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Abstract. In the present paper we study the nature of invariant submanifolds of N(κ)-contact metric manifolds
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1. INTRODUCTION

A submanifold (N, g̃) of a Riemannian manifold (M,g) is totally geodesic if any geodesic on

the submanifold N with its induced Riemannian metric g̃ is also a geodesic on the Riemannian

manifold (M,g). For most of the Riemannian manifolds of dimension greater then 2, totally

geodesic submanifolds do not exist. But the totally geodesic submanifolds occur if the manifold

carries isometries. The study of invariant submanifolds was initiated by Bejancu and Papaghuic

[3] and invariant submanifolds of almost contact manifolds was studied by Okumara in [9]. In

1969, Yano and Ishihara [11] have obtained conditions for an invariant submanifold of a normal
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contact metric manifold to be totally geodesic in the case of codimension 2. Afterwards, In

1973, Kon [8] proved that invariant submanifold of normal contact metric manifold is totally

geodesic if the second fundamental form of the immersion is covariantly constant. In general,

an invariant submanifold of a Sasakian manifold is not totally geodesic. In this paper we are

concerned the conditions under which invariant submanifolds of N(κ)- contact metric manifolds

and D-homothetically deformed N(κ)- contact metric manifolds are totally geodesic.

2. PRELIMINARIES

Let M be (2m+ 1) dimensional almost contact metric manifold with the structure tensors

(φ ,ξ ,η ,g). where φ is a tensor field of type (1,1), ξ a vector field, η a 1-form and g is a

Riemannian metric on M [4]. Then

φ
2 =−I +η⊗ξ , η(ξ ) = 1, φξ = 0, η ·φ = 0,

g(φX ,φY ) = g(X ,Y )−η(X)η(Y ), g(X ,ξ ) = η(X).
(2.1)

for any X ,Y ∈ Γ(T M). Let Φ denote the 2-form in M and is given by

Φ(X ,Y ) = g(X ,φY ). The κ-nullity distribution on a contact metric manifold M [10] for a real

number κ is a distribution

(2.2) N(κ) : p−→ Np(κ) = {Z ∈ TpM : RM(X ,Y )Z = κ[g(Y,Z)X−g(X ,Z)Y ]}.

for any X ,Y ∈ TpM where RM denotes the Riemannian curvature tensor and TpM denotes the

tangent vector space of M at ant point p ∈M.

If the characteristic vector field ξ of a contact metric manifold belongs to the κ-nullity distri-

bution, then

(2.3) RM(X ,Y )ξ = κ{η(Y )X−η(X)Y}.

A contact metric manifold with ξ ∈N(κ) is called a N(κ)-contact metric manifold. In an N(κ)-

manifold the following relations hold:

(2.4) (∇X φ)Y = g(X +hX ,Y )ξ −η(Y )(X +hX),

(2.5) hξ = 0,
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(2.6) h2 = (κ−1)φ 2,

(2.7) ∇X ξ =−φX−φhX ,

(∇Y h)X− (∇X h)Y = 2(κ−1)g(Y,φX)ξ +(1−κ)(η(Y )φX−η(X)φY )

+η(Y )φhX−η(X)φhY,
(2.8)

for all X ,Y ∈ Γ(T M), where h is a symmetric tensor.

Now let N be (2n+1)- dimensional immersed submanifold of M. Then the Gauss and Wein-

garten formulas are, respectively, given by

(2.9) ∇XY = ∇̃XY +σ(X ,Y )

and

(2.10) ∇XV =−AV X + ∇̃
⊥
X V,

for any X ,Y ∈ Γ(T N) and V ∈ Γ(T N⊥), where σ denotes the second fundamental form, ∇̃
⊥

the

normal connection and A the shape operator. The second fundamental form and shape operator

are related by

(2.11) g(AV X ,Y ) = g(σ(X ,Y ),V ),

where g denotes the induced metric on N as well as the Riemannian metric g on M.

