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Abstract. In this paper, we give generalized results of [1], who showed that the best simultaneous approximation

to a set F of uniformly bounded real valued function on [a,b] is equivalent to the best simultaneous approximation

of the two functions sup f∈F f and inf f∈F f . A simplified proof of this result is also provided.
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1. Introduction

The problem of approximating a set of data in a given metric space by a single element of

an approximating family arises naturally in many practical problems. A common procedure is

to choose the best approximant by a least squares principle, which has the advantages of exis-

tence, uniqueness, stability and easy computability. However, in many cases the least deviation

principle makes more sense. Geometrically this amounts to covering the given data set by a ball

of minimal radius among those centred at points of the approximating family.
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The theory of best simultaneous approximants in this sense, called also Chebyshev centres

was initiated by A.L Garkavi more than 50 years ago. It has drawn more attention in the last

three decades, but still in the developing stage.

Let X be a normal linear space and K a subset of X . Given any bounded subset F ⊂ X , define

d(F,K) = inf
k∈K

sup
f∈F
‖ f − k‖. An element k∗ ∈ K is said to be a best simultaneous approximant to

the set F , if d(F,K) = sup
f∈F
‖ f − k∗‖. This definition was given by [4]. In [3] they considered

the problem of simultaneous approximation of the case: X = [a,b], K a non-empty subset of

X and F = { f1, f2}.

In [3], they studied the problem of X a normed linear space, K any subset and F = { f1, f2}.

Using the same procedure as above, [4] extended the study to include F = { f1, f2, . . . , fn}. Later

[1] gave the same definition in [3] but in the set of real valued functions.

Definition 1.1. Let F be the set of uniformly bounded real valued functions in [a,b] and S a

non-empty family of real valued functions on [a,b]. If there exists an s∗ ∈ S such that

inf
s∈S

sup
f∈F
‖ f − s‖= sup

f∈F
‖ f − s∗‖,

then s∗ is called a best simultaneous approximation to F .

In [3], they proved that the best simultaneous approximation of the two functions F+ and F−

where

F+ = inf
δ>0

sup
0≤|x−y|<δ

sup
f∈F

f (y)

and

F− = sup
δ>0

inf
0≤|x−y|<δ

inf
f∈F

f (y)

is equivalent to the best simultaneous of F . The results we are generalizing in [1] showed that

the best simultaneous approximation to F is equivalent to the best simultaneous approximation

of the two functions sup f∈F f and inf f∈F f .

2. Main results

The following lemma is as in [1].
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Lemma 2.1. Let A be a bounded set of real numbers and r any real number. Then

sup
a∈A
|a− r|=

∣∣∣∣α +β

2

∣∣∣∣+ (α−β )

2

where α = sup
a∈A

a and β = inf
a∈A

a.

Theorem 2.1. Let F be a set of uniformly bounded, real valued functions in [a,b] and S a

non-empty family of real valued functions in [a,b]. If s∗ ∈ S is a best approximant to F, then

sup
f∈F
‖ f − s∗‖=

∥∥∥∥∥∥
∣∣∣∣∣∣
sup
f∈F

f + inf
f∈F

f

2
− s∗

∣∣∣∣∣∣+
sup
f∈F

f − inf
f∈F

f

2

∥∥∥∥∥∥ .
Proof. Let s ∈ S and x ∈ [a,b]. Then by the lemma,

sup
f∈F
‖ f (x)− s(x)‖=

∥∥∥∥∥∥∥
∣∣∣∣∣∣∣
sup
f∈F

f (x)+ inf
f∈F

f (x)

2
− s(x)

∣∣∣∣∣∣∣+{sup
f∈F

f (x)− inf
f∈F

f (x)}

∥∥∥∥∥∥∥ .
Now taking supremum of both sides over [a,b], we get

sup
f∈F
‖ f − s‖=

∥∥∥∥∥∥
∣∣∣∣∣∣
sup
f∈F

f + inf
f∈F

f

2
− s

∣∣∣∣∣∣+
 sup

f∈F
f − inf

f∈F
f

2

∥∥∥∥∥∥ .
Then taking infimum over S, we obtain

inf
s∈S

sup
f∈F
‖ f − s‖= inf

s∈S

∥∥∥∥∥∥
∣∣∣∣∣∣
sup
f∈F

f + inf
f∈F

f

2
− s

∣∣∣∣∣∣+
 sup

f∈F
f − inf

f∈F
f

2

∥∥∥∥∥∥ .
By definition of best simultaneous approximant, we have

sup
f∈F
‖ f − s∗‖=

∥∥∥∥∥∥
∣∣∣∣∣∣
sup
f∈F

f + inf
f∈F

f

2
− s∗

∣∣∣∣∣∣+
 sup

f∈F
f − inf

f∈F
f

2

∥∥∥∥∥∥ .
Remark 2.3. If f1 and f2 are any two real valued functions in [a,b] then for every x ∈ [a,b]

sup
i=1,2

fi(x)+ inf
i=1,2

fi(x) = f1(x)+ f2(x)

and

sup
i=1,2

fi(x)− inf
i=1,2

fi(x) =
∣∣∣∣ f1(x)+ f2(x)

2

∣∣∣∣ .
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Therefore, we obtain the following result, which was proved in [2] as a special case of the above

theorem :

inf
s∈S

max{‖ f1− s‖,‖ f2− s‖}= inf
s∈S

∥∥∥∥∣∣∣∣ f1 + f2

2
− s
∣∣∣∣+ f1− f2

2

∥∥∥∥ .
With F as in the above theorem, we have the following.

Theorem 2.4. s∗ is a best simultaneous approximant to F if and only if it is a best simultaneous

approximant to sup
f∈F

f and inf
f∈F

f .

