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Abstract. In this paper, standard results in fuzzy n-normed linear spaces are extended to 2-fuzzy n-normed linear

spaces. Also the equivalence of α-n-norms and the Riesz theorem are proved in the real of 2-fuzzy n-normed linear

spaces.
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1. Introduction

In 1989, Misiak [8,9] defined the concept of n-normed spaces and investigated the properties

of these spaces. The concept of fuzzy set was introduced by Zadeh [7] in 1965. Cheng [6] and

Bag and Samanta [5] introduced a concept of fuzzy norm on a linear space.

Recently, C. Park and C. Alaca [1] introduced the concept of 2-fuzzy n-normed linear spaces.

The authors gave the notion of α-n-norm on a linear space corresponding to the 2-fuzzy n-norme

by using some ideas of Bag and Samanta [5]. In [2], B. S. Reddy and H. Dutta investigated some

properties of linear n-normed spaces. Some fundamental properties in fuzzy 2-normed space in

terms of α-2-norms was discussed by Somasundaram and Beaula [10].
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In this paper, we introduce the concept of cauchy sequence, convergence and completeness

in fuzzy n-normed linear space in term of α-n-norms, and then we give some fundamental

properties of this space and obtain necessary and sufficient conditions for α-n-norms to be

equivalent when X is a 2-fuzzy n-normed linear space or F(X) is a fuzzy n-normed linear

space. Finally, we generalize the Riesz theorem to 2-fuzzy n-normed linear spaces.

2. Preliminaries

Definition 2.1. [8,9] Let X be a real linear space of dimension greater than n−1 and let ‖·, · · · , ·‖

be a real valued function on Xn satisfying the following condition:

(1) ‖x1,x2, · · · ,xn‖= 0 if and only if x1,x2, · · · ,xn are linearly dependent;

(2) ‖x1,x2, · · · ,xn‖ is invariant under any permutation;

(3) ‖αx1,x2, · · · ,xn‖= |α|‖x1,x2, · · · ,xn‖ for any α ∈ R;

(4) ‖x0 + x1,x2, · · · ,xn‖ ≤ ‖x0,x2, · · · ,xn‖+‖x1,x2, · · · ,xn‖ for all x0,x1, · · · ,xn ∈ X .

‖·, · · · , ·‖ is called an n-norm on X and the pair (X ,‖·, · · · , ·‖) is called an n-normed linear

space.

Definition 2.2. [1] Let X be a linear space over K (field of real or complex numbers). A fuzzy

subset N of Xn×R is called a fuzzy n-norm on X if and only if :

(N1) For all t ∈ R with t ≤ 0, N(x1,x2, · · · ,xn, t) = 0;

(N2) For all t ∈ R with t > 0, N(x1,x2, · · · ,xn, t) = 1 if and only if x1,x2, · · · ,xn are linearly

dependent;

(N3) N(x1,x2, · · · ,xn, t) is invariant under any permutation of x1,x2, · · · ,xn;

(N4) For all t ∈ R with t > 0, N(x1,x2, · · · ,λxn, t) = N(x1,x2, · · · ,xn,
t
|λ |), if λ 6= 0;

(N5) For all s, t ∈R, N(x1,x2, · · · ,xn+x
′
n,s+t)≥min {N(x1,x2, · · · ,xn,s), N(x1,x2, · · · ,x

′
n, t)};

(N6) N(x1,x2, · · · ,xn, t) is a non-decreasing function of t ∈ R and lim
t→∞

,N(x1,x2, · · · ,xn, t) = 1.

Then (X ,N) is called a fuzzy n-normed linear space or f -n-NLS in short.

Theorem 2.3. [1] Let (X ,N) be an f -n-NLS. Assume further that

(N7) N(x1,x2, · · · ,xn, t)> 0 for all t > 0 implies that x1,x2, · · · ,xn are linearly dependent.

