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COMPACT PRODUCTS OF TOEPLITZ AND HANKEL OPERATORS
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Abstract. In this paper, we study the products of Toeplitz operators and Hankel operators on weighted

Bergman spaces of the unit ball. We obtain the necessary and sufficient conditions for the bounded

products of Toeplitz operators on the weighted Bergman spaces of the unit ball.
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1. Introduction

Throughout let n ≥ 2 be a fixed integer. Denote the unit ball in Cn by Bn. Let V

denote Lebesgue volume measure on Bn, normalized so that V (Bn) = 1. For −1 < α <∞,

we denote by Vα the measure on Bn defined by dVα(z) = (1− |z|2)αdV (z). The weighted

Bergman space A2
α(Bn) is the space of analytic functions on Bn which are square-integrable

with respect to measure Vα on Bn.
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The reproducing kernel on A2
α(Bn) is given by

K(α)
ω (z) =

1

(1− 〈z, ω〉)(n+α+1)
,

for z, ω ∈ Bn. If 〈·, ·〉α denotes the inner product in L2(Bn, dVα), then 〈h,K(α)
ω 〉α = h(ω),

for every h ∈ A2
α(Bn) and ω ∈ Bn.

Let Pα be the weighted Bergman orthogonal projection from L2(Bn, dVα) onto A2
α(Bn),

which is given by

(Pαg)(ω) = 〈g,K(α)
ω 〉α =

∫
Bn
g(z)

1

(1− 〈ω, z〉)n+α+1
dVα(z),

for g ∈ L2(Bn, dVα) and ω ∈ Bn. In this paper, we use ‖ · ‖α,p to denote the norm in

Lp(Bn, dVα). Given f in L∞(Bn, dVα), the Toeplitz operator Tf is defined on A2
α(Bn) by

Tfh = Pα(fh). We have

(Tfh)(ω) =

∫
Bn

f(z)h(z)

(1− 〈ω, z〉)(n+α+1)
dVα(z),

for h ∈ A2
α(Bn) and ω ∈ Bn. For a bounded measurable function f on Bn, the Hankel

operator Hf is the operator A2
α(Bn)→ (A2

α(Bn))⊥ defined by

Hfh = (I − Pα)(fh) = Qα(fh), h ∈ A2
α(Bn).

The general problem that we are interested in is the following: When the products

of Toeplitz operators and Hankel operators is compact, what is the relationship between

their symbols?

2. Preliminaries

We will need the following basic facts about the Bergman space A2
α(Bn), see [1] for

details.

The normalized reproducing kernel is given by

k(α)
ω (z) =

(1− |ω|2)
(n+α+1)

2

(1− 〈z, ω〉)n+α+1
,

for z, ω ∈ Bn.
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Suppose f and g are in A2
α(Bn). Consider the operator f ⊗ g on A2

α(Bn) defined by

(f ⊗ g)h = 〈h, g〉αf,

for h ∈ A2
α(Bn). It is easily proved that f ⊗ g is bounded on A2

α(Bn) and ‖f ⊗ g‖α,2 =

‖f‖α,2‖g‖α,2.

We have the following Lemma for the inner product on Bergman spaces of the unit ball

proved in [2].

We observe that the Taylor expansion of the function (1− z)n+α+1 around 0,

(1− z)n+α+1 =
∞∑
k=0

Cα,kz
k,

where Cα,k = (−1)k (n+α+1)(n+α)···(n+α+2−k)
k!

, k = 1, 2, · · · , Cα,0 = 1, is absolutely convergent

on the closed unit disk in C for α > −1.

The term multi-index refers to an ordered n-tuple

m = (m1, · · · ,mn)

of nonnegative integer mi. The following abbreviated notations will be used:

zm = zm1
1 · · · zmnn , |m| = m1 + · · ·+mn,m! = m1! · · ·mn!.

We have the multinomial formula

(z1 + · · ·+ zn)N =
∑
|m|=N

N !

m!
zm.

Now we give the representation of k
(α)
ω ⊗ k(α)

ω in [3].

Lemma 2.1. On A2
α(Bn), we have

k(α)
ω ⊗ k(α)

ω =
∞∑
k=0

Cα,k
∑
|γ|=k

k!

