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Abstract. The purpose of the present paper is to give some results related to a class of linear bounded operators,
known as A(m, p)-expansive operators acting on infinite complex Banach space X recently introduced in [29].
A(m, p)-expansive operators is extension of A(m, p)-isometric operators was defined by P.B.Duggal in [19], where
he has given some of their properties. A Banach space operator T € Z(X) is A(m, p)- expansive (resp., A(m, p)-

hyperexpansive) for some A € #(X) , integer m > 1 and p € (0, ) if, for any x € X

y (1)]‘(’;:)||ATkx||p§0 (resp., y (1)k<Z)||ATkx||p§0, forall n: 1§n§m).

0<k<m 0<k<n
Keywords: Banach space, A(m, p)-isometric operator; A(m, p)-expansive operator; A(m, p)-hyperexpansive oper-

ator.
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1. Introduction and notations

In this paper (X, || ||) denotes a infinite-dimensional Banach space on K = C (the complex
plane). N is the set of positive integers and Nyo = NU {0}. Let #(X) be the set of bounded
linear operators from X into itself. The authors, Sid Ahmed and Saddi introduced the concept
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of (A, m)-isometric operators. They gave several generalizations of well known facts on m-
isometric operators according to semi-Hilbertian space structures.We refer the reader to [31] for
more information about (A, m)-isometric operators. Recently, Duggal has introduced the notion
of an A(m, p)-isometry of a Banach space, following a definition of Bayart in the Banach space
setting.

An operator acting on a Hilbert space .77 is called m-isometric for some integer m > 1 if

m

(1.1) T*mT’"—<I)T*m_1T’"—1+....+(—1)’"‘1( "

m—1

) T"T+(-1)"I=0,

where (’}:) be the binomial coefficient. A simple manipulation proves that (1.1) is equivalent to
il m

(1.2) Z(—l)m_k<k)||Tkx||2:0, for all x € .
k=0

Evidently, an isometric operator (i.e., a 1-isometric operator) is m-isometric for all integers
m > 1. Indeed the class of m-isometric operators is a generalization of the class of isometric
operators and a detailed study of this class and in particular 2-isometric operators on a Hilbert
space has been the object of some intensive study, especially by J.Agler and Stankus in [1],
[2] and [3], also by Richter [34], Shimorin [36], Patel [32] and Duggal in [17] and [18]. m-
Isometries are not only a natural extension of an isometry, but they are also important in the
study of Dirichlet operators and some other classes of operators.

A generalization of m-isometries to operators on general Banach spaces has been presented
by several authors in the last years. Botelho [14] and Sid Ahmed [30] discuss operators defined
via (1.2) on (complex) Banach spaces. Bayart introduces in [9] the notion of (m, p)-isometries
on general (real or complex) Banach spaces. An operator T € % (X) on a Banach space X is
called an (m, p)-isometry if there exists an integer m > 1 and a p € [1,0), with
(1.3) VxeX, i(—1)k<m)||rm—kx||19:o.

k=0 k
It is easy to see that, if X = ¢ is a Hilbert space and p = 2, this definition coincides with
the original definition (1.1) of m-isometries. In [26] the authors took off the restriction p > 1
and defined (m, p)-isometries for all p > 0. They studied when an (m, p)-isometry is an (1, q)-
isometry for some pair (U, q). In particular, for any positive real number p they gave an example

of an operator T that is a (2, p)-isometry, but is not a (2,g)-isometry for any ¢ different from
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p. In [10] and 12] it is proven that the powers on an m-isometry are m-isometries and some

products of m-isometries are again m-isometries. For any T € (. 7) we set

(1.4) 0,(T) == i(—nf("?) 7T,

Jj=0 J

The Concept of completely hyperexpansive operators on Hilbert space has attracted much
attention of various authors. In [4], J. Agler characterized subnormality with the positivity of

0,,(T) in (1.4) and also extended his inequalities to the concept of m-isometry.

Definition 1.1. ([20]) An operator T € () is

(i) m-isometry (m>1)if 6,(T)=0.

(ii) m-expansive (m > 1) if 6,,(T) <O0.

(iii) m-hyperexpensive (m > 1), if 6(T) <O0fork=1,2,...,m.

(iv) Completely hyperexpansive if 6,,(T) < 0 for all m.

We refer the reader to [6],[7], [8], [20] ,[27] and [37] for recent articles concerning this subject.

In [9] the author defined ﬁk(p)(T, J:X—R: x— ﬁk(p)(T, x) by

(p) Iy k—j (K j
(1.5) BT, x) ==Y (-1)/ ; |T7x|[P,V x€X.

k! =0
For k,n € N denote the (descending Pochhammer) symbol by n® e

0, if n=0,

n® =2 0ifn>0 and k> n,

[ (DK if n>0 and k<n.

Then for n > 0, k > 0 and k < n we have

n® =nn—1)...(n—k+1).
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Then [9, Proposition 2.1],
(1.6) |IT"x||P = Z n T X)
for all integers n > 0 and x € X. In particular,

ny||P

with equality if and only if T is (m — 1, p)-isometric.

Definition 1.2. ([19]) Let T and A € #(X) , m is a positive integer and p > 0 a real number.
We say that T is an A(m, p)-isometry if, for every x € X
(1.7 3 (-1t} ) larm e <o
k=0 k
For any p > 0; A(1, p)-isometry coincide with A-isometry, that is ||[ATx|| = ||Ax|| for all
x € X. Every A-isometry is an A(m, p)-isometry for all m > 1 and p > 0.
It is clear that the definition of m-isometry given by Agler [1] is equivalent to /(m,2)-isometry.