Define
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‖x1,x2, · · · ,xn‖α=in f{t : N(x1,x2, · · · ,xn, t)≥α , α ∈ (0,1)}. Then {‖x1,x2, · · · ,xn‖α : α ∈

(0,1)} is an ascending family of n-norms on X (or) α-n-norms on X corresponding to the

fuzzy n-norm on X.

Definition 2.4. [10] Let X be a non-empty set and F(X) be the set of all fuzzy sets on X . For

U,V ∈ F(X) and k ∈ K the field of real numbers, define

U +V = {(x+ y,λ ∧µ) : (x,λ ) ∈U,(y,µ) ∈V}.

and kU = {(kx,λ ) : (x,λ ) ∈U}.

Definition 2.5. [10] A fuzzy linear space X̃ =X × (0,1] over the number field K where the

addition and scalar multiplication operation on X are defined by (x,λ )+(y,µ)=(x+ y,λ ∧ µ),

k(x,λ )= (kx,λ ) is a fuzzy normed space if for every (x,λ )∈X̃ there is associated a non-negative

real number, ‖(x,λ )‖, called the fuzzy norm of (x,λ ) such that

(1) ‖(x,λ )‖=0 iff x = 0 the zero element of X ,λ ∈ (0,1];

(2) ‖k(x,λ )‖=|k|‖(x,λ )‖ for all (x,λ ) ∈ X̃ and all k ∈ K;

(3) ‖(x,λ )+(y,µ)‖ ≤ ‖(x,λ ∧µ)‖+‖(y,λ ∧µ)‖ for all (x,λ ),(y,µ) ∈ X̃ ;

(4) ‖(x,∨tλt)‖= ∧t‖(x,λt)‖ for all λt ∈ (0,1].

Definition 2.6. [10] Let X be a non-empty set and F(X) be the set of all fuzzy sets on X .

If f ∈ F(X) then f = {(x,µ) : x ∈X and µ ∈ (0,1]}. Clearly f is a bounded function with

| f (x)| ≤ 1. Let K be the space of real numbers. Then F(X) is a linear space over the field K

where the addition and scalar multiplication are defined by

f +g = {(x,µ)+(y,η)}= {(x+ y,µ ∧η) : (x,µ) ∈ f ,(y,η) ∈ g}.

and

k f = {(k f ,µ) : (x,µ) ∈ f}.

where k ∈ K.

The linear space F(X) is said to be a normed space if for every f ∈ F(X), there is associated a

non-negative real number ‖ f‖ called the norm of f such that

(1)‖ f‖= 0 if and only if f = 0. For

‖ f‖= 0⇐⇒{‖(x,µ)‖ : (x,µ) ∈ f}= 0⇐⇒ x = 0,µ ∈ (0,1]⇐⇒ f = 0.
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(2) ‖k f‖= |k|‖ f‖,k ∈ K. For

‖k f‖= {‖k(x,µ)‖ : (x,µ) ∈ f ,k ∈ K}= {|k|‖x,µ‖ : (x,µ) ∈ f}= |k|‖ f‖.

(3)‖ f +g‖ ≤ ‖ f‖+‖g‖ for every f ,g ∈ F(X). For

‖ f +g‖ = {‖(x,µ)+(y,η)‖ : x,y ∈ X ,µ,η ∈ (0,1]}

= {‖(x,y),(µ ∧η)‖ : x,y ∈ X ,µ,η ∈ (0,1]}

≤ {‖(x,µ ∧η)‖+‖(y,µ ∧η)‖ : (x,µ) ∈ f ,(y,η) ∈ g}

= ‖ f +g‖.

Then (F(X),‖.‖) is a normed linear space.

Definition 2.7. [10] A 2-fuzzy set on X is a fuzzy on F(X).

