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Abstract. In this paper we study the hemi-slant warped product submanifolds of an LP-Sasakian manifold. We

obtain some basic results in this setting and finally proved an inequality for the squared norm of the second funda-

mental form in the terms of warping function and slant angle.
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1. Introduction

The study of the slant immersions in the almost Hermitian manifolds was initiated by B.

Y.Chen [5]. A. Lotta [1] extended the notion of the slant immersions in the setting of the al-

most contact metric manifolds. N. Papaghiuc [12] introduced a class of submanifolds in an

almost Hermitian manifolds, called the semi-slant submanifolds, this class includes the class

of the proper CR-submanifolds and the slant submanifolds. J. L. Cabrerizo et al. [8] initiated
∗Corresponding author

E-mail address: meraj79@gmail.com

Received August 25, 2018

121



122 AMIRA A. ISHAN, MERAJ ALI KHAN

the study of the contact version of the semi-slant submanifolds and also defined Bi-slant sub-

manifolds. A step forward, A. Carriazo [2] defined and study the Bi-slant immersions in the

almost Hermitian manifolds and simultaneously gave the notion of Anti-slant submanifolds in

the almost Hermitian manifolds. B. sahin [3] study these submanifolds with the name of hemi-

slant submnaifolds for their warped product in the setting of Kaehler manifolds. Recently, M.

A. Khan et al. [11] studied slant submnaifolds of LP-contact manifolds

R. L. Bishop and B. O’ Neil [13] introduced the notion of the warped product manifolds.

These manifolds are generalization of the Riemannian product manifolds and occur naturally.

Recently, many important physical applications of the warped product manifolds have been

discovered, giving motivation to the study of these spaces with differential geometric point of

view. For instance, it has been accomplished that the warped product manifolds provide an ex-

cellent setting to the model space time near black hole or bodies with large gravitational fields

(c.f., [7], [13], [15]). Recently, S. K. Hui et al [14] studied the warped product submanifolds of

the LP-Sasakian manifolds and in particular they have showen the existence of the hemi-slant

warped product submanifolds via some examples. In this continuation we study the hemi-slant

warped product submanifolds of the LP-Sasakian manifolds.

2. Preliminaries

An n-dimensional smooth manifold M̄ is said to be an LP-Sasakian manifold [6] if it admits

a (1, 1) tensor field φ , a unit time like contravariant vector field ξ , a 1-form η , and a Lorentzian

metric g, which satisfy

η(ξ ) =−1, g(X ,ξ ) = η(X), φ
2X = X +η(X)ξ (2.1)

g(φX ,φY ) = g(X ,Y )+η(X)η(Y ), ∇̄X ξ = φX , (2.2)

(∇̄X φ)Y = g(X ,Y )ξ +η(Y )X +2η(X)η(Y )ξ , (2.3)
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where ∇̄ denotes the operator of covariant derivetive with respect to the Lorentzian metric g. It

can be easily seen that in a LP-Sasakian manifold, the following relations hold

φξ = 0, η(φX) = 0, rankφ = n−1 (2.4)

for any vector field X ,Y tangent to M̄ the tensor field Ω(X ,Y ) is a symmetric (0, 2) tensor field

[9]. Also, since the vector field η is closed in an LP-Sasakian manifold, we have [9]

(∇̄X η)Y = Ω(X ,Y ), Ω(X ,ξ ) = 0,

for any vector fields X ,Y tangent to M̄.

Let M be a submanifold of an LP- contact metric manifold M̄ with induced metric g and if

∇ and ∇⊥ are the induced connection on the tangent bundle T M and the normal bundle T⊥M of

M, respectively then the Gauss and Weingarten formulae are given by the following equations

∇̄XY = ∇XY +h(X ,Y ), (2.5)

∇̄X N =−ANX +∇
⊥
X N, (2.6)

for each X ,Y ∈ T M and N ∈ T⊥M, where h and AN are the second fundamental form and the

shape operator respectively for the immersion of M into M̄ and they are related as

g(h(X ,Y ),N) = g(ANX ,Y ), (2.7)

where g denotes the Riemannian metric on M̄ as well as on M.