It is well known that if T is an A(m, p)-isometry, then T is A(n, p)-isometry for all n > m.
Let 7T and A € (X) such that T is an A(m, p)-isometry. In [19] the author defined Bk(p ) (A, T, x)
by :

(1.8) B, T, x) —li \jaTix|?, v x e x
. o j : .

We have from (1.8) that

m—1

(1.9) lAT"x(|P = Y nMBP (A, T, x)
k=0

for all » > 0 and x € X. Furthermore,

|AT"x[|P
BY (A, T, x)= lim — 1>
nee (m71>(m_ 1)’

with equality if and only if T is A(m — 1, p)-isometric . (See [19]).

The concept of (A, m)-expansive operators on Hilbert space is introduced in [28].
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Throughout this paper, fix a bounded operator A € #(X) , and we denote

D) A T2 =V (1) (" VAT x|
o a.7.0) = ¥ (1)1 (") Jar |

J=0

for an operator T € (X ) and a nonnegative integer m.
As an extension of the classes of expansive and hyperexpansive operators on Hilbert space, the
following definition describes the classes of operators we will study in this paper.
Definition 1.3. ([29]) Let T € #(X), m € N and p > 0. We say that
(i) T is A(m, p)-expansive if@%’) (A, T, x) <0 for some positive integer m and ¥ x € X
(ii) T is A(m, p)-hyperexpansive if@,((p)(A, T,x)<0Vk=1,2,..mand x€X.
(iii) T is completely A- hyperexpansive if@),(,f) (A, T, x) <0 forall meN.
(iv) T is A(m, p)-contractive if@,(,f) (A,T,x) > 0 for some positive integer m and ¥ x € X .
(v) T is A(m, p)-hypercontractive if(E),(cp) (A, T, x)>0Vk=1,2,....mand x € X.
(vi) T is completely A-contractive if T is A(k, p)-contractive for all positive integer k.
It is clear that this definition coincides with Definition 1.1 if X = .77 is a Hilbert space , A =1
and p = 2.
Remark 1.1. We make the following remarks

(1) A(m,p)-isometries are special cases of the class of A(m, p)-expansive operators.

(2)
m m
oA, T, ) = ( k)HATkaP_ y ( k)”ATkap, VxeX.
0<k<m 0<k<m
(k even) (k odd)

In this article we are interested in some of the properties of the A(m, p)-expansive operators
class. The contents of the paper are the following. In Section 1 we set up notation and terminol-
ogy. Furthermore, we collect some facts about A(m; p)-isometries. We prove in section 2 that

A(2, p)-hyperexpansive operators which are A(m, p)-expansive must be A(m — 1, p)-expansive
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for m > 2. Recall that if T is m-isometric (resp.k-expansive or (A, m)-expansive) operator, then
so are all its power T"; for n > 1 (see [10],[20], , [28] and [32]). It turns out that the same asser-
tion remains true for completely A-hyperexpensive operators ( Theorem 2.3). Moreocver, we
prove that the intersection of the class of completely A-hyperexpansive operators and the class
of A(m, p)-isometries for m > 2 is the class of A(2, p)-isometries (Proposition 2.4). The sec-
tion 3 of this paper is an attempt to develop some properties of the class of A(m, p)-isometries

parallel to those of m-isometries.

2. Main results

In this section we collect some further results about our classes and we begin with the fol-
lowing Lemma inspired from [30].

Lemma 2.1. ([29]) Let T € B(X) be an A(2, p)-expansive, then the following properties hold

(1) ||ATx|? > nT_1||Ax||p, n>1,xeX.

(2) ||ATx|| > ||Ax||, x € X.

(3) If A is left invertible, then T is one-to-one.

(4) ||AT"(x)||P + (n—1)||Ax||? < n||ATx||”, x € X, n € Ny.

(5) ||AT?"x||P < n||AT" ' x||P —n(n—1)||ATx||? + (n—1)?||Ax||’, n> 1, x € X.

(6) If T is an invertible , then T is A(1, p)-isometric.

Proposition 2.1. Let T,S € A (X) such that TS = ST and Z(S) C N (A), then the following

are true

(i) T is A(m,p)-expansive if and only if, T + S is A(m, p)-expansive.

(ii) T is A(m,p)-expansive if and only if, AT is A(m, p)-expansive for all A: |A| =1,
(iii) If T is A(2, p)-expansive, then

(1) AT is A(2, p)-expansive for |A| < 1. if AT? is A-expansive.
(2) AT is A(2, p)-expansive for |A| > 1, if AT? is A-contractive.
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Proof. (i) Note that, for all p >0 and all x € X,

o r+s0) = L0/(") a5’

j=0
o™ L (j igi—iy||P
= Sy (]
=y (™ x[|” (since
= E)( 1)J<j)HATJ H ( Z(S) C N (A))
= @,(f)(A,T,x).

Hence, © (A, T +8,x) < 0 if and only if, ®" (A, T, x) < 0.

(ii) Let x € X and A € C, we have
O (A, T,x) = O (A,AT,x), |A| = 1.
(iii) If T is A(2, p)-expansive, then
—2|A|PATX|)P < |A|P[ - AT x| — ||Ax||?] forevery A € C.
So we have for every A € C
[A[PPIIATx||P — 2{A|P||ATx||P + [|Ax||” < (|A]P — 1) (|]A[” AT <]} — || Ax]|?)

This completes the proof of the Proposition.

129

Proposition 2.2. Let T be a A(2, p)-expansive operator. Then the following statements hold.

(1) T is A(2,p)-hyperexpansive.
(2) ||ATx||*? > ||Ax||P||[AT?x||? for all x € X.