Definition 2.8. [1] Let X be a real vector space of dimension d ≥ n(n ∈ N) and F(X) be the

set of all fuzzy sets in X . Here we allow d to be infinite. Assume that a [0,1] valued function

‖·, · · · , ·‖ on F(X)n satisfies the following properties

(1) ‖ f1, f2, · · · , fn‖= 0 if and only if f1, f2, · · · , fn are linearly dependent;

(2) ‖ f1, f2, · · · , fn‖ is invariant under any permutation;

(3) ‖ f1, f2, · · · ,λ fn‖=|λ |‖ f1, f2, · · · , fn‖ for any λ ∈ K;

(4) ‖ f1, f2, · · · , fn−1,y+ z‖ ≤ ‖ f1, f2, · · · , fn−1,y‖+‖ f1, f2, · · · , fn−1,z‖.

Then (F(X),‖·, · · · , ·‖) is an n-normed linear space.

Definition 2.9. [1] Let F(X) be a linear space over K. A fuzzy subset N of F(X)n×R is called

a 2-fuzzy n-norm on X (fuzzy n-norm on F(X)) if and only if:

(N1) For all t ∈ R with t ≤ 0, N( f1, f2, · · · , fn, t) = 0;

(N2) For all t ∈ R with t > 0, N( f1, f2, · · · , fn, t) = 1 if and only if f1, f2, · · · , fn are linearly

dependent;

(N3) N( f1, f2, · · · , fn, t) is invariant under any permutation of f1, f2, · · · , fn;

(N4) For all t ∈R with t > 0, N( f1, f2, · · · ,λ fn, t)
.
= N( f1, f2, · · · , fn,

t
|λ |) for λ 6= 0 and λ ∈ K;

(N5) For all s, t ∈ R, N( f1, f2, · · · , fn + f
′
n,s+ t) ≥ min {N( f1, f2, · · · , fn,s), N( f1, f2, · · · , f

′
n, t)

};
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(N6) N( f1, f2, · · · , fn, .): (0,+∞)→ (0,1) is continuous;

(N7) lim
t→∞

N( f1, f2, · · · , fn, t) = 1.

Then (F(X),N) is a fuzzy n-normed linear spaces or (X ,N) is a 2-fuzzy n-normed linear space.

Theorem 2.10. [1]Let (F(X),N) be a fuzzy n-normed linear space. Assume that

(N8) N( f1, f2, · · · , fn, t)> 0 for all t > 0 implies that f1, f2, · · · , fn are linearly dependent.

Define

‖ f1, f2, · · · , fn‖α=in f{t : N( f1, f2, · · · , fn, t)≥α ,α ∈ (0,1)}.

Then {‖·, · · · , ·‖α : α ∈ (0,1)} is an ascending family of n-norms on F(X). The n-norms are

called α-n-norms on F(X) corresponding to the fuzzy n-norms.

Hereafter we use the notion fuzzy n-norm on F(X) instead of 2-fuzzy n-normed linear space

on X.

3. Convergence and completeness for 2-fuzzy n-normed linear space

In this section, we shall discuss some elementary properties for sequence in a fuzzy n-normed

linear space with respect to α-n-norms on F(X).

Definition 3.1. A sequence { fk} in a fuzzy n-normed linear space (F(X),N) is called a cauchy

sequence if lim
k,m→∞

‖ fk− fm,ω2,ω3, · · · ,ωn‖α = 0 with respect to α-n-norm for all ω2, · · · ,ωn ∈

F(X).

Theorem 3.2. Let (F(X),N) be a fuzzy n-normed linear space.

(a) If { fk} is a cauchy sequence in (F(X),N) with respect to α-n-norm, then {‖ fk,ω2, , · · · ,

ωn‖α : ω2, , · · · ,ωn ∈ F(X)} is a cauchy sequence of non-negative reals.

(b) If { fk} and {gk} are cauchy sequence in (F(X),N) with respect to α-n-norm and {αk} is

a real cauchy sequence, then { fk + gk} and {αk fk} are cauchy sequences in (F(X),N) with

respect to α-n-norm where αk ∈ [0,1].