The covariant derivative of σ , is defined by

(2.12) (∇X σ)(Y,Z) = ∇̃
⊥
X σ(Y,Z)−σ(∇̃XY,Z)−σ(Y, ∇̃X Z).

for any X ,Y,Z ∈ Γ(T N).

If RN(X ,Y )Z denotes the Riemannian curvature tensor on the submanifold N of the manifold M

then we have

RM(X ,Y )Z = RN(X ,Y )Z +(∇X σ)(Y,Z)− (∇Y σ)(X ,Z)+Aσ(X ,Z)Y

−Aσ(Y,Z)X ,
(2.13)

for X ,Y,Z ∈ Γ(T N) [6].

The submanifold is totally geodesic if and only if σ = 0.

An immersion is said to be parallel and semi-parallel [2] if for all X ,Y ∈ Γ(T N) we get ∇ ·σ = o
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and R(X ,Y ) ·σ = 0, respectively.

It is said to be pseudo-parallel [2] if for all X ,Y ∈ Γ(T N) we get

(2.14) R(X ,Y ) ·σ = L1Q(g,σ),

where L1 denotes a real function on N and Q(E,T ) [7] is defined by

(2.15) Q(E,T )(X ,Y,Z,W ) =−T ((X ∧E Y )Z,W )−T (Z,(X ∧E Y )W ),

where (X ∧E Y )Z is defined by

(2.16) (X ∧E Y )Z = E(Y,Z)X−E(X ,Z)Y.

Similarly, an immersion is said to be pseudo 2-parallel [2] if for all X ,Y ∈ Γ(T N),we get

(2.17) R ·∇σ = L2Q(g,∇σ)

and Ricci generalized pseudo-parallel [2] if

(2.18) R ·σ = L2Q(S,σ),

for all X ,Y ∈ Γ(T N).

The second fundamental form σ satisfying

(2.19) (∇X σ)(Y,Z) = A(X)σ(Y,Z),

where A is a non-zero one form, is said to be recurrent [7].

3. INVARIANT SUBMANIFOLD OF N(κ)-MANIFOLD

The invariant and anti-invariant submanifolds depend on the behaviour of almost contact

metric structure φ . A submanifold N of an almost contact metric manifold is said to be invariant

[3] if the structure vector field ξ is tangent to N at every point of N and φX is tangent to N for

any vector field X tangent to N at every point of N, that is, if X ∈ Γ(T N) then φX ∈ Γ(T N) at

every point of N.

Taking Y = ξ in equation (2.9), we have

∇X ξ = ∇̃X ξ +σ(X ,ξ ).
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Using (2.7) in the above equation and equating the tangential and normal components we get

(3.1) ∇̃X ξ =−φX−φhX

and

(3.2) σ(X ,ξ ) = 0.

If RN and SN denote the Riemannian curvature tensor and Ricci tensor of the submanifold N.

Using (3.2) in (2.13), we get

(3.3) RN(ξ ,Y )ξ = κ{η(Y )ξ −Y}.

By the definition of Ricci tensor and using equation (2.6), we obtain

(3.4) SN(ξ ,ξ ) = 2κn.

Now from (2.2) and (2.9) and a straightforward computation gives the following equations:

(3.5) (∇̃X φ)Y = g(X +hX)ξ −η(Y )(X +hX)

and

(3.6) σ(X ,φY ) = φσ(X ,Y ) = σ(φX ,Y ),

Theorem 1. Let N be an invariant submanifold of a N(κ)-manifold M. Then N is totally

geodesic if and only if N is recurrent.

Proof. Setting X = ξ in (2.19) and using (2.12), we get

(3.7) ∇̃
⊥
Z σ(ξ ,Y )−σ(∇̃Zξ ,Y )−σ(ξ , ∇̃ZY ) = 0.

Using (3.1) and (3.2) in (3.7), we obtain

(3.8) σ(φZ,Y )−σ(hφZ,Y ) = 0.