(3) For each n and a non-zero x € X such that x ¢ A (A),the sequence

ATn—H 4
@.1) (M)
[AT" X[/ =0

monotonically decreases to 1,

Proof. (1) Follows from part (2) of Lemma 2.1.
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(2) Since T is A(2, p)-hyperexpansive, we have

IAT x| >

(||AXI|”+ IIATz)CII”)2
2

v

2
(||Ax||’z’||AT2x||'z’)

> [|Ax|/”[|AT%x].
(3) Observe that the A(2, p)-expansivity of T implies that
(2.2) |AT™Lx||P —2||AT"x||P + |AT" 'x||P < 0,

and it follows that

IAT"x|[P + [JAT" x|
2

|AT" x| 5 || AT" x| 2

IN

< AT x|

Therefore,
HAT”“XH”< |AT"x[|P
|AT"x|[P = [|AT" x|’

so the sequence (2.1) is monotonically decreasing. To calculate its limit,in view of part (2) of

Lemma 2.1, we observe that ||AT"!x|| # 0 for x ¢ .#"(A). Divided (2.2) by ||AT"'x||” to get

AT x||P AT x| [JAT"x||"
[AT" = x|[P (AT x||P [|AT" = x]|P

|AT"x||P 1\
(LU L <0
( AT 1xp ) =

1-2

Hence, we have

and let n tend to infinity.

Proposition 2.3. For any integer m > 1,real number p > 0 and x € X,
2.3) O (A, T,x) =0 (A, T,x)— 0" (AT Tx).

(’”’.1) + (mfl) for binomial coefficients we have the

Proof. By the standard formula (") ; =

J

equalities
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o (4.7 = ¥ (-1 (") sl
Jj=0 J

m—1
.fm .
AP+ Y <—1>J( j) JATI|P + (~1)" [AT" |
=1

m—1
o (m—1 m—1 ;
=+ T (") (00)) ) tarp caare
=1 J Jj—1
= 0 (A,T,x)-0" (A,T,Tx).
Equation (2.3) immediately implies the next statements

Corollary 2.1. The following are then true.

(i) IfT is an A(m, p)-isometry such that T is an A(m — 1, p)-isometry on Z(T),
then T is an A(m — 1, p)-isometry on X.
(ii) If T is A(m, p)-expansive and A(m — 1, p)-expansive on Z(T) , then T is

A(m—1, p)-expansive.

Remark 2.1. Proposition 2.2 (1) shows that the notion of A(2, p)-expansive and A(2, p) - hyper-
expansive coincide. However this result does not true for the class A(3, p)-expansive operators

as shown the following example.

Example 2.1. Let T = al, where I is the identity operator and o € C. It is easy to see that
I|Ax||? — 3||ATx||” + 3||AT?x||P — ||AT>x||P = (1 — |OC|P)3||Ax||p <0 forall a:|a|>1
and
lAx||P — 2| AT||P + |AT%e|)P = (1= |o|?)*||Ax]” > 0.
Thus, T is a A(3, p)-expansive but not a A(2, p)-expansive for any p > 0.

The following theorem gives a sufficient condition for which the A(m, p)-expansivity implies

the A(m — 1, p)-expansivity for m > 2.

Theorem 2.1. Let T be a A(2, p)-hyperexpansive and assume that T is A(m, p)-expansive for

somem > 2. Then T is A(m — 1, p)-expansive.
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Proof. The conditions ||Ax||” — ||ATx||? <0 and ||Ax||” —2||ATx||” + ||AT?x||P < O guarantee

that the sequence (HAT"“xHP — ||AT"x||? is monotonically non-increasing and bounded,
n>0
so that is converges. Thus there exists a positive constant C such that

HAT"HxH” — ||AT"x||P — C as n — oo.
Suppose that @,(,f) (A,T,x) <0 with m > 3. Since
Oy (4,T,x) =0 (A,T,x) -0 (A,T,Tx),
we have
0\ (4,T.x) <0 (A,T,Tx).
An induction argument shows that
0" (A,T,x) <O (AT, T"x), n>1.
Thus, it suffices to show that
@) (A, T,T"x) — 0 asn —s oo,
Note that
0" (A,T,x)=0'" (A, T,x)— 0P (AT, Tx),
so that

m—1 .

m—2 . ) )
j=0 I

Letting n — oo in the preceding equality leads to

m—2

(m—2
e (A, T,T"x) — Y (—1)/ (m )c =0.

j=0
This completes the proof.
Note that every power of k-expansive (resp. (A,m)-expansive ) operators on Hilbert space are
k-expansive (resp. (A, m)-expansive ) operators. ( See [20], Theorem 2.3 and [28], Proposition

3.9).

For the class of A(m, p)-expansive operators it was proved in [29] that positive integral power

of A(2, p)-expansive operators on Banach space is again a A(2, p)-expansive operators.
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Theorem 2.2. ([29]) Let T € B(X) be an A(2, p)-expansive. Then for any positive integer n ,
T" is A(2, p)-expansive.

In the following theorem we investigate the powers of completely A-hyperexpansive operator

on Banach space as well as completely A-hyperexpansive operators.

According to [ [6],Proposition 2 and Remark 2] for every completely A-hyperexpansive opera-
tor, the condition that n — ||AT"x||P be completely alternating on N forces, for every x € X,

the representation

di(t
(2.4) IAT"x]|” = HAXH’”r”Nx({l}H/[Ol)(l_tn) iu—(t)’

where [L, is a positive regular Borel measure on [0; 1] (for more details see [6)]).

Theorem 2.3. Any positive integral power of a completely A-hyperexpansive operator is com-

pletely A-hyperexpansive.