Proof. (a)

‖ fk,ω2, · · · ,ωn‖α = ‖ fk− fm + fm,ω2, · · · ,ωn‖α

≤ ‖ fk− fm,ω2, · · · ,ωn‖α +‖ fm,ω2, · · · ,ωn‖α .
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Also

‖ fk,ω2, · · · ,ωn‖α −‖ fm,ω2, · · · ,ωn‖α ≤ ‖ fk− fm,ω2, · · · ,ωn‖α .

Similarly, we have

‖ fm,ω2, · · · ,ωn‖α −‖ fk,ω2, · · · ,ωn‖α ≤ ‖ fk− fm,ω2, · · · ,ωn‖α ,

that is

|‖ fk,ω2, · · · ,ωn‖α −‖ fm,ω2, · · · ,ωn‖α | ≤ ‖ fk− fm,ω2, · · · ,ωn‖α .

Therefore, {‖ fk,ω2, , · · · ,ωn‖α} is a real cauchy sequence, since we have lim
k,m→∞

‖ fk− fm,ω2,

· · · ,ωn‖α = 0.

(b)

‖( fk +gk)− ( fm +gm),ω2, · · · ,ωn‖α = ‖( fk− fm)+(gk−gm),ω2, · · · ,ωn‖α

≤ ‖ fk− fm,ω2, · · · ,ωn‖α +‖gk−gm,ω2, · · · ,ωn‖α

→ 0 (k,m→ ∞).

Therefore { fk +gk} is a cauchy sequence on (F(X),N) with respect to α-n-norm.

‖αk fk−αm fm,ω2, · · · ,ωn‖α = ‖αk fk−αk fm +αk fm−αm fm,ω2, · · · ,ωn‖α

≤ ‖αk fk−αk fm,ω2, · · · ,ωn‖α +‖αk fm−αm fm,ω2, · · · ,ωn‖α

= |αk|‖ fk− fm,ω2, · · · ,ωn‖α + |αk−αm|‖ fm,ω2, · · · ,ωn‖α

→ 0

Since {αk} and {‖ fk,ω2, · · · ,ωn‖α} are real cauchy sequences. Therefore, {αk fk} is a cauchy

sequence in (F(X),N) with respect to α-n-norm.

Definition 3.3. A sequence { fk} in a fuzzy n-normed linear space (F(X),N) is said to converge

to f if ‖ fk− f ,ω2,ω3, · · · ,ωn‖α → 0 as k→ ∞ with respect to α-n-norm for all ω2, · · · ,ωn ∈

F(X) .
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Theorem 3.4. In the fuzzy n-normed linear space (F(X),N).

(a) if fk→ f and gk→ g, then fk +gk→ f +g as k→ ∞.

(b) if fk→ f and αk→ α , then αk fk→ α f .

(c) if dim(F(X),N)≥ n, fk→ f and fk→ g then f = g convergence is with respect to α-n-norm.

Proof.

(a)

‖( fk +gk)− ( f +g),ω2, · · · ,ωn‖α = ‖( fk− f )+(gk−g),ω2, · · · ,ωn‖α

≤ ‖ fk− f ,ω2, · · · ,ωn‖α +‖gk−g,ω2, · · · ,ωn‖α → 0

Therefore, fk +gk→ f +g.

(b) If ω2, · · · ,ωn ∈ F(X)

‖αk fk−α f ,ω2, · · · ,ωn‖α = ‖αk fk−αk f +αk f −α f ,ω2, · · · ,ωn‖α

≤ ‖αk fk−αk f ,ω2, · · · ,ωn‖α +‖αk f −α f ,ω2, · · · ,ωn‖α

= |αk|‖ fk− f ,ω2, · · · ,ωn‖α + |αk−α|‖ f ,ω2, · · · ,ωn‖α → 0.

Since ‖ fk− f ,ω2, · · · ,ωn‖α → 0 and |αk−α| → 0, it follows that αk f → α f .

