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Abstract. Let MC =

 A C

0 B

 be a 2×2 upper triangular operator matrix acting on the Hilbert space H ⊕K .

In this paper, for given operators A and B, we give a new characterization of ∩C∈B(K ,H )σw(MC), where σw(A)

denote the Weyl spectrum of A.
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1. Introduction

Throughout this paper, let H and K be separable Hilbert spaces, B(K ,H ) denote the

set of all bounded linear operators from K into H and abbreviate B(H ,H ) to B(H ). If

A ∈B(H ), write N(A), R(A), n(A) and d(A) for the null space, the range, the nullity and the

defect of A, respectively. A is a semi-Fredholm operator if R(A) is closed and n(A) < ∞ or

d(A)< ∞, then define the semi-Fredholm index of A by ind(A) = n(A)−d(A)([3]). Suppose A

is a semi-Fredholm operator, A is called an upper semi-Fredholm operator if d(A)< ∞ and A is

called a lower semi-Fredholm operator if n(A)< ∞([3]). Moreover, A is called a Weyl operator
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if it is a Fredholm operator and its Fredholm index is zero. If A ∈B(H ), denote σ(A), σap(A)

and σδ (A) for the spectrum, the approximation point spectrum and the surjective spectrum

of A, respectively. The Weyl spectrum σw(A) and the Browder essential approximation point

spectrum σab(A) of A are defined by σw(A) = {λ ∈C : A−λ I is not Weyl } and σab(A) = {λ ∈

C : A−λ I is not an upper semi-Fredholm operator with finite ascent }, respectively Write isoF

for the set of all isolated points of F ⊂ C. We denote by MC an operator acting on H ⊕K of

the form,

MC =

 A C

0 B

 , (1)

where C ∈B(K ,H ). In the sequel, MC has the form as (1).

Definition 1.1. For T ∈B(H ), define4k(T ) by

4k(T ) = {λ ∈ σ(T ) : ind(T −λ ) = k},

where k ∈ Z∪{±∞}. We call4k(T ) be the k−th component of σ(T ).

It is easy to know that 4k(T ) is an open set for k 6= 0, but not necessary connected. For

example, let

T =

 V 0

0 V +2I


be an operator on B(l2(Z)⊕ l2(Z)). Where V is unilateral shift operator on B(l2(Z)). Then

4−1(V ) = D and4−1(V +2I) = D+2. Thus4−1(T ) = D∪ (D+2).

Definition 1.2. For T ∈B(H ), define40
k(T ) by

40
k(T ) = {λ ∈ σ(T ) : ind(T −λ ) = k and n(T −λ ) = 0 or d(T −λ ) = 0},

where k ∈ Z∪{±∞}. We call40
k(T ) be the initial component of4k(T ).

Clearly,40
0(T ) = /0 and40

k(T )⊂4k(T ) for each k. For A and B in B(H ), denote

U−∞ = /0,

U∞ =4−∞(A)∩4∞(B),

Uk =4−k(A)∩4k(B), k ∈ Z\{0},

U0 = (40(A)∩40(B))∪ (40(A)∩ρ(B))∪ (40(B)∩ρ(A)).
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U0
k =

 40
−k(A)∩4

0
k(B), k ≥ 0,

/0, k < 0.

and ∇k =Uk \U0
k for k ∈ Z∪{±∞}. It is easy to know that U0

k ⊂Uk for each k.

Spectra of upper triangular operator matrices have been studied in operator theory for many

years and many interesting results have been obtained, see[1-2], [4-11]. In particular, given

A ∈B(H ) and B ∈B(K ), the set ∩C∈B(K ,H )στ(MC) were discussed in some works, where

στ(MC) can be equal to the spectrum, the Weyl spectrum, the essential spectrum of MC. For

example, in [6], H. Du and J. Pan have proved that,

⋂
C∈B(K ,H )

σ(MC) = σap(A)∪σδ (B)∪{λ ∈ C : n(B−λ ) 6= d(A−λ )}. (2)