Proof. Let T be a completely A-hyperexpansive operator and let k > 1. In view of (2.4) we

have that

; . s A L (2
AP = JAT™ P = A k() + [ (1= D)

= Al el p)+ [ =S

1 —s%

Whence 1+ ||AT"*x||? is completely alternating and so that T¥ is completely A-hyperexpansive.

The next proposition describes the intersection of the class of completely A-hyperexpansive

operators with the class of A(m, p)-isometries.

It is proved in [37, Proposition 3.4] that if T € () ( Hilbert space operators) is completely
hyperexpansive and m-isometry, then T is an 2-isometry. It turns out that this assertion remains

true for completely A-hyperexpansive operators on Banach space.

Proposition 2.4. If T € AB(X) is completely A-hyperexpansive and A(m, p)-isometric then T

must be A(2, p)-isometric.
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Proof. First, if T is A-isometric, then T is A(2, p)-isometric. Assume that T is A(m, p)-isometric

with m > 2. Then we have that @S,’; ) (A,T,x) =0 and from (2.4) it follows that

0 = S0 (i Rent(y) [ a-mgel

k=0

il ANCE 0
[0,1)

Now (1—1)"du,(r) = 0 gives that
[0, 1)
|IAT*x||P = ||Ax||? + ku,({1}) forall k

and therefore

0\ (A,T,x) =0,
3. A(m, p)-Isometries

In this section,we collect some results about A(m, p)-isometries as a special case of A(m,p)-

expansive operators.Our inspiration came from [1],[9], [10],[13],[16],[19],[21],[30], and [33].
3.1. General properties.

Proposition 3.1. ([29]) Let T € %(X) be an invertible A(m, p)-isometry, then T~ is also an
A(m, p)-isometry.

Recall that an operator T : X — X is called power bounded provided there exists a positive

number M such that ||7"|| < M for every positive integer n.

Theorem 3.1. Let A € B(X) and let T € B(X). If T is a power bounded A(m, p)-isometric,

then T is A-isometric.

Proof. Since T is A(m, p)-isometric, we have /3,9’ ) (A,T,x) =0 for all n > m. Using equality

(1.9) we obtained

HAT"XHP — n(m_l)ﬁn(fi)l(A’T’x) + Z n(k)Bk(P) (A,T,x)

0<k<m—2
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or equivalently

|AT"x]|”

(m—l)!( ’i]) :ﬁrgzp—)l(AvT?x)_F%( Z n(k)ﬁk(p)(A,T,x)).

(m=1)1C,20) \o<izm—2
The assumption that 7" is power bounded implies that [3,5111) (A, T,x) = 0 by setting n — oo.

Therefore by (1.9), we have

[AT x[|” — p)
m_ﬁmpl<AvT,x)+

m—2

L&) g(p) o).
(m_2)!<m’12) (nggn—3 Bk AT )>

Form the assumption, we see that ﬁn(f_) ,(A,T,x)=0.

Using similar arguments and (1.9) we can obtain that
B (A, T,x) = .. = B”(A,T.x) = B (A, T,x) = 0.

This is a contradiction, so our theorem is therefore established.

The following proposition is a straightforward generalization of Proposition 2.2 in [9] and

Proposition 4.2 in [13].

Proposition 3.2. If T is an A(m, p)-isometry,then the following properties hold

(1) Forall x € X, ﬁn(f_)l(A,T,x) >0andifr= sup{ﬁk(p)(A,T,x) #0}, BP(A,T,x) >0.
k

1
(2) For x € X. Define the map N, := (ﬁ’i[:)l(A,T, )) ?:X — R. Then N, is
a semi-norm satisfying

m—1

1 m—1
(B (AT.) 7 < A+ T17) 7 |-
(3) T(c/V(ﬁ’Ef)l(A,T, ))II’) C e/V((ﬁn(f)l(A,T, ))Il’) Moreover if T is invertible then
1 1
r(p ) ) = (B2 )b
Proof. The hypothesis T is an A(m, p)-isometry implies that

m—1
JAT"x||P = Y n®MBP (A, T, x), forall x € X,
k=0
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AT"x||P
andsoOSB 1(ATx)— hmu

. Moreover if g > r we have
n—soo p(m—1)

. ||AT"x]|P
0< By (A T,x) = Jm T

(2) We show that N, is a semi-norm. By (1) it is clear that N, > 0.

The homogeneity property follows from

_ g o IAT A
Np(lX)—ﬁm_l(A,T,)«.X)p —nll—l’I}wW ‘l‘ 1
Next to prove the triangle inequality, we have that for all x,y € X
0 ; AT G+ )l
Nplety) = BT xry)s = lim 15t
lAT"x] . AT y||

IA

lim

n—-soo {"/ (m—1) + {V'/
< Np(x) +Np(y).
From (1.8) it follows that

m—1 .
B (A, Tx) < Z(mkl)HATkap

k=0

< ||AH”Z( Db
—1

< JAIP (T )P)™ ]|

i.e.,
1
B (AT %) < .
(3) Let x € A (N,)
Np(Tx) =B,y (AT Tx)7 = lim =
n+1 (m—1
I Ve (n+1)

(since A and T are bounded )

e Y D D

AT"
e AT

n—oo L/ p(m—1)

= BY (A, T.x)7.
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Hence,

3.1 BYP) (A,T,Tx)7 = B¥) (A, T x)7.

This equation now immediately implies that 7'(.4"(N,)) C A (Np).

On the other hand, if we assume that T is invertible,we have for x € 4" (N),)

_ N . lAT" x|
NAT') =8P (AT T 97 = 1 I
p( X) ﬁm—l( B x)l n£>n°° pm—1)
n—1 _1)(m—1)
AT e
n—yeo (/(n— 1)(m71) I plm=1)
= 0.