Replacing Z by φZ in (3.8) and using (2.1), we get

(3.9) −σ(Z,Y )+σ(hZ,Y ) = 0.
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Again replacing Z by hZ and using (2.6) and (2.1), we get

(3.10) −σ(hZ,Y )− (κ−1)σ(Z,Y ) = 0.

Adding (3.9) and (3.10), we get κσ(Z,Y ) = 0, which implies σ(Z,Y ) = 0,

for all X ,Y ∈ Γ(T N). Hence N is totally geodesic.

The converse is trivial. �

Corollary 3.1. Let N be an invariant submanifold of a N(κ)-manifold M. Then N is totally

geodesic if and only if N is parallel.

Theorem 2. Let N be an invariant submanifold of a N(κ)-manifold M. Then N is totally

geodesic provided L2 6= 1
2n if and only if N is Ricci-generalized pseudo-parallel.

Proof. If the submanifold N is Ricci-generalized pseudo-parallel then from (2.18), we have

(3.11) (RM(X ,Y ) ·σ)(Z,W ) = L2Q(SN ,σ)(X ,Y ;Z,W ).

Using (2.15) and (2.16), (3.11) can be written as

R⊥N (X ,Y )σ(Z,W )−σ(RN(X ,Y )Z,W )−σ(Z,RN(X ,Y )W ) =

L2[−SN(Y,Z)σ(X ,W )+SN(X ,Z)σ(Y,W )−SN(Y,W )σ(Z,X)

+SN(X ,W )σ(Z,Y )].

(3.12)

Taking X = Z = ξ in (3.12) and using (3.2), we get

(3.13) −σ(RN(ξ ,Y )ξ ,W ) = L2S(ξ ,ξ )σ(Y,W ).

Using (3.3) and (3.4) in equation (3.13), we obtain

κ(1−2nL2)σ(Y,W ) = 0.

Therefore we have σ(Y,W ) = 0, provided L2 6= 1
2n .

The converse is trivial. �

In the view of Theorem [3.2] one can easily prove the following theorem:

Theorem 3. Let N be an invariant submanifold of a N(κ)-manifold M. Then N is totally

geodesic provided L1 6= κ if and only if N is pseudo-parallel.
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We state the following Corollary.

Corollary 3.2. Let N be an invariant submanifold of a N(κ)-manifold M. Then N is totally

geodesic if and only if N is semi-parallel.

Theorem 4. Let N be an invariant submanifold of a N(κ)-manifold M. Then N is totally

geodesic provided L1 6= κ if and only if N is pseudo 2-parallel.

Proof. If the submanifold N is pseudo 2-parallel then from (2.17), we have

(3.14) (RM(X ,Y ) ·∇σ)(Z,U,W ) = L1Q(g,∇σ)(X ,Y ;Z,U,W ).

This may be rewritten as

R⊥N (X ,Y )(∇σ)(Z,U,W )− (∇σ)(RN(X ,Y )Z,U,W )

− (∇σ)(Z,RN(X ,Y )U,W )− (∇σ)(Z,U,RN(X ,Y )W ) =

L1[−(∇σ)((X ∧g Y )Z,U,W )− (∇σ)(Z,(X ∧g Y )U,W )

− (∇σ)(Z,U,(X ∧g Y )W )],

(3.15)

where (∇σ)(Z,U,W ) = (∇Zσ)(U,W ). Now using (2.12) and (2.15) in (3.15), we have

R⊥N (X ,Y )(∇̃
⊥
Z σ(U,W )−σ(∇̃ZU,W )−σ(U, ∇̃ZW ))− ∇̃

⊥
RN(X ,Y )Zσ(U,W )

+σ(∇̃RN(X ,Y )ZU,W )+σ(U, ∇̃RN(X ,Y )ZW )− ∇̃
⊥
Z σ(RN(X ,Y )U,W )

+σ(∇̃ZRN(X ,Y )U,W )+σ( ˜RN(X ,Y )U,∇ZW )− ∇̃
⊥
Z σ(U,RN(X ,Y )W )

