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1. Introduction and notations

Metric spaces are playing an increasing role in mathematics and the applied sciences. Over the

past two decades the development of fixed point theory in metric spaces has attracted consider-

able attention due to numerous applications in areas such as variational and linear inequalities,

optimization, and approximation theory. Different generalizations of the notion of a metric

space have been proposed by Gahler and by Dhage. The notion of D-metric space is a general-

ization of usual metric spaces and it is introduced by Dhage [8,9]. Recently, Mustafa and Sims

[10,11,12] have shown that most of the results concerning Dhage’s D-metric spaces are invalid.
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In [10, 13, 14, 15], they introduced a improved version of the generalized metric space structure

which they called G-metric spaces. For more results on G-metric spaces and fixed point results,

one can refer to the papers [1,2,3,4,5,6,7,8,9,13,14,15,16,18].

Before giving our main result we recall some of the basic concepts and results for G-metric

spaces.

Definition 1.1. ([11]) Let X be an non-empty set and let G : X ×X ×X −→ R+ be a function

satisfying the following conditions

(1) G(x,y,z) = 0 if x = y = z

(2) 0 < G(x,x,y) for all x,y ∈ X with x 6= y

(3) G(x,x,y)≤ G(x,y,z) for all x,y,z ∈ X with y 6= z.

(4) G(x,y,z) = G(x,z,y) = G(y,z,x) = ... (symmetry in all three variables)

(5) G(x,y,z)≤ G(x,a,a)+G(a,y,z) (for all x,y,z,a ∈ X . (rectangle inequality)

Then the function G is called a generalized metric or,more specifically,a G-metric on X

and the pair (X ,G) is called a G-metric space.

Remark 1.1. Axiom 4. asserts that the value of G(x,y,z) is independent of the order of x,y and

z, and is usually known as the symmetry of G in them.

Definition 1.2. ([11]) Let (X ,G) be a G-metric space, and let (xn) be a sequence of points of X.

(1) We say that (xn) is G-convergent to x ∈ X if lim
n,m−→∞

G(xn,xm,x) = 0; that is, for any

ε > 0, there exists n0 ∈N such that G(x,xn,xm)< ε , for all n;m≥ n0 .We call x the limit

of the sequence xn and write xn −→ x or lim
n−→∞

xn = x.

(2) The sequence xn is said to be a G-Cauchy sequence if, for every ε > 0, there is a positive

integer n0 such that G(xn,xm,xl) < ε , for all n,m, l ≥ n0 that is, if G(xn,xm,xl) −→ 0,

as n,m, l −→ 0.

(3) (X ,G) is said to be G-complete (or a complete G-metric space) if every G-Cauchy se-

quence in (X ,G) is G-convergent in X .

Definition 1.3. ([11]) Let (X ,G) and (X ′,G′) be two G-metric spaces, and let f : (X ,G) −→

?(X ′,G′) be a function. Then f is said to be G-continuous at a point a ∈ X if and only if given
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ε > 0, there exists δ such that x,y ∈ X ; and G(a,x,y) < δ implies G′( f (a), f (x), f (y)) < ε . A

function f is Gcontinuous on X if and only if it is G-continuous at all a ∈ X .

Proposition 1.1. ([11] The self-map T on a G-metric space (X ,G) is G-continuous at x ∈ X if

and only if for every sequence (xn)n≥1 ∈ X with xn −→ x, we have

T xn −→ T x.

Proposition 1.2. ([11] Let (X ,G) ba a G-metric space and let (xn)n be a sequence of X. If

xn −→ x in (X ,G) and xn −→ y in (X ,G), then x = y.

In [1] S. Gahler introduced the following definition of a 2-normed space:

Definition 1.4. Let X be a real linear space of dimension greater than 1 and let ‖., .‖ be a real

valued function on X×X −→ R satisfying the following four properties:

(G1) ‖x ,y‖ ≥ 0 and ‖x ,y‖ = 0 if and only if if the vectors x and y are linearly dependent;

(G2) ‖x ,y‖= ‖y, x‖

(G3) ‖x, αy‖= |α|‖x ,y‖ for every real number α;

(G4) ‖x, y+ z‖ ≤ ‖x ,y‖+‖x ,z‖ for every x,y,z ∈ X .