Thus,. A (N,) C T (A (Np)).
The following result is a direct consequence of Proposition 2.3 and Proposition 3.2.
Corollary 3.1. For T € B(X) be an A(m, p)-isometry, then
T:(X, B (A T,)7) — (X, B\ (A, T,.)7)

is an isomerry.
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In [1, Proposition 1.23], J. Agler and M. Stankus have proved that, for an even integer m,

every invertible m-isometry is also an (m — 1)-isometry. This result was proved in [16, Proposi-

tion A ].The following theorem shows that this property is also satisfied by the class of A(m, p)-

isometries.

Theorem 3.2. Let T € AB(X) be an invertible A(m, p)-isometry and m is even. then T is an

A(m— 1, p)-isometry.
Proof. Since 7 and T~! are an A(m, p)-isometry, we have by Proposition 3.2 (1) that

m—1 m—1
Z(—1>’””‘< L )llAT"xH"zo, VxeXx

and

—1
Y (—1ym ik (mk >||ATkaP >0, V xeX.
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Then one has

—1
1 k(mk >||AT_kx||P20, V xeXx

m—1

¥ (-1
k=0

m—1 m—1

Eum 4 (D i e o
k=0

m—1 -1
— —1’<(m )ATkxP>o,vxeX
kZO( ) i | 17>

m—1
—1
= — Z (—1)m 1=k mk )HATkap >0 (since m is even integer)
k=0

m—1
= Y (- "( >||ATkx||1’<O V xeX.
k=0

Hence we have

m—1
Y (1! k( )HATkaP—o ¥ xeX.

k=0

So the proof is complete.

In the next theorem, we show that if T is an A(m, p)-isometry, then ||AT"||? have the same

behavior as n~1. (Similar to [11], Proposition 2.3 ).

Theorem 3.3. Let T € AB(X) be an A(m, p)-isometry, then the following properties hold

|AT"x||” ()
(1) =——.—— converge uniformly to B,” (A, T,x) on the unit ball of X.
n
AT"||P
(2) H H converge to supB 1(A,T7x).

Proof. By (1.9) it follows that

AT"x p ]’l( n(
BB = (M )BT+ E 2

ﬁk(p) (A, T,x) — 0 asn — oo.
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On the other hand we have

HATanp p(m=1) m=2 (k)
W—ﬁsf?l(f‘f’x) < |\ ! B (A T,0)|+ Y nm_1|l3;fp)(A,T,X)|
k=0
(m—1) m—1
< (U 1)Y e AT
nm- = k!{(m—1—k)!
m—2 (k) k
n 1 .
+ - —||AT/x||P
(m—1) m—1 1
n
— M
- (nm_l )kgz)k'(m—l—k)'
m—2 n(k) k
+ - —M — 0 asn —» oo,
= n’“,;,ﬂ(k J)!
where M = sup ||AT¥||”. Hence the result.
0<k<m—1
(2) Since

AT o 1AT P

nm—1 <1 nmn—1
we deduce from (1) that
o flAaTe |AT"x[|” . IAT"x||”
lim ———= lim sup ——— = sup lim —0——
e n G Y ES L [ S R

= sup .B,S,!i)1 (Aa T7 )C)-
¥l <1

Theorem 3.4. Let T € B(X) be an A(m, p)-isometry.Then, for all x € X the sequence (|AT"x||P),

is eventually increasing; that is, there is a positive integer ngy such that
IAT" x| — AT x]|P > 0
forall n > ny.

Proof. We prove the statement by induction on m. For m = 1, it is clear. Suppose it is true for
m — 1 and let us prove it for m. Assume that m > 1. Now, for every positive integer n, using

(1.9), we observe that

m—2
JAT"x||P = Y n®OBP (A, T,x) +n" DB (A, T,x).
k=0
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Since ﬁngp_)l(A, T,x) > 0, it follows that if Bn(f:)l(A, T,x)=0,T is an A(m— 1, p)-isometry and

the result is true. If Blff_) (A, T,x) > 0 we have that

lim [AT"x||? = co.
n—-y—+oo

hence, there exists a positive integer g so that the sequence (||AT"x||”),>n, is strictly increasing.

Definition 3.1. ([15]) An operator T acting on X is called recurrent if for every open set U C X

there exists some k € N such that

UNT*U)#0.

A vector x € X is called recurrent for T if there exists a strictly increasing sequence of positive

integers (kp)n>0 C N such that

Tk”x — X

as n — oo, We will denote by Rec(T) the set of recurrent vectors for T.

Proposition 3.3. ( [15] ) Let T : X — X be a bounded linear operator acting on a Banach

space X. The following are equivalent

(i) The operator T is recurrent.

(ii) Rec(T)=X.
The following proposition is a generalization of the result in [15].

Proposition 3.4. If the operator T € HB(X) is an A(m,p)-isometry and recurrent then T is

A-expansive operator.

Proof Let x € X be a recurrent vector for 7 ,then there exists a strictly increasing sequence
of positive integers (k,),>0 C N such that Tknx —3 x as n —» oo and hence Tk tlx — Tx.
By Theorem 3.4 we deduce that ||Ax|| < |[ATx||. Since Rec(T) is dense in X we have that

|Ax|| < |ATx| .V x€X.
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3.2. Supercyclicity and N-supercyclicity of A(m, p)-isometric Operators.

We first fix some notation.Consider any subset C of X and let 7 € #(X). The symbol ' (T,C)
denotes the orbit of C under 7 i.e. O(T,C) ={T"x :x€C,n=0,1,2,...}. fC={x}1isa
singleton we write the orbit 0(T,C) = O(T,x) .