(c) For any ω2, · · · ,ωn ∈ F(X)

‖ f −g,ω2, · · · ,ωn‖α = ‖ fk− fk + f −g,ω2, · · · ,ωn‖α

≤ ‖ fk−g,ω2, · · · ,ωn‖α +‖− ( fk− f ),ω2, · · · ,ωn‖α

= ‖ fk−g,ω2, · · · ,ωn‖α +‖ fk− f ,ω2, · · · ,ωn‖α → 0.

Since fk→ f and fk→ g. Hence f − g,ω2, · · · ,ωn are linearly dependent for all ω2, · · · ,ωn ∈

F(X). Since dim(F(X),N) ≥ n, the possibility if f − g can be linearly dependent for all

ω2, · · · ,ωn ∈ F(X) implies that f −g = 0 which implies that f = g.
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Theorem 3.5. Let (F(X),N) be fuzzy n-normed linear space. If { fk} is a cauchy sequence

in F(X). Then {‖ fk− f ,ω2, · · · ,ωn‖α} is a cauchy sequence of non-negative reals for each

f ∈ F(X).

Proof.

‖ fk− f ,ω2, · · · ,ωn‖α = ‖ fk− fm + fm− f ,ω2, · · · ,ωn‖α

≤ ‖ fk− fm,ω2, · · · ,ωn‖α +‖ fm− f ,ω2, · · · ,ωn‖α

Therefore

‖ fk− f ,ω2, · · · ,ωn‖α −‖ fm− f ,ω2, · · · ,ωn‖α ≤ ‖ fk− fm,ω2, · · · ,ωn‖α

Also

|‖ fk− f ,ω2, · · · ,ωn‖α −‖ fm− f ,ω2, · · · ,ωn‖α | ≤ ‖ fk− fm,ω2, · · · ,ωn‖α .

Hence, ‖ fk− f ,ω2, · · · ,ωn‖α is a cauchy sequence of non-negative reals for each f ∈ F(X)

since lim
k,m→∞

‖ fk− fm,ω2,ω3, · · · ,ωn‖α = 0.

Theorem 3.6. Let (F(X),N) be a fuzzy n-normed linear space. If for all ω2, · · · ,ωn ∈ F(X),

lim
k→∞
‖ fk− f ,ω2,ω3, · · · ,ωn‖α = 0, then lim

k→∞
‖ fk,ω2,ω3, · · · ,ωn‖α = ‖ f ,ω2, · · · ,ωn‖α .

Proof. Since

|‖ fk,ω2, · · · ,ωn‖α −‖ f ,ω2, · · · ,ωn‖α | ≤ ‖ fk− f ,ω2, · · · ,ωn‖α ,

it follows that

|‖ fk,ω2, · · · ,ωn‖α −‖ f ,ω2, · · · ,ωn‖α | → 0 (k→ ∞).

Hence

lim
k→∞
‖ fk,ω2,ω3, · · · ,ωn‖α = ‖ f ,ω2, · · · ,ωn‖α .

Definition 3.7. The fuzzy n-normed linear space (F(X),N) in which every cauchy sequence

converges is called a complete fuzzy n-normed linear space. The fuzzy n-normed linear space
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(F(X),N) is a fuzzy n-Banach space with respect to α-n-norm for it is a complete fuzzy n-

normed linear space with respect to α-n-norm.

4. The equivalence of α-n-norms in fuzzy n-normed linear spaces

In this section, we prove necessary and sufficient conditions for α-n-norms to be equivalent

on a fuzzy n-normed linear space F(X). Let X be a real vector space of dimension d≥ n(n∈N),

and let F(X) be the set of all fuzzy sets in X.

Definition 4.1. Two α-n-norms ‖·, · · · , ·‖1
α and ‖·, · · · , ·‖2

α on a fuzzy n-normed linear space

F(X) are said to be equivalent if there exist constants β > 0,γ > 0 such that

β‖ω1,ω2, · · · ,ωn‖1
α ≤ ‖ω1,ω2, · · · ,ωn‖2

α ≤ γ‖ω1,ω2, · · · ,ωn‖1
α ∀ω1,ω2, · · · ,ωn ∈ F(X).