γ!
TϕγωTϕ̄γω ,

for all ω ∈ Bn and −1 < α <∞.

For a bounded linear operator T on (A2
α(Bn))⊥ and ω ∈ Bn, we define the operator

Yω(T ) by

Yω(T ) =
∞∑
k=0

Cα,k
∑
|γ|=k

k!

γ!
TφγωTSφγω .
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Fix two real parameters a and b and define integral operators Sa,b by

Sa,bf(z) = (1− |z|2)a
∫
Bn

(1− |w|2)b

|1− 〈z, w〉|n+1+a+b
f(w)dV (w).

Using exactly the same argument as in the proof of Lemma 3.3 in [2], we have the

following Lemma.

Lemma 2.2. Let −1 < α <∞, if S is a bounded linear operator on (A2
α(Bn))⊥, then

‖
∑
|γ|=m

m!

γ!
TϕγωSSϕ̄γω‖ ≤ ‖S‖,

for every positive integer m and ω ∈ Bn.

For a bounded linear operator T on (A2
α(Bn))⊥ and ω ∈ Bn, we define the operator

Yω(T ) by

Yω(T ) =
∞∑
k=0

Cα,k
∑
|γ|=k

k!

γ!
TφγωTSφγω .

Both Toeplitz and Hankel operators are closely related to Dual Toeplitz operators. The

dual Toeplitz operator with symbol f is defined by

Sfu = (I − Pα)(fu),

for u ∈ (A2
α(Bn))⊥. It is clear that Sf : (A2

α(Bn))⊥ → (A2
α(Bn))⊥ is a bounded linear

operator. In what follows Qα denote I − Pα.

Since the Hankel operator with a holomorphic symbol is the zero operator, by above

equations we immediately obtain the following elementary properties of dual Toeplitz

operators.

Lemma 2.3. If ϕ is a bounded holomorphic function on Bn and ψ is a bounded measurable

function on Bn, then following identities hold:

SϕSψ = Sϕψ, Sψϕ̄ = SψSϕ̄, (2.4)

SϕHψ = HψTϕ, H∗ψSϕ̄ = Tϕ̄H
∗
ψ. (2.5)

3. Bounded Products of Toeplitz and Hankel operators
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The Lemmas below is Lemma 4.4 and Lemma 4.5 in [3].

Lemma 3.1. Let −1 < α <∞ and g ∈ L2(Bn, dVα), then∣∣(H∗gu)(ω)
∣∣ ≤ 1

(1− |ω|2)(n+α+1)/2
‖g ◦ ϕω − Pα(g ◦ ϕω)‖α,2‖u‖α,2,

for all u ∈ (A2
α)⊥ and ω ∈ Bn.

Lemma 3.2. Let −1 < α < ∞ and ε > 0. For g ∈ L2(Bn, dVα), u ∈ (A2
α)⊥ and

multi-index γ with |γ| = m ≥ (n+ α + 1)/2 we have

|(H∗gu)(γ)(ω)| ≤ C
1

(1− |ω|2)m
‖g ◦ ϕω − Pα(g ◦ ϕω)‖α,2+ε

(
S0,α(|u|δ)(ω)

)1/δ

for all ω ∈ Bn, where δ = (2 + ε)/(1 + ε).

Lemma 3.3. Let −1 < α <∞ and f ∈ L2(Bn, dVα), then∣∣(T ∗f v)(ω)
∣∣ ≤ 1

(1− |ω|2)(n+α+1)/2
‖f ◦ ϕω‖α,2‖v‖α,2,

for all v ∈ H∞(Bn) and ω ∈ Bn.

Lemma 3.4. Let −1 < α < ∞ and ε > 0. For f ∈ L2(Bn, dVα), v ∈ H∞(Bn) and

multi-index γ with |γ| = m ≥ (n+ α + 1)/2 we have

|(T ∗f v)(γ)(ω)| ≤ C
1

(1− |ω|2)m
‖f ◦ ϕω‖α,2+ε

(
S0,α(|v|δ)(ω)

)1/δ

for all ω ∈ Bn, where δ = (2 + ε)/(1 + ε).

4. Compact Haplitz Products

Using the same technique as in the proof in [2], we have the following Lemma.