Definition 3.2. A vector x € X is said hypercyclic for T if its orbit
O(x,T):={T"x}y ={ x,Tx,T*x,T°x,.... }

is dense in X. The set of all hypercyclic vectors for T is denoted by 7€ (T) ,i.e.,

HC(T)={xeX: Ox,T)=X }. The operator T is said to be hypercyclic if € (T) # 0.
One may remove linearity in this definition, then under the same.

Definition 3.3. A vector x € X is said supercyclic for T if its projective orbit
Opr:={AT"x}g = {lx,lTx,?Lsz, ATx,...,, A € C}

is dense in X. The set of all hypercyclic vectors for T is denoted by /€ (T). The operator T is
called supercyclic if € (T) # 0.

A nice source of examples and properties of hypercyclic and supercyclic operators is the survey
article [24]. Observe that in case the operator T is hypercyclic the underlying Banach space X
should be separable. Then it is well known and easy to show that an operator 7 : X — X is
hypercyclic if and only if for every pair of non-empty open sets U, V of X there exists a positive

integer n such that 7"(U) NV # 0.

During the past years much research has been done about hypercyclic operators. Hilden and
Wallen in [25] proved that isometries on Hilbert spaces with dimension more than one are not
supercyclic. Ansari and Bourdon in [5] proved this fact on Banach spaces. Moreover, recent-
ly it is shown in [21] that m-isometric operators on Hilbert spaces,which forms a larger class
than isometries,are neither supercyclic nor weakly hypercyclic. In [11], it is proven that an
m-isometry acting on a Hilbert space 7" and whose covariance operator is injective cannot be

N-supercyclic.Recently,Bayart [9] extended this result by showing that, for any N and m > 1:
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Any m-isometries on Banach spaces cannot be N-supercyclic. Yarmahmoodi,Hedayatian and Y-
ousefi [38] proved that if A is an isometry and Q is a nilpotent operator that commutes with A,

then the operator A 4 Q is not supercyclic.

In this section we shows that certain class of A(m, p)-isometries are not supercyclic.

Definition 3.4. An operator T is said to be N-supercyclic, N > 1, if there is a subspace of

dimension N in X with dense orbit.

P.B.Duggal proved that if T is an A(m, p)— isometry with A is left invertible, then T can not be

supercyclic (see [19], Corollary 2.6).
Theorem 3.5. Let T € AB(X) be an power bounded A-isometry, then T cannot be supercyclic.

Proof. Suppose that T is a supercyclic A-isometry and suppose that xq is supercyclic vector
for T.Thus,for any x € X there is a sequence (ny); of positive integers and a sequence (ay); of
scalars such that a; T"xy — x as k — oo.

Furthermore,

arAT"xg — Ax or |ag|||[AT™xp|| — ||Ax]|.

The assumption that 7" is an A-isometry implies that
|ak|||Axo|| — ||Ax|| as k — oo.

Note that xo ¢ .4 (A), otherwise A = 0. If 4" (A) # {0}. Letx € .4 "(A) it follows that |a;| — 0
as k — oo and hence ,||AT"xg|| — oo as k — oo but this is impossible. If .4 (A) = {0}, let
x € X,x # 0 and it follows that khjlw|ak| exists and nonzero.So, (||AT"*xp||)x converges and
AT"xy +— 0 (or T"xy +— 0), which is impossible( see [23], Theorem 2.2). Hence, the proof

is complete.

Proposition 3.5. ([ 11, Lemma 3.1]) Let T; : X; — X; be a (linear and continuous) operator on

the Banach space X;(i = 1,2) and let S : X; — X be an operator with dense range, such that
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TS = ST, that is, such that the following diagram commutes:

T
X — X

5| |s

X — Xo
fp)

If Ty is N-supercyclic, then T, is N-supercyclic.

Theorem 3.6. On a complex infinite-dimensional Banach space X, an A(m, p)- isometry T €

PB(X ) with A invertible is not N-supercyclic, given any N € N.

Proof. Since A is invertible it follows that 7' is an A(m, p)-isometry if and only if, S = ATA™!
is an (m, p)-isometry. By [9, Theorem 3.3]) it is know that an (m, p)-isometry is not N-
supercyclic.This implies that S can not be N-supercyclic and the desired result follows from

Proposition 3.5 .

The proof of the following theorem is inspired from [9, Theorem 3.3] and [11, Theorem 3.4]

Theorem 3.7. Let T € #(X) be an A(m, p)-isometry and assume that A (N,) = {0}. Then T

cannot be N-supercyclic.

Proof. Since .4#"(N,) = {0} by Proposition 3.2 N, defines a new norm on X satisfies N, (x) <
C|x|| and N,(Tx)) = N,(x) for all x € X. Moreover Corollary 3.1 gives that T is an isometry
form (X,N,) to itself and that N,(x) < C||x||.

Let X denote the completion of X with respect to this new norm. Then, 7" extends to an isometry
T from (X,N ) toitself. The density of X in X and the estimation N »(x) < C||x|| show that every
supercyclic vector x in (X, || ||) is supercyclic for T'. [9, Theorem 3.4] implies that T is not N-

supercyclic and the desired result follows.

Theorem 3.8. Let A € (X)) such that 0 ¢ 6,,(A) (the approximate point spectrum) and m is a
positive even integer. Let T € B(X) be an A(m, p)-isometry. If T is not an A(m— 1, p)-isometry

then T is not N-supercyclic.