+σ(∇̃ZU,RN(X ,Y )W )+σ(U, ∇̃ZRN(X ,Y )W )

=L1[−∇̃
⊥
(X∧gY )Zσ(U,W )+σ(∇̃(X∧gY )ZU,W )+σ(U, ∇̃(X∧gY )ZW )

− ∇̃
⊥
Z σ((X ∧g Y )U,W )+σ(∇̃Z(X ∧g Y )U,W )+σ((X ∧g Y )U, ∇̃ZW )

(3.16)

− ∇̃
⊥
Z σ(U,(X ∧g Y )W )+σ(∇̃ZU,(X ∧g Y )W )+σ(U, ∇̃Z(X ∧g Y )W )].
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Setting X =U = ξ in (3.16) and using (3.2), we get

−R⊥N (ξ ,Y )σ(∇̃Zξ ,W )+σ(∇̃RN(ξ ,Y )Zξ ,W )− ∇̃
⊥
Z σ(RN(ξ ,Y )ξ ,W )

+σ(∇̃ZRN(ξ ,Y )ξ ,W )+σ(RN(ξ ,Y )ξ , ∇̃ZW )+σ(∇̃Zξ ,RN(ξ ,Y )ξ )

= L2[σ(∇̃(ξ∧gY )Zξ ,W )− ∇̃
⊥
Z σ((ξ ∧g Y )ξ ,W )+σ(∇̃Z(ξ ∧g Y )ξ ,W )

+σ((ξ ∧g Y )ξ , ∇̃ZW )+σ(∇̃Zξ ,(ξ ∧g Y )W )].

(3.17)

Again plugging W = ξ and using (3.1), (3.2) and (3.3), then the above equation (3.17) reduces

to

(3.18) (L1−κ)σ(Y,φZ +φhZ) = 0.

Replacing Z by φZ in (3.18)

(3.19) (L1−κ)σ(Y,−Z +hZ) = 0.

Again replace Z by hZ in (3.19) to get

(3.20) (L1−κ)(κ−1)σ(Y,−hZ−Z) = 0.

From (3.19) and (3.20), we get σ(Y,Z) = 0, provided L1 6= κ and

κ 6= 1. Therefore the submanifold is totally geodesic. The converse part is trivial. �

Theorem 5. Let N be an invariant submanifold of a N(κ)-manifold M. Then N is totally

geodesic L2 6= 1
2n if and only if N is 2-Ricci-generalized pseudo-parallel provided .

Proof. If the submanifold N is 2-Ricci-generalized pseudo-parallel then we have

(3.21) (RM(X ,Y ) ·∇σ)(Z,U,W ) = L2Q(S,∇σ)(X ,Y ;Z,U,W ).
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R⊥N (X ,Y )(∇̃
⊥
Z σ(U,W )−σ(∇̃ZU,W )−σ(U, ∇̃ZW ))− ∇̃

⊥
RN(X ,Y )Zσ(U,W )

+σ(∇̃RN(X ,Y )ZU,W )+σ(U, ∇̃RN(X ,Y )ZW )− ∇̃
⊥
Z σ(RN(X ,Y )U,W )

+σ(∇̃ZRN(X ,Y )U,W )+σ( ˜RN(X ,Y )U,∇ZW )− ∇̃
⊥
Z σ(U,RN(X ,Y )W )

+σ(∇̃ZU,RN(X ,Y )W )+σ(U, ∇̃ZRN(X ,Y )W ) =

L1[−∇̃
⊥
(X∧SY )Zσ(U,W )+σ(∇̃(X∧SY )ZU,W )+σ(U, ∇̃(X∧SY )ZW )

− ∇̃
⊥
Z σ((X ∧S Y )U,W )+σ(∇̃Z(X ∧S Y )U,W )+σ((X ∧S Y )U, ∇̃ZW )

− ∇̃
⊥
Z σ(U,(X ∧S Y )W )+σ(∇̃ZU,(X ∧S Y )W )+σ(U, ∇̃Z(X ∧S Y )W )].