The function ‖. , .‖ will be called a 2-norm on X and the pair (X ,‖. , .‖) a linear 2-normed

space.The theory of 2-normed spaces was first introduced by Gähler in 1960 [12]. Since then,

various notions in normed spaces have been extended to 2-normed spaces by many authors.

A sequence (xk) in a 2-normed space (X ,‖., .‖) is said to converge to some a ∈ X in the

2-norm if

lim
k−→∞

‖xk−a,u1‖= 0, for every u1 ∈ X .

A sequence (xk) in a 2-normed space (X ,‖., .‖) is said to be Cauchy with respect to the 2-norm

if

lim
k,l−→∞

‖xk− xl,u1‖= 0, for every u1 ∈ X .

If every Cauchy sequence in X converges to some a ∈ X , then X is said to be complete with

respect to the 2-norm. Any complete 2-normed space is said to be 2-Banach space.
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Definition 1.5. ([19])Let X and Y be 2-normed spaces, z0 ∈ X and f : X −→ Y be a mapping.

Then f is said to be 2- continuous at z0 if for every ε > 0, there exists positive real number β

such that

‖x− z0, y− z0‖X < β implies ‖ f (x)− f (z0), f (y)− f (z0)‖Y < ε.

And f is said to be 2-continuous (on X) if f is 2-continuous at x for all x ∈ X .

Theorem 1.1. Let X be a linear real space

(1) If (X ,‖. ‖) is a 2-normed space, then the map G : X×X×X −→ R defined by

G(x,y,x) = ‖x− z,y− z‖ for allx,y,z ∈ X

is a G-metric.

(2) If (X ,G) is a G-metric space, then the map ‖. , .‖ : X×X −→ R defined by

‖x, y‖= G(x,y,0); for all x,y ∈ X

is a 2-norm.

2. G-METRIC IN PRODUCT OF GENERALIZED METRIC SPACES

Definition 2.1. Let (Xi,Gi) be an G-metric space for i = 1,2, ...,d and let X = ∏
1≤i≤d

Xi and

G : X×X×X −→ R+ be a function defined as

G(x,y,z) = ∑
1≤i≤d

Gi(xi,yi,zi), for x = (xk)1≤k≤d,y = (yk)1≤k≤d and z = (zk)1≤k≤d ∈ X .

Proposition 2.1. Let (Xi,Gi) be an Gi-metric space for i = 1,2, ...,d and let X = ∏
1≤i≤d

Xi and

G : X×X×X −→ R+ be a function such that

G(x,y,z) = ∑
1≤i≤d

Gi(xi,yi,zi), for x = (xi)1≤k≤d,y = (yi)1≤k≤d and z = (zi)1≤k≤d ∈ X .

Then (X ,G)-is a G-metric space.
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Proof. (1) Assume that x = y = z i.e.; xk = yk = zk for k = 1,2, ...,d and we have

G(x,x,x) = ∑
1≤k≤d

Gk(xk,xk,xk) = 0
(
since Gk is a Gk-metric for k = 1,2, ...,d

)
.

Thus, G(x,y,z) = 0 if x = y = z.

(2) Let x = (xk)1≤k≤d,y = (yk)1≤k≤d with x 6= y we have that

G(x,x,y) = ∑
1≤k≤d

Gk(xk,xk,yk)≥ 0 since each Gk is a Gk-metric.

(3) Let x = (xk)1≤k≤d,y = (yk)1≤k≤d and z = (zk)1≤k≤d ∈ X with y 6= z , we have that

G(x,x,y) = ∑
1≤k≤d

Gk(xk,xk,yk)≤ ∑
1≤k≤d

Gk(xk,yk,zk) = G(x,y,z).