For any X ∈ T M, we write

φX = PX +FX , (2.8)

where PX and FX are the tangential and normal components of φX respectively.

Similarly, for any N ∈ T⊥M, we write

φN = tN + f N, (2.9)
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where tN and f N are the tangential and normal components of φN. The covariant derivatives

of the tensor field P and F are defined as

(∇̄X P)Y = ∇X PY −P∇XY, (2.10)

(∇̄X F)Y = ∇
⊥
X FY −F∇XY. (2.11)

From equations (2.3), (2.5), (2.6), (2.8) and (2.9) we have

(∇̄X P)Y = g(X ,Y )ξ +η(Y )X +2η(X)η(Y )ξ + th(X ,Y )+AFY X (2.12)

(∇̄X F)Y = f h(X ,Y )−h(X ,PY ). (2.13)

Throughout the paper, we consider ξ to be tangent to M. The submanifold M is said to be invari-

ant if F is identically zero, on the other hand M is said to be anti-invariant if P is identically zero.

Definition 2.1 [11]. A submanifold M of an almost contact metric manifold M̄ is said to be

a slant submanifold if for any x ∈M and X ∈ TxM−〈ξ 〉 the angle between X and φX is con-

stant. The constant angle θ ∈ [0,π/2] is then called the slant angle of M in M̄. If θ = 0 the

submanifold is an invariant submanifold, if θ = π/2 then it is an anti-invariant submanifold, if

θ 6= 0,π/2 then it is a proper slant submanifold.

For the slant submanifolds of the LP-contact metric manifolds M. A. Khan et al. [11]

proved the following Lemma

Lemma 2.1. Let M be a submanifold of an LP-contact metric manifold M̄, such that ξ ∈ T M

then M is slant submanifold if and only if there exist a constant λ ∈ [0,1] such that

P2 = λ (I +η⊗ξ ), (2.14)

where λ = cos2 θ .

Thus, one has the following consequences of above formulae

g(PX ,PY ) = cos2
θ [g(X ,Y )+η(X)η(Y )], (2.15)
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g(FX ,FY ) = sin2
θ [g(X ,Y )+η(X)η(Y )], (2.16)

for any X ,Y ∈ T M.

A submanifold M of an LP contact metric manifold M̄ is said to be a hemi-slant submani-

fold, if there exist two orthogonal complementary distributions D⊥ and Dθ on M such that

(i) T M = D⊥⊕Dθ ⊕〈ξ 〉,

(ii) The distribution D⊥ is anti-invariant i.e., φD⊥ ⊆ T⊥M,

(iii) The distribution Dθ is slant with slant angle θ 6= π/2.

It is straight forward to see that the semi-invariant submanifolds and slant submanifolds

are the hemi-slant submanifolds with θ = 0 and D⊥ = {0} respectively.

If µ is an invariant subspace under φ of the normal bundle T⊥M, then in the case of hemi-

slant submanifold, the normal bundle T⊥M can be decomposed as

T⊥M = µ⊕FDθ ⊕FD⊥. (2.17)

A hemi-slant submanifold M is called a hemi-slant product if the distributions D⊥ and Dθ

are involutive and parallel on M. In this case M is foliated by the leaves of these distributions.

As a generalization of the product manifolds and in particular of a hemi-slant product sub-

manifold, one can consider warped product of the manifolds which are defined as

Definition 2.2 Let (B,gB) and (F,gF) be two Riemannian manifolds with the Riemannian metric

gB and gF respectively and f be a positive differentiable function on B. The warped product of

B and F is the Riemannian manifold (B×F,g), where

g = gB + f 2gF .