Lemma 4.1. Let −1 < α < ∞ and T be a compact operator on (A2
α(Bn))⊥, then

‖Yω(T )‖ → 0 as |ω| → 1−.

Proof. If H1 and H2 are Hilbert spaces and T : H1 → H2 is a compact operator, since

operators of finite rank are dense in the set of compact operators, given ε > 0, there exist

f1, · · · , fn ∈ H1 and g1, · · · , gn ∈ H1 such that∥∥∥∥T − n∑
i=1

fi ⊗ gi
∥∥∥∥ < ε.

Thus the lemma follows once we show the Lemma for operators of rank one.
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If f ∈ L2(Bn, dvα), as |ω| → 1−, then for every z ∈ Bn and multi-index γ we have

ωγ − ϕγω(z)→ 0 , so by the Lebesgue Dominated Convergence Theorem,

‖ωγf − ϕγωf‖2
α,2 =

∫
Bn

|ωγf(z)− ϕγω(z)f(z)|2dvα(z)→ 0

as |ω| → 1−. It follows that ‖ξγf − ϕγωf‖α,2 → 0 as ω ∈ Bn tends to ξ ∈ ∂Bn.

Suppose f ∈ (A2
α), then P (ξγf) = ξγf , so that

‖ξγf − Tϕγωf‖α,2 = ‖ξγf − Pϕγωf‖α,2 → 0,

‖ξγf − Sϕγωf‖α,2 = ‖(I − P )(ξγf − ϕγωf)‖α,2 → 0

as ω ∈ Bn tends to ξ ∈ ∂Bn. If f ∈ (A2
α), g ∈ (A2

α)⊥, then

‖ξγ(f ⊗ g)ξ
γ − Tϕγω(f ⊗ g)Sϕγω‖

= ‖(ξγf)⊗ (ξγg)− (Tϕγωf)⊗ (Sϕγωg)‖

≤ ‖(ξγf − Tϕγωf)⊗ (ξγg)‖+ ‖(Tϕγωf)⊗ (ξγg − Sϕγωg)‖

≤ ‖ξγf − Tϕγωf‖α,2‖g‖α,2 + ‖f‖α,2‖ξγg − Sϕγωg‖α,2.

We get

‖ξγ(f ⊗ g)ξ
γ − Tϕγω(f ⊗ g)Sϕγω‖ → 0

as ω ∈ Bn tends to ξ ∈ ∂Bn.

Hence we can get for any nonnegative integer k∥∥∥∥ ∑
|γ|=k

k!

γ!

(
ξγ(f ⊗ g)ξ

γ − Tϕγω(f ⊗ g)Sϕγω
)∥∥∥∥→ 0

as ω ∈ Bn tends to ξ ∈ ∂Bn. Since

∥∥ ∞∑
k=0

Cα,k
∑
|γ|=k

k!

γ!
Tϕγω(f ⊗ g)Sϕγω

∥∥
=

∥∥ ∞∑
k=0

Cα,k
∑
|γ|=k

k!

γ!

(
Tϕγω(f ⊗ g)Sϕγω − ξ

γ(f ⊗ g)ξ
γ)∥∥

≤
∞∑
k=0

|Cα,k|
∥∥ ∑
|γ|=k

k!

γ!

(
ξγ(f ⊗ g)ξ

γ − Tϕγω(f ⊗ g)Sϕγω
)∥∥
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and by Lemma 2.4 and the series
∑∞

k=0 |Cα,k| is convergent, we have

∥∥ ∞∑
k=0

Cα,k
∑
|γ|=k

k!

γ!
Tϕγω(f ⊗ g)Sϕγω

∥∥→ 0

as ω ∈ Bn tends to ξ ∈ ∂Bn.

This completes the proof.

Theorem 4.2. Let f ∈ H∞(Bn, dvα) and g ∈ L∞(Bn, dvα). Then TfH
∗
g is compact if

and only if

lim
ω→∂Bn

‖f ◦ ϕω‖α,2‖g ◦ ϕω − P (g ◦ ϕω)‖α,2 = 0.