D. S. Djordjević [4] has obtained that

⋂
C∈B(K ,H )

σe(MC) = σle(A)∪σre(B)∪W (A,B), (3)

where W (A,B) = {λ ∈ C : dimR(A−λ )⊥ 6= dimN(B−λ ) and one of them is infinite}. Mean-

while, D. S. Djordjević has also obtained that

⋂
C∈B(K ,H )

σw(MC) = σle(A)∪σre(B)∪W0(A,B), (4)

where W0(A,B)= {λ ∈C : N(A−λ )⊕N(B−λ ) is not ismorphic toX/R(A−λ )⊕Y/R(B−λ )}.

In the present paper, we investigate the similar questions. Studying in detail the structure of

spectra of concerning operators, we give another characterization of
⋂

C∈B(K ,H )σw(MC). For

A ∈B(H ) and B ∈B(K ),

∩C∈B(K ,H )σw(MC) = (∩C∈B(K ,H )σe(MC))∪ (∪∞
−k((4−k(A)∪4k(B))\Uk)).

Comparing the formula (4), our result is more clear in the structure of the spectrum.

2. Main results

To prove the main results, we begin with some lemmas.
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Lemma 2.1. [11] Given A ∈B(H ), B ∈B(K ), then each U0
k is an open set and

(σ(A)∪σ(B))\
⋂

C∈B(K ,H )

σ(MC) =
∞⋃

k=0

U0
k ,

where MC, U0
k are defined as in Section 1.

Lemma 2.2.([8]) Let A∈B(H ), B∈B(K ) and C ∈B(K ,H ). If two of the three operators

are Fredholm, then the other is also Fredholm. Moreover, ind(MC) = ind(A)+ ind(B).

Lemma 2.3. For A ∈ B(H ) and B ∈ B(K ), if λ ∈ σ(A)∪ σ(B), then there exists a k ∈

Z∪ {∞} such that λ ∈ Uk if and only if there exists an operator C ∈ B(K ,H ) such that

MC−λ is a Weyl operator.

Proof. Suppose that there exists a k ∈ Z∪{∞} such that λ ∈Uk. If k ∈ Z, the result is clear. If

k = ∞, that is to say, λ ∈4−∞(A)∩4∞(B), then n(A−λ )< ∞, d(B−λ )< ∞ and d(A−λ ) =

n(B− λ ) = ∞. Suppose that n(A− λ ) = m1, d(B− λ ) = m2. Let { fi}∞
i=1 and {gi}∞

i=1 be

orthonormal basis of N(B−λ ) and R(A−λ )⊥, respectively. Define an operator C by C fm1+ j = gm2+ j, 1≤ j ≤ ∞,

C f = 0, f ⊥ ∨{ fi}∞
i=m1+1.

Thus n(MC−λ ) = d(MC−λ ) = m1 +m2. So ind(MC−λ ) = 0, MC−λ is Weyl.

On the contrary, suppose that there exists an operator C ∈ B(K,H) such that MC − λ is a

Weyl operator. Thus A−λ is lower semi-Fredholm and B−λ is upper semi-Fredholm. From

Lemma 2.2, if one of A−λ and B−λ is Fredholm, then there exists a k ∈ Z such that λ ∈Uk.

If ind(A−λ ) =−∞, then ind(B−λ ) = ∞. Therefore the result holds. The proof is finished.

Theorem 2.4. For given A ∈B(H ), B ∈B(K ), then

∩C∈B(K ,H )σw(MC) = (∩C∈B(K ,H )σ(MC))\ (∪∞
−kUk)

= (∩C∈B(K ,H )σe(MC))∪ (∪∞
−k((4−k(A)∪4k(B))\Uk)).

Proof. For convenience, we divided the proof into two steps.

Step 1. We prove ∩C∈B(K ,H )σw(MC) = ∩C∈B(K ,H )σ(MC)\ (∪∞
−kUk). From Lemma 1, it

is sufficient to prove that ∩C∈B(K ,H )σw(MC) = ∩C∈B(K ,H )σ(MC)\ (∪∞
−k(Uk \U0

k )).
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Since for any C ∈B(K ,H ), we have σw(MC)⊂ σ(MC), thus

∩C∈B(K ,H )σw(MC)⊂ ∩C∈B(K ,H )σ(MC).