Proof. In [2],

inf
s∈S

max{‖ f1− s‖,‖ f2− s‖}= inf
s∈S

∥∥∥∥∣∣∣∣ f1 + f2

2
− s
∣∣∣∣+ f1− f2

2

∥∥∥∥ .
Substituting f1 = sup f∈F f and f2 = inf f∈F f in the above expression, we get

max{‖ sup
f∈F

f − s∗‖, inf
f∈F

f − s∗}=

∥∥∥∥∥
∣∣∣∣sup f∈F + inf f∈F

2
− s∗

∣∣∣∣+ sup
f∈F

f − inf
f∈F

f

∥∥∥∥∥ .
By previous theorem, we obtain

sup
f∈F
‖ f − s∗‖= max{‖ sup

f∈F
f − s∗‖,‖ inf

f∈F
f − s∗‖}.

Conversely, suppose

sup
f∈F
‖ f − s∗‖= max{‖ sup

f∈F
f − s∗‖,‖ inf

f∈F
f − s∗‖},

sup
f∈F
‖ f − s∗‖= max{‖ sup

f∈F
f − s∗‖,‖ inf

f∈F
f − s∗‖}.

Without loss of generality, suppose

max{‖ sup
f∈F

f − s∗‖,‖ inf
f∈F

f − s∗‖}= ‖ sup
f∈F

f − s∗‖.

Thus

sup
f∈F
‖ f − s∗‖= ‖ sup

f∈F
f − s∗‖ ≤ inf

s∈S
sup
f∈F
‖ f − s‖.

Hence

sup
f∈F
‖ f − s∗‖= inf

s∈S
sup
f∈F
‖ f − s‖.
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Now we consider simultaneous approximation problem in L1 norm. Let f be a set of uni-

formly bounded integrable function in [a,b] and S be a non-empty set of integrable functions in

[a,b]. Then s∗ is said to be a best simultaneous approximant to F in L1 norm if

inf
s∈S

∫ b

a
sup
f∈F
| f (x)− s(x)|dx =

∫ b

a
sup
f∈F
| f (x)− s∗(x)|dx.

Theorem 2.5. s∗ is a best simultaneous approximant to F in L1 norm if and only if∫ b

a
sup
f∈F
| f (x)− s∗(x)|dx =

∫ b

a
max{| sup

f∈F
f (x)− s∗(x)|, | inf

f∈F
f (x)− s∗(x)|}dx.

That is, simultaneous approximation to F in L1 norm is equivalent to simultaneous approxima-

tion of the two functions sup
f∈F

f and inf
f∈F

f in L1 norm.

Proof. Assume s∗ is a best simultaneous approximant to F in L1 norm. But Theorem 3 of [1]

shows that if s∗ is a best simultaneous to F in l1 norm, then

∫ b

a
sup
f∈F
| f (x)− s∗(x)|dx =

∫ b

a

∣∣∣∣∣∣
sup
f∈F

f + inf
f∈F

f

2
− s∗

∣∣∣∣∣∣dx+
∫ b

a

sup
f∈F

f − inf
f∈F

f

2
dx.

In [5] they proved that for two functions f1 and f2, if s∗ ∈ S is a best simultaneous approximant

to f1 and f2 in l1 norm, then∫ b

a
max{| f1(x)− s∗(x)|, | f2(x)− s∗(x)|}dx =

∫ b

a

∣∣∣∣ f1 + f2

2
− s∗

∣∣∣∣dx+
∫ b

a

∣∣∣∣ f1− f2

2

∣∣∣∣dx.

Substituting f1 = sup
f∈F

f and f2 = inf
f∈F

f , we obtain

∫ b

a
max{| sup

f∈F
f (x)− s∗(x)|, | inf

f∈F
f (x)− s∗(x)|}dx =

∫ b

a

∣∣∣∣∣∣
sup
f∈F

f + inf
f∈F

f

2
− s∗

∣∣∣∣∣∣dx+
∫ b

a

∣∣∣∣∣∣
sup
f∈F

f − inf
f∈F

f

2

∣∣∣∣∣∣dx.

Then together with

∫ b

a
sup
f∈F
| f (x)− s∗(x)|dx =

∫ b

a

∣∣∣∣∣∣
sup
f∈F

f + inf
f∈F

f

2
− s∗

∣∣∣∣∣∣dx+
∫ b

a

sup
f∈F

f − inf
f∈F

f

2
dx,

we get ∫ b

a
sup
f∈F
| f (x)− s∗|dx =

∫ b

a
max{| sup

f∈F
f (x)− s∗(x)|, | inf

f∈F
f (x)− s∗(x)|}dx.
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Conversely, suppose∫ b

a
sup
f∈F
| f (x)− s∗|dx =

∫ b

a
max{| sup

f∈F
f (x)− s∗(x)|, | inf

f∈F
f (x)− s∗(x)|}dx.

If

max{| sup
f∈F

f (x)− s∗(x)|, | inf
f∈F

f (x)− s∗(x)|}= sup
f∈F
| f (x)− s∗|,

then ∫ b

a
max{| sup

f∈F
f (x)− s∗(x)|, | inf

f∈F
f (x)− s∗(x)|}dx =

∫ b

a
sup
f∈F
| f (x)− s∗(x)|dx

≤ inf
s∈S

∫ b

a
sup
f∈F
| f (x)− s(x)|dx.

Thus ∫ b

a
sup
f∈F
| f (x)− s∗(x)|dx = inf

s∈S

∫ b

a
sup
f∈F
| f (x)− s(x)|dx.

Therefore s∗ ∈ S is a best simultaneous approximant to F in L1 norm.
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