(4) Let x = (xk)1≤k≤d,y = (yk)1≤k≤d and z = (zk)1≤k≤d ∈ X . Since for k = 1,2, ...,d

Gk(xk,yk,zk) = Gk(xk,zk,yk) = Gk(yk,xk,zk) = Gk(yk,zk,xk) = Gk(zk,yk,xk) = Gk(zk,xk,yk)

we have that

G(x,y,z) = G(x,z,y) = G(y,z,x) = ... (symmetry in all three variables)

.

(5) Let x = (xk)1≤k≤d,y = (yk)1≤k≤d, z = (zk)1≤k≤d and a = (ak)1≤k≤d ∈ X

G(x,y,z) = ∑
1≤k≤d

Gk(xk,yk,zk)

≤ ∑
1≤k≤d

(
Gk(xk,ak,ak)+G(ak,yk,zk)

)
= ∑

1≤k≤d
Gk(xk,ak,ak)+ ∑

1≤k≤d
Gk(ak,yk,zk)

≤ G(x,a,a)+G(a,y,z) (rectangle inequality).

Then the function G is called a generalized metric or,more specifically,a G-metric on X

and the pair (X ,G) is called a G-metric space.

�

The following are some examples of G-metric spaces.
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Example 2.1. Let Xk be a metric space with the metric dk for k = 1,2, ...,d. For all x =

(xk)1≤k≤d,y = (yk)1≤k≤d and z = (zk)1≤k≤d ∈ X = ∏
1≤k≤d

Xk. Define the quantities Gs and Gm

by

Gs(x,y,z) = ∑
1≤k≤d

Gs
k(xk,yk,zk),

where

Gs
k(xk,yk,zk) =

(
dk(xk,yk)+dk(yk,zk)+dk(zk,xk)

)
, k = 1,2, ...,d

and

Gm(x,y,z) = ∑
1≤k≤d

Gm
k (xk,yk,zk),

where

Gm
k (xk,yk,zk) := max

(
dk(xk,yk),dk(yk,zk),dk(zk,xk)

)
for k = 1.2...,d.

A simple computation shows that Gm and Gs are G-metrics on X.

Example 2.2. Let X = Rd and consider the map G : Rd ×Rd ×Rd −→ R+ define for all x =

(xk)1≤k≤d,y = (yk)1≤k≤d and z = (zk)1≤k≤d ∈ Rd by

G(x,y,z) =


0, if x = y = z

∑
1≤k≤d

(
|xk|+ |yk|+ |zk|

)
otherwise

then it is readily checked that (X ,G) is a G-metric space.

Theorem 2.1. Let (Xk,Gk) be an complete Gk-metric space for k = 1,2, ...,d. Then the Space

(X ,G) where X = ∏
1≤k≤d

Xk and G = ∑
1≤k≤d

Gk is a complete G-metric space.

Proof. By Proposition 2.1 ,(X ,G) is a G-metric space. To prove that is a G-complete, let
(
xn =

(x1,n,x2,n, ...,xd,n)
)

n≥1 be a G-Cauchy sequence in X i.e.;

G(xn,xm,xl)−→ 0 as n,m, l −→ ∞.

Consider the sequence (xk,n)n≥1 ⊂ Xk for a fixed k : 1≤ k ≤ d.

Since

Gk(xk,n,xk,m,xk,l)≤ G(xn,xm,xl),
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it follows that (xk,n)n is a Gk-Cauchy sequence in Xk, and therefore tends to a limit xk ∈ Xk

(since Xk is G-complete) i.e.;

Gk(xk,n,xk,m,xk)−→ 0 as n,m−→ ∞.

It therefore suffices to confirm that

xn −→ x := (x1,x2, ...,xd) ∈ X = ∏
1≤k≤d

Xk.

It is know that there exists a positive integer nk such that

Gk(xk,n,xk,m,xk)<
ε

d
for n,m≥ nk and for some ε > 0.