Proof. We argue by contradiction. Suppose that T is N-supercyclic A(m, p)-isometry. As

was observed in [19], if 0 ¢ 6,,(A) then T is bounded below. Combining the observation and
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the N-supercyclicity gives the invertibility of 7. Applying Theorem 3.2 we have that T is
an A(m — 1, p)-isometry. But this leads to a contradiction of the assumption that 7 is not an

A(m—1, p)-isometry.

Corollary 3.2. Let T,A € %(X) and assume that O ¢ ©,,(A). The following properties hold
(i) IfT is A-isometric, then T is never N- supercyclic.

(ii) If T is A(2, p)-isometric, then T is never N- supercyclic.

Proof. (i) Since 0 ¢ 0,,(A) we have that A/ ( ﬁ(gp ) (A,T,.) %) = {0} and the result follows from
Theorem 3.7.

(1) If T is A-isometric it is clear by (1) that (i1) holds. If T is not A-isometric. The required

result is now immediate from Theorem 3.8.

3.3. Weak hypercyclicity of A(m, p)-isometries.

In this section we will use the deep theorem of K. Ball (see [22] and as well as his references )
to prove that some of A(m, p)-isometric operator cannot be wealky hypercyclic. In a separable,
infinite dimensional Banach space X, the weak topology is strictly weaker than the norm topol-
ogy. A vector x € X is weakly hypercyclic for T if its orbit {x, Tx, T?x,...,} is weakly dense in
X. An operator T is called weakly hypercyclic if it has a weakly hypercyclic vector. Despite
this fact, a weakly hypercyclic operator shares many of the same properties as a hypercyclic
operator. For example, it clearly follows from the definitions that every hypercyclic vector for
a bounded linear operator 7 : X — X is automatically a cyclic vector for 7. These operators
have been studied in [35] and many other articles.

In [21] it is proven that m-isometries are never weakly supercyclic. Similar results was found
in [33] for A — m-isometries. Our next goal is to get a similar result for the class of A(m, p)-

isometric operators.

Definition 3.5. ([22]) Let n be a positive integer, X a locally convex space and S C X. Then we

have the following definitions
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(1) The set S is n-weakly open if for every xy € S there is an € > 0 and a set § C X* with

|§| < n such that N(xo,5,€) C S.
(2) The set S is n-weakly closed if the complement of S is weakly open.

Where, for § ={f1, fa---.fu} CX* and € >0, let
N(x0,5,€) =N(x0, f1y-s fn, €) ={x€X : |f(x)— f(xo)| <eVfEF}
and |§| the cardinality of §.

Theorem 3.9. ([22],Ball’s Theorem) Let S = {(x,)5_o} be a sequence of nonzero vectors in

Banach space X.

|
(1) If Z ol < oo, then S is 1-weakly closed in X.
n=0 [1*n
(2) If X is a Hilbert space and Z < oo, then the following hold

o >
(a) If X is a complex Hilbert space, then S is 1-weakly closed in X.

(b) If X is a real Hilbert space, then S is 2-weakly closed in X.

Theorem 3.10. LetA € Z(X) and let T € £ (X) be an A(m, p)-isometric. If A is left invertible,

then T can not be weakly hypercyclic.

Proof. First, assume that T is A-isometric. Then for x € X, the &(T,x) lies in the ball

B(0,C||Ax]|), C > 0. and so T cannot be weakly hypercyclic.

If T is A(2, p)-isometric, then T is bounded below (see Lemma 2.1). If we assume that T is
weakly hypercyclic, then T will be a dense range operator. Hence, T is invertible and part (6)

of Lemma 2.1 implies that T is A- isometric this leads to a contradiction.

Let m > 2 and assume, on the contrary, that 7 is a weakly hypercyclic A(m, p)-isometry with a

weakly hypercyclic vector xy and set

1 n
NP<x) = <Bn(1p_)](A,T,x)> ’ = lim HAZ;LXH

n—oo M

By Proposition 3.2 we have that N, is a semi-norm on X satisfies

T(N (Ny)) C A (Np) and N,(x) = Np(Tx).
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We have from (1.9) that

m—1
AT xo|” = ¥ n®) BPN(A, T,x0) , n=0,1,2,....
k=0

If Bn(f_) (A, T,xo) # 0, then the positivity of [3,511)_) (A, T,xo) shows that [3,1(1’7_) (A, T,xp) > 0 and
hence
1 1
m—1)"
B (A, T x) n" Y

|AT " xo|| P =

This, implies the convergence of the series Z ||AT"xo||~? and hence thus, in view of the The-
n=1

orem 3.9, we get a contradiction. Hence, B,Ef_) 1 (A,T,xp) = 0. Since for every n, T"xg is also a

weakly hypercyclic vector for 7, we see that
BY) (A,T,T"xg) =0, forn=0,1,2, ...

This along with the fact that .4"(N,) is weakly closed, implies that Bn(ﬁ)l(A, T,x) = 0. Hence,
T is an A(m — 1, p)-isometry. Repeating the argument (as above) it follows that 7' is a A(2, p)-

isometry, which is impossible. The proof is complete.

Conflict of Interests

The author declares that there is no conflict of interests.

Acknowledgements

The author was deeply grateful to the authors who sent their papers at his request for their help.

REFERENCES

[1] J. Agler, M. Stankus, m-Isometric transformations of Hilbert space I, Integral Equations and Operator Theory
21 (1995), 383-429.

[2] J. Agler, M. Stankus, m-Isometric transformations of Hilbert space II, Integral Equations Operator Theory 23
(1995), 1-48.

[3] J. Agler, M. Stankus, m-Isometric transformations of Hilbert space III, Integral Equations Operator Theory
24 (1996), 379-421.