(3.22)

Setting X =U = ξ in (3.22) and using (3.2), we get

−R⊥N (ξ ,Y )σ(∇̃Zξ ,W )+σ(∇̃RN(ξ ,Y )Zξ ,W )− ∇̃
⊥
Z σ(RN(ξ ,Y )ξ ,W )

+σ(∇̃ZRN(ξ ,Y )ξ ,W )+σ(RN(ξ ,Y )ξ , ∇̃ZW )+σ(∇̃Zξ ,RN(ξ ,Y )ξ )

= L2[σ(∇̃(ξ∧SY )Zξ ,W )− ∇̃
⊥
Z σ((ξ ∧S Y )ξ ,W )+σ(∇̃Z(ξ ∧S Y )ξ ,W )

+σ((ξ ∧S Y )ξ , ∇̃ZW )+σ(∇̃Zξ ,(ξ ∧S Y )W )].

(3.23)

Plugging W = ξ and using (3.1), (3.2), (3.3) and (3.4) in (3.23), we get

(3.24) (κ−2κnL2)σ(Y,φZ +φhZ) = 0.

Replacing Z by φZ in (3.24), we obtain

(3.25) (κ−2κnL2)σ(Y,−Z +hZ) = 0.

Again replacing Z by hZ in (3.25), we get

(3.26) (κ−2κnL2)(−σ(Y,hZ)− (κ−1)σ(Y,Z)) = 0

From (3.25) and (3.26), we get σ(Y,Z) = 0, provided L2 6= 1
2n .

Therefore the submanifold is totally geodesic. The converse part is trivial. �

From Theorem [3.1], Theorem [3.2], Theorem [3.3] , Theorem [3.4], Theorem [3.5], Corol-

lary [3.1] and Corollary [3.2], we can state the following:
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Theorem 6. Let N be an invariant submanifold of a N(κ)-manifold M. Then the following

statements are equivalent:

1) N is totally geodesic.

2) N is parallel.

3) N is semi-parallel.

4) N is recurrent.

5) N is pseudo-parallel (with L1 6= κ).

6) N is pseudo 2-parallel (with L1 6= κ).

7) N is Ricci-generalized pseudo-parallel (with L2 6= 1
2n ).

8) N is 2-Ricci-generalized pseudo-parallel (with L2 6= 1
2n ).

4. INVARIANT SUBMANIFOLD OF D-HOMOTHETICALLY DEFORMED N(κ)-MANIFOLD

A D-homothetic deformation on an almost contact metric manifold M(φ ,ξ ,η ,g) is defined

by

(4.1) φ = φ , ξ =
1
a

ξ , η = aη , g = ag+a(a−1)η⊗η ,

where a is a positive constant. It is clear that the D-homothetically deformed manifold M(φ ,ξ ,η ,g)

is also an almost contact metric manifold and that

(4.2) h =
1
a

h.

Let N(φ ,ξ ,η ,g) be the submanifold of D-homothetically deformed N(κ)-manifold M(φ ,ξ ,η ,g).

Denote ∇ and ∇̃ by the Riemannian connections on M(φ ,ξ ,η ,g) and N(φ ,ξ ,η ,g) respectively

and the Riemannian curvature tensors are denoted by RM and RN . σ and A denote the second

fundamental form and the shape operator respectively, the submanifold N of D-homothetically

deformed N(κ)-manifold M(φ ,ξ ,η ,g).

We first view the relation between the covariant derivatives (resp. the Riemannian curvature

tensors) on M(φ ,ξ ,η ,g) and M(φ ,ξ ,η ,g) in the following lemma and proposition.
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Lemma 7. [5] If M(φ ,ξ ,η ,g) is a contact metric manifold with Riemannian connection ∇, the

connection ∇ of the D-deformed manifold M(φ ,ξ ,η ,g) is given by

(4.3) ∇XY = ∇XY +
a−1

a
g(hX ,φY )ξ − (a−1){η(X)φY +η(Y )φX},

for any X ,Y on M.