For a warped product manifold N1× f N2, we denote by D1 and D2 the distributions defined

by the vectors tangent to the leaves and fibers respectively. In other words, D1 is obtained by the

tangent vectors of N1 via the horizontal lift and D2 is obtained by the tangent vectors of N2 via
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vertical lift. In the case of the hemi-slant warped product submanifolds D1 and D2 are replaced

by D⊥ and Dθ respectively.

The warped product manifold (B×F,g) is denoted by B× f F. If X is the tangent vector

field to the manifold M = B× f F at (p,q) then

‖X‖2 = ‖dπ1X‖2 + f 2(p)‖dπ2X‖2.

R. L. Bishop and B. O’Neill [13] proved the following

Theorem 2.1 Let M = B× f F be the warped product manifolds. If X ,Y ∈ T B and V,W ∈ T F

then

(i) ∇XY ∈ T B,

(ii) ∇XV = ∇V X = (X f
f )V,

(iii) ∇VW = −g(V,W )
f ∇ f .

∇ f is the gradient of f and is defined as

g(∇ f ,X) = X f , (2.18)

for all X ∈ T M.

Corollary 2.1 On a warped product manifold M = N1× f N2, the following statements hold

(i) N1 is totally geodesic in M,

(ii) N2 is totally umbilical in M.

Throughout, we denote by N⊥ and Nθ an anti- invariant and a slant submanifold respec-

tively of an LP-contact metric manifold M̄.

3. Main results

S. K. Hui et al. [14] proved that the warped product of the type N⊥× f Nθ does not exist

and they also proved that the warped product of the type Nθ × f N⊥ exist and ξ is tangential to
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Nθ . Throughout this section we consider the warped product of the type Nθ × f N⊥ and called

them hemi-Slant warped product submanifolds for these submanifolds by Theorem 2.1 we have

∇X Z = ∇ZX = Zln f X (3.1)

for any X ∈ T Nθ andZ ∈ T N⊥.

Now we start the section from the following some properties

Lemma 3.1. On a hemi- slant warped product submanifold M = Nθ × f N⊥ of an LP-Sasakian

manifold M̄, we have

(i) g(h(X ,Y ),FZ)+g(h(X ,Z),FY ) = 0

(ii) g(h(X ,Z),FZ) = 0,

(iii) g(h(Z,Z),FX) = PXln f‖Z‖2−η(X)‖Z‖2,

(iv) g(h(Z,Z),FPX) = cos2 θXln f‖Z‖2,

for any X ,Y ∈ T Nθ and Z ∈ T N⊥.

Proof. For the warped product of the type Nθ × f N⊥, (∇̄X P)Y ∈ T Nθ , for any X ,Y ∈ T Nθ , then

from (2.12), we have

(∇X P)Y = g(X ,Y )ξ +η(Y )X +2η(X)η(Y )ξ + th(X ,Y )+AFY X

taking the inner product with Z ∈ T N⊥, we get g(h(X ,Y ),FZ)+ g(h(X ,Z),FY ) = 0 which is

the part (i).

Now for any X ∈ T Nθ and Z ∈ T N⊥ from (2.10) and (2.12)

−P∇X Z = th(X ,Z)+AFZX ,

applying (3.1), the above equation gives that g(h(X ,Z),FZ) = 0, which is the part (ii).

Finally, for any Z ∈ T N⊥ by (2.12), we have

−P∇ZZ = g(Z,Z)ξ + th(Z,Z)+AFZZ
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taking the inner product by X ∈ T Nθ and using (3.1) and the part (ii), the above equation gives

g(th(Z,Z),X)+‖Z‖2
η(X) = PXln f‖Z‖2,

or

g(h(Z,Z),FX) = PXln f‖Z‖2−η(X)‖Z‖2,

this is the part (iii) of the lemma and by replacing X by PX and using the Lemma 2.1, we get

the part (iv).