[4] J. Agler, Hypercontractions and subnormality, J. Operator Theory 13 (1985) 203-217.

[5] S. 1. Ansari and P. S. Bourdon, Some properties of cyclic operators, Acta Sci. Math. 63 (1997), 195-207.



ON A(m,p)- EXPANSIVE AND A(m, p)-HYPEREXPANSIVE OPERATORS ON BANACH SPACES 147

[6] A. Athavale, On completely hyperexpansive operators, Proc. Amer. Math. Soc. 124 (1996), 3745-3752.
[7] A. Athavale, A. Ranjekar, Bernstein functions, complete hyperexpansivity and subnormality. I. Integral E-
quations Operator Theory 43 (2002), 253-263.
[8] A. Athavale, A. Ranjekar, Bernstein functions, complete hyperexpansivity and subnormality, II, Integral
Equations Operator Theory 44 (2002), 1-9.
[9] F. Bayart, m-isometries on Banach spaces, Math. Nachr. 284 (2011), 2141-2147.
[10] T. Bermudez, C. Diaz-Mendoza, A. Martindén, Powers of m-isometries, Studia Math. 208 (2012), 249-255.
[11] T. Bermudez, Isabel Marrero and Antonio Martinén. On the Orbit of an m-Isometry. Integral Equation and
operator Theory, 64 (2009), 487-494.
[12] T. Bermiidez, Antonio Martinon,J.Agustin Noda, Products of m-isometries, Linear Algebra Appl. 438 (2013),
80-86.
[13] T. Bermidez, A. Martindn and V. Miiller, (m, g)-isometries on metric spaces (to appear).
[14] F. Botelho. On the existence of n-isometries on ‘- spaces. Acta Sci. Math. (Szeged) 76 (2010), 183-192.
[15] G.Castakis,A.Manoussis and I.Parissis,Recurrent Linear operators, Complex. Anal. Oper. Theory. DOI:
10.1007/s11785-013-0348-9.
[16] M. Cho, S. Ota, K. Tanahashi, Invertible weighted shift operators which are m- isometries. Proc. Amer. Math.
Soc. 141 (2013), 4241-4247.
[17] B. P. Duggal, Tensor product of n-isometries, Linear Alg. Appl. 437(2012), 307-318.
[18] B. P. Duggal, Tensor product of n-isometries II, Functional Analysis, Approximation and Computation 4
(2012), 27-32.
[19] B. P. Duggal, Tensor product of n-isometries III, Functional Analysis, Approximation and Computation 4
(2012), 61-67.
[20] G. Exner, Il B. Jung , C. Li, k-hyperexpansive operators, J. Math. Anal. Appl. 323 (2006), 569-582.
[21] M. Faghih Ahmadi, K. Hedayatian, Hypercyclicity and supercyclicity of m-isometric operators; Rocky
Mountain J. Math. 42 (2012), 15-23.
[22] N. Feldman, N-weakly hypercyclic and N-weakly supercyclic operators, J. Functional Analysis [to appear]
[23] R.M. Gethner, J.H. Shapiro, Universal vectors for operators on spaces of holomorphic functions, Proc. Amer.
Math. Soc. 100 (1987), 281-288.
[24] K.-G. Grosse-Erdmann, Universal families and hypercyclic operators, Bull. Amer. Math. Soc. 36 (1999),
345-381.
[25] H. M. Hilden, L. J. Wallen, Some cyclic and non-cyclic vectors of certain operators, Indiana Univ. Math. J.
23 (1974) 110-115.
[26] P. Hoffman, M. Mackey and M. O Searc6id, On the second parameter of an (m; p)-isometry, Integral Equat.
Oper. Theory 71 (2011), 389-405.



148 OULD AHMED MAHMOUD SID AHMED

[27] Z. Jaboriski, Complete hyperexpansivity, subnormality, and inverted boundedness conditions, Integral Equa-
tions Operator Theory, 44 (2002), 316-336.

[28] S.Jung, Y. Kim, E. Ko and J. E. Lee (Seoul),On (A;m)-expansive operators. Studia Math. 213 (2012)

[29] [29] O.A.M. Sid Ahmed, On A(m, p)-expansive and A(m, p)-hyperexpansive operators on Banach spaces-I,
Al Jouf Sci. Eng. J. 1 (2014), 23-43.

[30] O.A. M. Sid Ahmed, m-isometric operators on Banach spaces, Asian-European J. Math. 3 (2010), 1-19.

[31] O. A. M. Sid Ahmed and A. Saddi, A- m-isometric operators on semi—Hilbertian spaces, Linear Alg. Appl.
436 (2012), 3930-3942

[32] S. M. Patel, 2-Isometric Operators, Glasnik Math. 37 (2002), 143-147.

[33] R. Rabaoui, A. Saddi, On the orbit of an A-m-isometry, Annales Math. Silesianae 26 (2012), 75-91

[34] S. Richter, A representation theorem for cyclic analytic two-isometries, Trans. Amer. Math. Soc. 328 (1991),
325-349.

[35] R. Sanders. Weakly supercyclic operators, J. Math. Anal. Appl. 292 (2004), 148-159.

[36] S. M. Shimorin, Wold-type decompositions and wandering subspaces for operators close to isometries, J.
Reine Angew. Math. 531 (2001), 147-189.

[37] V.M. Sholapurkar and A. Athavale, Completely and Alternatingly Hyperexpansive operators. J. Oper. Theory
43 (2000), 43-68.

[38] S. Yarmahmoodi, K. Hedayatian, B. Yousefi, Supercyclicity and hypercyclicity of an isometry plus a nilpo-
tent, Abstr. Appl. Anal. 2011 (2011), Article ID 11.



