameter values in Table 2 were used for simulations.

Figure 1 shows the plot of the RVF model classes with time over a period of one year (365

days) when the climate change parameters were considered to be constant. The simulations re-

sults indicates the existence of both DFE and EE of the RVF dynamics, and that these equilibria

are stable whenever they exist.

FIGURE 1. Plot of RVF model without impact of climate change

To perform numerical simulations of RVF model for the case of variable climate change

parameters, temperature and precipitation data from Tanzania were used. The climate change
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parameters with their expressions as used in this part are given in Table 3. Detailed explanations

on sources and/or derivation of the the climate change parameter expressions can found in

Mpeshe et al. [18].

Figure 2 shows the plot of the RVF model classes over a period of one year (365 days)

when climate change parameters are taken into account. The simulations results also indicate

the existence of both DFE and EE of the RVF dynamics, and that these equilibria are stable

whenever they exist.

FIGURE 2. Plot of RVF model with impact of climate change

4. Conclusion

Stability analysis of the RVF model has been performed and numerical simulations of the

model in a closed population has been performed in the case when there is no impact on the

climate change and when there is impact in climate change. Analytical results shows that both

the DFE and EE are globally asymptotically stable whenever they exists. These results are in
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conjecture with the results from numerical simulations when the impact of climate change has

been considered and when no climate change is considered.
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TABLE 1. Parameters and their description

Parameter Description

1/ha(T,P) development time of Aedes mosquitoes

1/hc(T,P) development time of Culex mosquitoes

ba(T,P) number of Aedes eggs laid per day

bc(T,P) number of Culex eggs laid per day

bh daily birth rate in humans

bl daily birth rate in livestock

1/µa(T ) lifespan of Aedes mosquitoes

1/µc(T ) lifespan of Culex mosquitoes

1/µh lifespan of humans

1/µl lifespan of livestock

1/εa(T ) Incubation period of Aedes mosquitoes

1/εc(T ) Incubation period of Culex mosquitoes

1/εh Incubation period of humans

1/εl Incubation period of livestock

φl Death rate of livestock due to disease

φh Death rate of humans due to disease

1/γl Infectious period in livestock

1/γh Infectious period in humans

λal(T ) Adequate contact rate: Aedes to livestock

λcl(T ) Adequate contact rate: Culex to livestock

λla(T ) Adequate contact rate: livestock to Aedes

λlc(T ) Adequate contact rate: livestock to Culex

λah(T ) Adequate contact rate: Aedes to humans

λch(T ) Adequate contact rate: Culex to humans

λha(T ) Adequate contact rate: humans to Aedes

λhc(T ) Adequate contact rate: humans to Culex

λlh Adequate contact rate: livestock to humans

fa vertical transmission rate in Aedes
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TABLE 2. Parameter values used for numerical simulations of RVF model with

constant climate change parameters

Parameter Value Parameter Value

1/ba 200 1/bc 200

1/ha 20 1/hc 20

bh 0.0015 bl 0.0025

1/µa 60 days 1/µc 60 days

1/µh 60 yrs 1/µl 10 yrs

1/εa 8 days 1/εc 8 days

1/εh 6 days 1/εl 6 days

φl 0.10 φh 0.10

1/γl 5 days 1/γh 7 days

λal 0.48 λcl 0.13

λla 0.395 λlc 0.56

λah 0.025 λch 0.065

λha 0.0125 λhc 0.025

λlh 0.002 fa 0.1
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TABLE 3. Climate change parameters with their expressions

Parameter expression Values of constants

h(T,P) = ρ(T )ρ(P)
d(T ) 1/da(T ) = α1T 3 +α2T 2 +α3T +α4

α1 =−0.0025, α2 = 0.2069, α3 =−5.5285, α4 = 48.2951

1/dc(T ) = α1T 2 +α2T +α3

α1 = 0.0095, α2 =−0.4684, α3 = 5.8343

ρ(P) = (1− e−β1(P−P1))(1− e−β2(P2−P))

β1a =−0.0015, β2a =−0.000015, β1c =−0.0025,

β2c =−0.000025, P1 = 10, P2 = 250,

ρ(P) = 0 for P < P1 and P > P2

b(T,P) = b0 +
Emax

1+e{
−(Im−E)

Evar
}

Im = 100( r
E0
−1), Emax = 20, E = 0,

Evar = 12, b0 = 0

1/µa(T ) = a0−a1T a0 = 25.8, a1 = 0.45

1/µc(T ) = a0−a1T a0 = 69.1, a1 = 2.14

1/εa(T ) = εmax− εslopeT εmax = 18.9, εslope = 0.30

1/εc(T ) = εmax− εslopeT εmax = 11.3, εslope = 0.30

λi(T ) = as(T −Tmin)ρi i = al, cl, la, lc, ah, ha, ch, hc, as = 0.0173, Tmin = 9.60

ρal = 0.70, ρcl = 0.78, ρla = 0.38, ρlc = 0.22

ρah = 0.01, ρha = 0.05, ρch = 0.01, ρhc = 0.015