For any λ ∈ ∪∞
−k(Uk \U0

k ), then there exists a k ∈ Z∪ {∞} \ {0} such that λ ∈ Uk \U0
k . If

k < ∞, then MC−λ is Weyl for any C ∈B(K ,H ). If k = ∞, from Lemma 2.3, there exists an

operator C ∈B(K ,H ) such that MC−λ is Weyl. So λ /∈ ∩C∈B(K ,H )σw(MC). Thus

∩C∈B(K ,H )σw(MC)⊂ ∩C∈B(K ,H )σ(MC)\ (∪∞
−k(Uk \U0

k )).

On the other hand, if λ ∈ ∩C∈B(K ,H )σ(MC) and λ /∈ ∩C∈B(K ,H )σw(MC), then MC−λ is

weyl and not invertible. Then ind(MC−λ ) = 0, A−λ is left semi-Freholm operator and B−λ

is right semi-Freholm operator. Thus there exist k1, k2 ∈ Z∪{∞} such that λ ∈ 4−k1(A) and

λ ∈4k2(B). From Lemma 2.3, k1 = k2. Let k = k1 = k2. So λ ∈Uk \U0
k by Lemma 2.1. Hence

λ /∈ ∩C∈B(K ,H )σ(MC)\ (∪∞
−k(Uk \U0

k )). Therefore

∩C∈B(K ,H )σ(MC)\ (∪∞
−k(Uk \U0

k ))⊂ ∩C∈B(K ,H )σw(MC).

So

∩C∈B(K ,H )σw(MC) = ∩C∈B(K ,H )σ(MC)\ (∪∞
−k(Uk \U0

k )).

Step 2. We prove

∩C∈B(K ,H )σw(MC) = (∩C∈B(K ,H )σe(MC))∪∞
−k ((4−k(A)∪4k(B))\Uk).

Since for any C ∈B(K ,H ), we have σe(MC)⊂ σw(MC)⊂ σ(MC), thus

∩C∈B(K ,H )σe(MC)⊂ ∩C∈B(K,H)σw(MC)⊂ ∩C∈B(K ,H )σ(MC).

Moreover, ∪∞
−k((4−k(A)∪4k(B))\Uk)⊂ ∩C∈B(K ,H )σw(MC), thus

(∩C∈B(K ,H )σe(MC))∪∞
−k ((4−k(A)∪4k(B))\Uk)⊂ ∩C∈B(K ,H )σw(MC). (5)

If λ /∈ (∩C∈B(K ,H )σe(MC))∪∞
−k ((4−k(A)∪4k(B))\Uk), then

λ /∈ ∩C∈B(K ,H )σe(MC) and λ /∈ ∪∞
−k((4−k(A)∪4k(B))\Uk).

If λ /∈ ∩C∈B(K ,H )σe(MC) and λ ∈ ∩C∈B(K ,H )σ(MC), then there exists an operator C ∈

B(K ,H ) such that MC − λ is a Fredhlom operator, so λ ∈ ∪∞
−k((4−k(A)∪4k(B)). And
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also λ /∈ ∪∞
−k((4−k(A)∪4k(B))\Uk), thus there exists an integer k such that λ ∈Uk. So there

exists an operator C0 such that MC0−λ is Weyl. Therefore λ /∈ ∩C∈B(K ,H )σw(MC). Hence

∩C∈B(K ,H )σw(MC)⊂ (∩C∈B(K ,H )σe(MC))∪∞
−k ((4−k(A)∪4k(B))\Uk). (6)

Combining the formula (5) with the formula (6), then

∩C∈B(K ,H )σw(MC) = (∩C∈B(K ,H )σe(MC))∪∞
−k ((4−k(A)∪4k(B))\Uk).

The proof is completed.
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