Theorem 4.2. Two α-n-norms ‖·, · · · , ·‖1
α and ‖·, · · · , ·‖2

α are equivalent on a fuzzy n-normed

linear space F(X) if and only if every cauchy sequence with respect to one of the α-n-norms is

a cauchy sequence with respect to other α-n-norm.

Proof. Suppose that two α-n-norms ‖·, · · · , ·‖1
α and ‖·, · · · , ·‖2

α are equivalent on a fuzzy n-

normed linear space F(X). Then there exists constants β > 0, γ > 0 such that

β‖ω1,ω2, · · · ,ωn‖1
α ≤ ‖ω1,ω2, · · · ,ωn‖2

α ≤ γ‖ω1,ω2, · · · ,ωn‖1
α ∀ω1,ω2, · · · ,ωn ∈ F(X)

For a sequence { fk} in F(X), we have

(1) β‖ fk− fm,ω2, · · · ,ωn‖1
α ≤ ‖ fk− fm,ω2, · · · ,ωn‖2

α ≤ γ‖ fk− fm,ω2, · · · ,ωn‖1
α

for all ω2, · · · ,ωn ∈ F(X) and k,m ∈ N. The second inequality shows that if { fk} is a cauchy

sequence with respect to ‖·, · · · , ·‖1
α if and only if it is a cauchy sequence with respect to

‖·, · · · , ·‖2
α . For the converse part, suppose that the α-n-norms are not equivalent. Then without

loss of generality we can assume the following two cases:

(a)There does not exist β such that

β‖ω1,ω2, · · · ,ωn‖1
α ≤ ‖ω1,ω2, · · · ,ωn‖2

α ∀ω1,ω2, · · · ,ωn ∈ F(X).



258 WENWEN YANG

(b)There does not exist γ such that

‖ω1,ω2, · · · ,ωn‖2
α ≤ γ‖ω1,ω2, · · · ,ωn‖1

α ∀ω1,ω2, · · · ,ωn ∈ F(X)

In case (a) for k = 1,2, · · · , there exist { fk} in F(X) such that

(2)
1
k
‖ fk,ω2, · · · ,ωn‖1

α > ‖ fk,ω2, · · · ,ωn‖2
α

Let gk =
1√
k

1
‖ fk,ω2,··· ,ωn‖2

α

fk, for each k ∈ N

Then ‖gk,ω2, · · · ,ωn‖2
α = 1

k → 0 as k→ ∞.

and using (b)we get

‖gk,ω2, · · · ,ωn‖1
α =

1√
k

1
‖ fk,ω2, · · · ,ωn‖2

α

‖ fk,ω2, · · · ,ωn‖1
α >

k√
k
=
√

k→ ∞(k→ ∞).

Note that every convergent sequence in a fuzzy n-normed linear space F(X) is a cauchy se-

quence. {gk} is a cauchy sequence with sespect to ‖·, · · · , ·‖2
α but not with respect to ‖·, · · · , ·‖1

α .

Similarly, we can prove the case (b). Hence the proof of the theorem is complete.

Corollary 4.3. Let ‖·, · · · , ·‖1
α and ‖·, · · · , ·‖2

α be two equivalent α-n-norms on a fuzzy n-

normed linear space F(X). Then fk→ f with respect to ‖·, · · · , ·‖1
α if and only if fk→ f with

respect to ‖·, · · · , ·‖2
α .

Proof.By replacing ′ fk→ f ′m with ′ fk→ f ′ in (a) of Theorem 4.2, we get the result.

5. The Riesz theorem in fuzzy n-normed linear spaces

Definition 5.1. A subset Y of F(X) is said to be a fuzzy n-compact subset with respect to α-n-

norm if for every sequence {yk} in Y, there exists a subsequence {ynk} of {yk} which converges

to an element y ∈ Y .