We deduce that for n,m≥ max
1≤k≤d

(nk)

G(xn,xm,x) = ∑
1≤k≤d

Gk(xk,n,xk,m,xk)< ∑
1≤k≤d

ε

d
= ε.

xn −→G x

�

Definition 2.2. Let (X ,G) be an G-metric space. An map T : X −→ X is said to be

(1) G-isometric if

G(T x,Ty,T z) = G(x,y,z) for all x,y,z ∈ X .

(2) G-contractive if there is a constant β with the choice 0≤ β < 1 such that

G(T x,Ty,T z)≤ βG(x,y,z) for all x,y,z ∈ X .

(3) G-expansive if here is a constant α with the choice α > 1 such that

G(T x,Ty,T z)≥ αG(x,y,z) for all x,y,z ∈ X .

Theorem 2.2. Let (Xk,Gk) be a complete Gk-metric space and Tk : Xk −→ Xk be a map for

k = 1.2...,d. Consider the G-metric space X = ∏
1≤k≤d

Xk with G = ∑
≤k≤d

Gk and the map T =

T1×T2× ...×Td : X −→ X defined by

T (x) = T (x1,x2, ...,xd) := (T1x1,T2x2, ...,Tdxd).

If each Tk is is a contractive mapping for k = 1,2...,d, then T has a unique fixed point.
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Proof. From Theorem 2.1 it is know that (X ,G)-is a complete G-metric space. Since each Tk is

contractive mapping, there exists a constant βk (0 < βk < 1) such that

Gk(Tkxk,Tkyk,Tkzk)≤ βkGk(xk,yk,zk) for all xk,yk,zk ∈ Xk, k = 1,2, ...,d.

We have for x = (xk)1≤k≤d,y = (yk)1≤k≤d and z = (zk)1≤k≤d ∈ X that

G(T x,Ty,T z) = ∑
1≤k≤d

Gk(Tkxk,Tkyk,Tkzk)

≤ ∑
1≤k≤d

βkGk(xk,yk,zk)

≤ max
1≤k≤d

(βk) ∑
1≤k≤d

Gk(xk,yk,zk)

≤ max
1≤k≤d

(βk)G(x,y,z)

Hence T is a contractive mapping on X . So Theorem 2.2 in [18] confirms that T has a unique

fixed point. �

Theorem 2.3. Let (Xk,Gk) be a complete Gk-metric space and Tk : Xk −→ Xk be a map for

k = 1.2...,d. Consider the G-metric space X = ∏
1≤k≤d

Xk with G = ∑
≤k≤d

Gk and the map T =

T1×T2× ...×Td : X −→ X defined by

T (x) = T (x1,x2, ...,xd) := (T1x1,T2x2, ...,Tdxd).

If each Tk is is a surjective expansive mapping for k = 1,2...,d, then T has a unique fixed point.

Proof. From Theorem 2.1 it is know that (X ,G)-is a complete G-metric space. Since each Tk is

expansive mapping, there exists a constant αk (αk > 1) such that

Gk(Tkxk,Tkyk,Tkzk)≥ αkGk(xk,yk,zk) for all xk,yk,zk ∈ Xk, k = 1,2, ...,d.

We have for x = (xk)1≤k≤d,y = (yk)1≤k≤d and z = (zk)1≤k≤d ∈ X that

G(T x,Ty,T z) = ∑
1≤k≤d

Gk(Tkxk,Tkyk,Tkzk)

≥ ∑
1≤k≤d

αkGk(xk,yk,zk)

≥ min
1≤k≤d

(αk) ∑
1≤k≤d

Gk(xk,yk,zk)

≥ min
1≤k≤d

(αk)G(x,y,z)
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Hence T is a contractive mapping on X . Let y = (yk)1≤k≤d ∈ X = ∏1≤k≤d Xk , we have yk ∈ Xk

and it follows that there exists xk ∈ Xk such that yk = Tkxk,sincce Tk is surjectve. This implise

that y = (T1x1,T2x2, ...,Tdxd) = T x and hence T is surjective.So Theorem 2.1 in [16] confirms

that T has a unique fixed point. �

3. MAPPINGS IN PRODUCT OF GENERALIZED METRIC SPACES

Let (X ,dX) and (Y,dY ) are metrics spaces. A map T : X −→Y is called an isometric if and only

if

dY (T x,Ty) = dX(x,y) for all x,y ∈ X .