Let us denote by Dθ ⊕〈ξ 〉 and D⊥ the tangent bundles on Nθ and N⊥ respectively and

let {X0 = ξ ,X1, . . .Xq,Xq+1 = PX1, . . . ,X2q = PXq} and {Z1, . . . ,Zp} be the local orthonormal

frames of vector fields on Nθ and N⊥ respectively with 2q+1 and p real dimensions, then

‖h‖2 =
2q+1

∑
i, j=1

g(h(Xi,X j),h(Xi,X j))+
2q+1

∑
i=1

p

∑
r=1

g(h(Xi,Zr),h(Xi,Zr))

+
p

∑
r,s=1

g(h(Zr,Zs),h(Zr,Zs)). (3.2)

Theorem 3.2. Let M = Nθ × f N⊥ be a hemi-slant warped product submanifold of an LP-

Sasakian manifold M̄ such that Nθ and N⊥ are the slant and anti-invariant submanifolds respec-

tively of M̄. If 2PXln f η(X)≥ (η(X))2, then the squared norm of the second fundamental form

h satisfies

‖h‖2 ≥ 2pK csc2
θ(1+ cos2

θ)‖∇ln f‖2), (3.3)

where ∇ln f is the gradient of ln f and K = ∑(1+η(X)).

Proof. In view of the decomposition (2.17), we may write

h(U,V ) = hFDθ
(U,V )+hFD⊥(U,V )+hµ(U,V ), (3.4)

for each U,V ∈ T M, where hFDθ
(U,V ) ∈ FDθ , hFD⊥(U,V ) ∈ FD⊥ and hµ(U,V ) ∈ µ. It is

evident that the projections hFDθ
(U,V ) and hFD⊥(U,V ) are of the following types

hFDθ
(U,V ) =

2q

∑
r=1

hr(U,V )FXr (3.5)
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hFD⊥(U,V ) =
p

∑
i=1

hi(U,V )FZi (3.6)

where

hr(U,V ) = csc2
θg(h(U,V ),FXr) (3.7)

hi(U,V ) = g(h(U,V ),FZi) (3.8)

for each U,V ∈ T M. In view of the above formulae we have

g(hFDθ
(Zi,Zi),hFDθ

(Zi,Zi)) = g(hr(Zi,Zi)FXr,hr(Zi,Zi)FXr))

+∑
s 6=i

g(hs(Zi,Zi)FXr,hs(Zi,Zi)FXr)).

Now using (2.16), the above equation becomes

g(hFDθ
(Zi,Zi),hFDθ

(Zi,Zi)) = (hr(Zi,Zi))
2 sin2

θ(1+(η(Xr))
2)

+∑
s 6=i

(hs(Zi,Zi))
2 sin2

θ(1+(η(Xs))
2)

In view of (3.7), we get

g(hFDθ
(Zi,Zi),hFDθ

(Zi,Zi)) = csc2
θ(1+(η(Xr))

2)(g(h(Zi,Zi),FXr))
2

+csc2
θ(1+(η(Xs))

2)(g(h(Zi,Zi),FXs))
2.

From the part (iii) of the Lemma 3.1.

g(hFDθ
(Zi,Zi),hFDθ

(Zi,Zi)) = csc2
θ(1+(η(Xr))

2)(PXrln f −η(Xr))
2

+csc2
θ(1+(η(Xs))

2)((PXsln f −η(Xs))
2.

Summing over r,s = 0,1, . . .q,q+ 1, . . .2q, i = 1, . . . p and applying the assumption and the

Lemma 2.1, we get
p

∑
i=0

g(hFDθ
(Zi,Zi),hFDθ

(Zi,Zi))≥ 2pK csc2
θ(1+ cos2

θ)‖∇ln f‖2), (3.9)

Similarly using the part (ii) of the Lemma 3.1 with the help of (3.6) and (3.8), we can prove the

following
2q

∑
r=0

p

∑
i=0

g(hFD⊥(Xr,Zi),hFD⊥(Xr,Zi)) = 0. (3.10)

The results follows from (3.2), (3.9) and (3.10).
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