Lemma 5.2. Let F(X) be a fuzzy n-normed linear space, and let Y be a fuzzy n-compact

subspace of F(X). For f1, · · · , fn ∈ F(X), in fy∈Y‖ f1− y, · · · , fn− y‖α = 0 then there exists an

element y0 ∈ Y such that ‖ f1− y0, · · · , fn− y0‖α = 0.

Proof. For each positive integer k, there exists an element yk ∈ Y such that

‖ f1− yk, · · · , fn− yk‖α ≤
1
k
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Since {yk} is a sequence in a fuzzy n-compact space Y , we can consider that {yk} is a convergent

sequence in Y without loss of generality. Let yk→ y0 as k→∞ for some y0 ∈Y . For every ε > 0,

there exists a positive integer K such that if k ≥ K, then 1
k < ε

n+1 and ‖yk− y0,ω2, · · · ,ωn‖α <

ε

n+1 for all ωi ∈ F(X)(i = 2, · · · ,n). For k > K, we have

‖ f1− y0, f2− y0, · · · , fn− y0‖α = ‖yk− y0 + f1− yk, f2− y0 · · · , fn− y0‖α

≤ ‖yk− y0, f2− y0, · · · , fn− y0‖α

+ ‖ f1− yk, f2− y0, · · · , fn− y0‖α

≤ ‖yk− y0, f2− y0, · · · , fn− y0‖α

+ ‖ f1− yk,yk− y0, f3− y0 · · · , fn− y0‖α

+ ‖ f1− yk, f2− yk, f3− y0 · · · , fn− y0‖α

≤ ‖yk− y0, f2− y0, · · · , fn− y0‖α

+ ‖ f1− yk,yk− y0, f3− y0, · · · , fn− y0‖α

+ ‖ f1− yk, f2− yk,yk− y0, · · · , fn− y0‖α

+ ‖ f1− yk, f2− yk, f3− yk, · · · , fn− y0‖α

...

≤ ‖yk− y0, f2− y0, · · · , fn− y0‖α

+ ‖ f1− yk,yk− y0, f3− y0, · · · , fn− y0‖α

+ ‖ f1− yk, f2− yk,yk− y0, · · · , fn− y0‖α

+ · · ·

+ ‖ f1− yk, f2− yk, f3− yk, · · · ,yk− y0, fn− y0‖α

+ ‖ f1− yk, f2− yk, f3− yk, · · · , fn−1− yk, fn− y0‖α

≤ ‖yk− y0, f2− y0, · · · , fn− y0‖α

+ ‖ f1− yk,yk− y0, f3− y0, · · · , fn− y0‖α
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+ ‖ f1− yk, f2− yk,yk− y0, · · · , fn− y0‖α

+ · · ·

+ ‖ f1− yk, f2− yk, f3− yk, · · · ,yk− y0, fn− y0‖α

+ ‖ f1− yk, f2− yk, f3− yk, · · · , fn−1− yk,yk− y0‖α

+ ‖ f1− yk, f2− yk, f3− yk, · · · , fn−1− yk, fn− yk‖α

= ‖yk− y0, f2− y0, · · · , fn− y0‖α

+ ‖ f1− y0,yk− y0, f3− y0, · · · , fn− y0‖α

+ ‖ f1− y0, f2− y0,yk− y0, · · · , fn− y0‖α

+ · · ·

+ ‖ f1− y0, f2− y0, f3− y0, · · · ,yk− y0, fn− y0‖α

+ ‖ f1− y0, f2− y0, f3− y0, · · · , fn−1− y0,yk− y0‖α

+ ‖ f1− yk, f2− yk, f3− yk, · · · , fn−1− yk, fn− yk‖α

< n
ε

n+1
+

1
k
< n

ε

n+1
+

1
K

< n
ε

n+1
+

ε

n+1
= ε.

Since ε is arbitrary, ‖ f1− y0, · · · , fn− y0‖α = 0.