Let (X ,‖. ,‖X) and (Y,‖. . ‖Y ) are 2-normed spaces . A map f : X −→Y is called an isometric

if and only if

‖x , y‖X = ‖ f (x) , f (y)‖Y for all x,y ∈ X .

Definition 3.1. (See [4].) Let X and Y be 2-normed spaces and f : X −→Y be a mapping. Then

f is called a 2-isometry if

‖x− z, y− z‖X = ‖ f (x)− f (z), f (y)− f (z)‖ for all; x,y,z ∈ X .

Remark 1.3. Let X and Y be 2-normed spaces and f : X −→ Y be a mapping. Then f is a

2-isometry if and only if f satisfies the following property:

∣∣‖x−z, y−z‖X−‖x′−z′, y′−z′‖X
∣∣= ∣∣‖ f (x)− f (z), f (y)− f (z)‖Y−‖ f (x′)− f (z′), f (y′)− f (z′)‖Y

∣∣,
for all x,y,z,x′,y′,z′ ∈ X .

Definition 3.2. Let (X ,G) be an G-metric space and let T : X −→ X be a mapping. We say that

T is a G-2-isometric mapping if

G(T 2x,T 2y,T 2z)−2G(T x,Ty,T z)+G(x,y,z) = 0 for all x,y,z ∈ X .

Remark 3.1. Every G-isometric mapping is an G-2-isometric.
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Example 3.1. Let T : (R,G)−→ (R,G) defined by T x = x+1, where

G(x,y,z) = |x− y|+ |y− z|+ |z− x|.

A simple computation shows that

G(T 2x,T 2y,T 2z)−2G(T x,Ty,T z)+G(x,y,z)

= |x− y|+ |y− z|+ |z− x|−2(|x− y|+ |y− z|+ |z− x|)+ |x− y|+ |y− z|+ |z− x|

= 0.

Thus ,T is an G-2-isometry.

Proposition 3.1. Let (X ,G) be a G-metric space and T : X −→ X be an G-2-isometry, then the

following properties hold:

(1) G(T x,Ty,T z)≥ n−1
n

G(x,y,z), n≥ 1, x,y,z ∈ X .

(2) G(T x,Ty,T z)≥ G(x,y,z) for all x,y,z ∈ X .

(3) G(T nx,T ny,T nz)+(n−1)G(x,y,z) = nG(T x,Ty,T z) for all , x,y,z ∈ X , n = 0,1,2, ...

(4) lim
n−→∞

(
G(T nx.T ny,T nz)

) 1
n

= 1, for x,y,z ∈ X , x,y,z 6= 0.

Proof. Since the map T is a G- 2-isometry, we get

(3.1) G(T 2x,T 2y,T 2z)−G(T x,Ty,T z) = G(T x,Ty,T z)+G(x,y,z) for all x,y,z ∈ X .

Substituting T kx,T ky and T kz for x,y and z respectively in formula (3.1) we have that

G(T k+2x,T k+2y,T k+2z)−G(T k+1x,T k+1y,T k+1z)

= G(T k+1x.T k+1y,T k+1z)−G(T kx,T ky,T kz), k ≥ 0.

We deduce that

0≤ G(T nxT ny,T nz) = ∑
1≤k≤n

(
G(T kx,T ky,T kz)−G(T k−1x,T k−1y,T k−1z)

)
+G(x,y,z)

= n
(

G(T x,Ty,T z)−G(x,y,z)
)
+G(x,y,z)

= nG(T x.Ty,T z)+(1−n)G(x,y,z).