Proof. First we prove the ‘if part’. Suppose TfH
∗
g is compact. By Lemma 4.1, ‖Yω(TfH

∗
g )‖ →

0 as ω → ∂Bn. By Lemma 2.3, 2.8, we have

Yω(TfH
∗
g ) = ‖(Tfk(α)

ω )⊗ (Hḡk
(α)
ω )‖

= ‖Tfk(α)
ω ‖α,2‖Hḡk

(α)
ω ‖α,2

= ‖f ◦ ϕω‖α,2‖ḡ ◦ ϕω − Pα(ḡ ◦ ϕω)‖α,2,

so the ‘if part’ is proved.

Now we turn to the ‘only part’. By formula 4.11 in [2] , we have,for u ∈ (A2
α(Bn))⊥,v ∈

H∞(Bn) and m ≥ n+α+1
2

,

< (TfH
∗
g )u, v >=< H∗gu, Tf

∗v >= I + II + III,

where I, II and III are, respectively,

I =
m∑
j=1

bj

∫
Bn

(1− |z|2)2m+j−1{(H∗gu)(z)(T ∗f v)(z)}dVα(z),

II =
Γ(α + 1)

Γ(α + 2m+ 1)

∑
|γ|=m

∫
Bn

(1− |z|2)2m{(H∗gu)(γ)(z)(T ∗f v)(γ)(z)}dVα(z),

III =
2m−1∑
j=1

aj
∑
|γ|=m

∫
Bn

(1− |z|2)2m+j{(H∗gu)(γ)(z)(T ∗f v)(γ)(z)}dVα(z).
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For 0 < s < 1, sBn = {sz : z ∈ Bn} is compact subset of Bn and Bn,s = Bn\sBn, it is

easy to see that there exist compact operators T Is , T IIs and T IIIs on (A2
α(Bn))⊥ such that

< T Is u, v >= I − Is, < T IIs u, v >= II − IIs, < T IIIs u, v >= III − IIIs,

where

Is =
m∑
j=1

bj

∫
Bn,s

(1− |z|2)2m+j−1{(H∗gu)(z)(T ∗f v)(z)}dVα(z),

IIs =
Γ(α + 1)

Γ(α + 2m+ 1)

∑
|γ|=m

∫
Bn,s

(1− |z|2)2m{(H∗gu)(γ)(z)(T ∗f v)(γ)(z)}dVα(z),

IIIs =
2m−1∑
j=1

aj
∑
|γ|=m

∫
Bn,s

(1− |z|2)2m+j{(H∗gu)(γ)(z)(T ∗f v)(γ)(z)}dVα(z).

The operator Ts = T Is +T IIs +T IIIs is compact, and < (TfH
∗
g−Ts)u, v >= Is+IIs+IIIs,

we will estimate each of the terms Is, IIs and IIIs.

Let

Ms = sup
w∈Bn,s

‖f ◦ ϕw‖α,2‖ḡ ◦ ϕw − Pα(ḡ ◦ ϕw)‖α,2.

It follows from Lemma 3.2 and Lemma 3.4 that there exists a constant C such that

|Is| ≤MsCm,α‖u‖α,2‖v‖α,2.

Since Pα is bounded on L2+2ε(Bn, dVα), there exists a constant C such that

‖g ◦ ϕw − Pα(g ◦ ϕw)‖α,2+ε ≤ C‖g ◦ ϕw − Pα(g ◦ ϕw)‖
1

2+ε

α,2 .

An analogous estimate for |(T ∗f v)(γ)| also holds. Thus there exists a constant C such that

|IIs| ≤ CM
1

2+ε
s

∫
Bn

|S0,α(|u|p)(w)|
1
p |S0,α(|v|p)(w)|

1
pdVα(w).

Since the operator S0,α is bounded on Lq(Bn, dVα) for q = 2
p
> 1 by Theorem 2.10 in [5],

there exists a constant C such that∫
Bn

|S0,α(|u|p)(w)|qdVα(w) ≤ C‖u‖2
α,2.

By the Cauchy-Schwarz inequality, there exists a constant C such that

|IIs| ≤ CM
1

2+ε
s ‖u‖α,2‖v‖α,2.
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An analogous estimate for IIIs follows easily.

Then it follows from the above inequality that Ts → TfH
∗
ḡ in operator norm as s→ 1−,

and since each of the Ts is compact, we show that the operator is compact.

This completes the proof.
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