Theorem 5.3. Let Y and Z be subspaces of fuzzy n-normed linear spaces (F(X),N), and let Y

be a fuzzy n-compact proper subset of Z with dimension greater than n−1. For each θ ∈ (0,1),

there exist an element ( f1, · · · , fn) ∈ Zn such that ‖ f1, · · · , fn‖α = 1, ‖ f1− y, · · · , fn− y‖α ≥ θ

for all y ∈ Y .

Proof. Let h1, · · · ,hn ∈ Z∩Y⊥ be linearly independent. Let

a = in fy∈Y‖h1− y, · · · ,hn− y‖α

Assume that a = 0. By Lemma 1, there is an element y0 ∈ Y such that

(1) ‖h1− y0, · · · ,hn− y0‖α = 0
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If y0 = 0, then ‖h1, · · · ,hn‖α = 0. This implies that inf{t : N(h1,h2, · · · ,hn, t) ≥ α} = 0. Then

h1, · · · ,hn are linearly dependent. This leads to a contradiction. So y0 is non-zero. Hence

h1, · · · ,hn,y0 are linear independent. But from definition and from (1) that h1− y0, · · · ,hn− y0

are linearly dependent. This exist real numbers α1, · · · ,αn not all zero such that

α1(h1− y0)+ · · ·+αn(hn− y0) = 0

This we have

α1h1 + · · ·+αnhn +(−1)(α1 + · · ·+αn)y0 = 0

Then h1, · · · ,hn,y0 are linear dependent, which is a contradiction. Hence a > 0. For each

θ ∈ (0,1), there exists an element y0 ∈ Y such that

a≤ ‖h1− y0, · · · ,hn− y0‖α ≤
a
θ
.

For each j = 1, · · · ,n, let

f j =
h j− y0

‖h1− y0, · · · ,hn− y0‖
1
n
α

That it is obvious that ‖ f1, · · · , fn‖α = 1

‖ f1− y, · · · , fn− y‖α = ‖ h1− y0

‖h1− y0, · · · ,hn− y0‖
1
n
α

− y, · · · , hn− y0

‖h1− y0, · · · ,hn− y0‖
1
n
α

− y‖α

=
1

‖h1− y0, · · · ,hn− y0‖α

‖h1− (y0 + y‖h1− y0, · · · ,hn− y0‖
1
n
α), · · · ,

hn− (y0 + y‖h1− y0, · · · ,hn− y0‖
1
n
α)‖α

≥ 1
‖h1− y0, · · · ,hn− y0‖α

a≥ a
a
θ

= θ

for all y ∈ Y . This completes the proof.

Definition 5.4. A subset Y of the fuzzy n-normed linear space (F(X),N) is called a fuzzy

partially n-closed subset if for linear independent elements f1, · · · , fn ∈ F(X) there exists a

sequence yk in Y such that ‖ f1− yk, · · · , fn− yk‖α → 0 as k→ ∞, then f j ∈ Y for some j.

Theorem 5.5. Let Y , Z be subspaces of the fuzzy n-normed linear space F(X), and let Y be a

fuzzy partially n-closed subset of Z. Assume that dimZ ≥ n. For each θ ∈ (0,1), there exists an
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element ( f1, · · · , fn) ∈ Zn such that

‖ f1, · · · , fn‖α = 1

‖ f1− y, · · · , fn− y‖α ≥ θ

for all y ∈ Y .

Proof. Let h1, · · · ,hn ∈ Z−Y be linearly independent. Let

a = in fy∈Y‖h1− y, · · · ,hn− y‖α

Assume that a = 0. Then there is a sequence {yk} in Y such that ‖h1−yk, · · · ,hn−yk‖α → 0 as

k→ ∞. Since Y is fuzzy partially n-closed, h j ∈ Y for some j, which is a contradiction. Hence

a > 0. The rest of the proof is the same as in the proof of Theorem 5.3.
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