From which 1. and 3.hold.
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Letting n−→ ∞ in part 1. yields to part 2.

4. Take x,y,z ∈ X ,x 6= y 6= z. It follows from part 3. that limsup
n−→∞

(
G(T nx,T ny,T nz)

) 1
n ≤ 1 .

However, according to part 2., the sequence
(
G(T nx,T ny,T nz)

)
n∈N is monotonically increasing,

so

liminf
n−→∞

(
G(T nx,T ny,T nz)

) 1
n ≥ lim

n−→∞

(
G(x,y,z)

) 1
n = 1,

which completes the proof. �

Remark 3.2. From part 3. of Proposition 3.1, it follows that for T is G-2-isometric map

G(T 2nx,T 2ny,T 2nz) = nG(T n+1x,T n+1y,T n+1z)−n(n−1)G(T x,Ty,T z)

+(n−1)2G(x,y,z) n≥ 1, x,y,z ∈ X .

Lemma 3.1. Let (X ,G) be an G-metric space and Let T : X −→ X be an G-2-isometric map,

then for all integer k ≥ 2 and x,y,z ∈ X , we have

G
(
T kx,T ky,T kz

)
−G

(
T k−1x,T k−1y,T k−1z

)
= G

(
T x,Ty,T z

)
−G

(
x,y,z

)
Proof. We prove the assertion by induction on k. Since T is an G-2-isometric map the result is

true for k = 2. Now assume that the result is true for k i.e.; for all x,y,z ∈ X ,

(3.2) G
(
T kx,T ky,T kz

)
−G

(
T k−1x,T k−1y,T k−1z

)
= G

(
T x,Ty,T z

)
−G

(
x,y,z

)
,

and let us prove it of k+1. From (3.2) we obtain the following iqualities

G
(
T k+1x,T k+1y,T k+1z

)
−G

(
T kx,T ky,T kz

)
= G

(
T 2x,T 2y,T 2z

)
−G

(
T x,Ty,T z

)
= G

(
T x,Ty,T z

)
−G

(
x,y,z

)
.

�

Theorem 3.1. Let (X ,G) be an G-meric space and Let T : X −→ X be an G-2-isometric map.

Then for any positive integer n , T n is an G-2-isometric map.
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Proof. We will induct on n, the result obviously holds for n = 1. Suppose then the assertion

holds for n≥ 2, i.e

G
(
T 2nx,T 2ny,T 2nz

)
−G

(
T nx,T ny,T nz

)
+G

(
x,y,z)

)
= 0, ∀x,y,z ∈ X .

Then

G
(
T 2n+2x,T 2n+2y,T 2n+2z

)
−2G

(
T n+1x,T n+1y,T n+1z

)
+G

(
x,y,z

)p

= G
(
T 2T 2nx,T 2T 2ny,T 2T 2nz

)
−2G

(
T n+1x,T n+1y,T n+1z

)
+G

(
x,y,z

)
= 2G

(
T 2n+1x,T 2n+1y,T 2n+1z

)
−G

(
T 2nx,T 2ny,T 2nz

)
−2G

(
T n+1x,T n+1y,T n+1z

)
+G

(
x,y,z

)
= 2(2G

(
T n+1x,T n+1y,T n+1z

)
−G
(
T x,Ty,T z

)
)−G

(
T 2nx,T 2ny,T 2nz

)
−2G

(
T n+1x,T n+1y,T n+1z

)
+G
(
x,y,z

)
= 2G

(
T n+1x,T n+1y,T n+1z

)
−G

(
T 2nx,T 2ny,T 2nz

)
−2G

(
T x,Ty,T z

)
+G

(
x,y,z

)
= 2G

(
T n+1x,T n+1y,T n+1z

)
−(2G

(
T nx,T ny,T nz

)
−G
(
x,y,z

)
)−2G

(
T x,Ty,T z

)
+G
(
x,y,z

)
= 2G

(
T n+1x,T n+1y,T n+1z

)
−2G

(
T nx,T ny,T nz

)
−2G

(
T x,Ty,T z

)
+2G

(
x,y,z

)
= 2

(
G
(
T x,Ty,T z

)
−G

(
x,y,z

))
−2G

(
T x,Ty,T z

)
+2G

(
x,y,z

)
(by Lemma 3.1).

= 0.

Thus means that T n is G-2-isometric map. �

Definition 3.3. A map T on a G-metric space (X ,G) is called power bounded if

sup{ G
(
T nx,T ny,T nz

)
, n = 1,2, ...}< ∞ for all x,y,z ∈ X .

Theorem 3.2. Every power bounded G-2-isometric map is a G-isometric.

Theorem 3.3. Let T : (X ,G) −→ (X ,G) be an bijective G-2-isometric map. Then T−1 is an

G-2-isometric map.

Proof. Since T is an G-2-isosometric, we have

G(T 2x,T 2y,T 2z)−2G(T x,Ty,T z)+G(x,y,z) = 0 for all x,y,z ∈ X .
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Substituting T−2x,T−2y and T−2z for x,y and z respectively in the above equation we obtain

G(x,y,z)−2G(T−1x,T−1y,T−1z)+G(T−2x,T−2y,T−2z) = 0.

This implies that T−1 is a G-2-isometric. �

Proposition 3.2. Let (X ,Gk) be a G-metric space and Tk : Xk −→ Xk be an mapping. Let

X = ∏
1≤k≤d

Xk and G = ∑
1≤k≤d

Gk.Consider the map T = T1×T2× ...×Td : (X ,G) −→ (X ,G)

defined by

T x = (T1x1,T2x2, ...,Tdxd).

If each Tk is a G-2-isometric map ,then T is a G-2-isometric map.

Proof. Let x = (xk)1≤k≤d,y = (yk)1≤k≤d and z = (zk)1≤k≤d ∈ X . We have that

G(T 2x,T 2y,T 2z)−2G(T x,Ty,T z)+G(x,y,z)

= ∑
1≤k≤d

(
Gk(T 2

k xk,T 2
k yk,T 2

k zk)−2Gk(Tkxk,Tkyk,Tkzk)+Gk(xk,yk,zk)

)
= 0.

�

Lemma 3.2. If T is an G-2-isometric map, then for all x,y,z ∈ X , k ∈ N

G(T kx,T ky,T kz)≤ kG(T x,Ty,T z)− (k−1)G(x,y,z).

Theorem 3.4. Let (X ,G) be a complete G-metric space ant let T : X −→ X be a G-continuous

mapping. If T is an G-2-isometric mapping. Then T is injective and R(T ) (the range of T ) is

closed in X.

Proof. First, we prove that T is injective. Let x,y ∈ X such that T x = Ty. From part 2. of

Proposition 3.1 we have that

G(T x,T x,T z)≥ G(x,y,z) for all z ∈ X .

Inparticular G(T x,T x,T x) ≥ G(x,y,x) ,this implise that G(x,y,x) = 0. As G(x,x,y) > 0 for

x 6= y,we deduce that x = y.
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We prove that R(T ) is closed. Let xn be a sequence in X such that T xn −→ y in (X ,G). We

have T 2xn −→ Ty in (X ,G), since T is continuous. By Definition 3.1 we have

G(xn,xm,xl) =−G(T 2xn,T 2xm,T 2xl)+2G(T xn,T xm,T xl) for all n,m, l > 0.

It is well know that (T 2xn)n and (T xn)n are Cauchy sequenses in (X ,G) ,hence (xn)n is a Cauchy

sequence in (X ,G). Due to the completeness of (X ,G) ,there exists x ∈ X such that (xn)n

is G-convergent to x. On the other hand,using the fact that T is G-continuous, we get that

T xn −→ T x.Therefore, by Proposition 1.1 y = T x. Hence R(T ) is G-closed. �
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