Proposition 8. For any submanifold N(φ ,ξ ,η ,g) of a D-deformed N(κ) manifold the following

relations hold:

(4.4) ∇̃X ξ =−aφX−φhX

and

(4.5) σ(X ,ξ ) = 0.

Proof. From Gauss equation we may write

(4.6) ∇XY = ∇̃XY +σ(X ,Y ).

Putting Y = ξ in (4.6) and using (4.3) and (2.7), we get

(4.7) −aφX−φhX = ∇̃X ξ +σ(X ,ξ ).

On equating the tangential and normal parts we get the proposition. �

Proposition 9. [5] Let M(φ ,ξ ,η ,g) be a contact metric manifold with Riemannian curvature

RM. Then the Riemannian curvature RM of D-deformed manifold is given by

RM(X ,Y )Z = RM(X ,Y )Z +(a−1){g(Y,φZ)φX−g(X ,φZ)φY

−2g(X ,φY )φZ +η(X)(∇Y φ)Z−η(Y )(∇X φ)Z

+η(Z)((∇Y φ)X− (∇X φ)Y )}+ a−1
a
{g((∇Y φh)X

− (∇X φh)Y,Z)ξ +g(φhY,Z)φhX−g(φhX ,Z)φhY}

+(a−1)2{η(Y )η(Z)X−η(X)η(Z)Y}

+
(a−1)2

a
{η(Y )g(hX ,Z)ξ −η(X)g(hY,Z)ξ},

(4.8)

for any X ,Y,Z on M.
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Now using (2.13), we can write

RM(X ,Y )Z = RN(X ,Y )Z +(∇X σ)(Y,Z)− (∇Y σ)(X ,Z)+Aσ(X ,Z)Y

−Aσ(Y,Z)X .
(4.9)

Taking Z = ξ in (4.9), we have

RM(X ,Y )ξ = RN(X ,Y )ξ +(∇X σ)(Y,ξ )− (∇Y σ)(X ,ξ )+A
σ(X ,ξ )

Y

−A
σ(Y,ξ )X .

(4.10)

From the proposition[4.2], setting Z = ξ and using (2.6), we get

RM(X ,Y )ξ =
1
a
[κ{η(Y )X−η(X)Y}+(a−1){η(X)(∇Y φ)ξ −η(Y )(∇X φ)ξ

+(∇Y φ)X− (∇X φ)Y}+ a−1
a
{g((∇Y φh)X− (∇X φh)Y,ξ )ξ}

+(a−1)2{η(Y )X−η(X)Y}].

(4.11)

Taking into the account of (2.4) and (2.8), (4.11) reduces to

(4.12) RM(X ,Y )ξ =
(κ +a2−1)

a
{η(Y )X−η(X)Y}+ 2(a−1)

a
{η(Y )hX−η(X)hY}.

Thus we can state the following:

Theorem 10. Let M(φ ,ξ ,η ,g) be a contact metric manifold obtained by D-homothetic de-

formation of an N(κ)-manifold M(φ ,ξ ,η ,g) with Riemannian curvature tensor RM. Then the

Riemannian curvature tensor RM of a D-deformed manifold is given by

(4.13) RM(X ,Y )ξ = κN{η(Y )X−η(X)Y}+µN{η(Y )hX−η(X)hY},

where κN = (κ+a2−1)
a and µN = 2(a−1)

a .

Proposition 11. In an invariant submanifold N(φ ,ξ ,η ,g) of a D-deformed N(κ) manifold the

following relation holds:

(4.14) RN(ξ ,X)ξ = κN{η(X)ξ −X}−µNhX

and

(4.15) SN(ξ ,ξ ) = 2nκN .
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Proof. Using (4.13) and (2.12) in (4.10) and from Proposition [4.1], we get (4.14). And (4.15)

is straightforward. �

Now we prove main results of this paper.

Theorem 12. An invariant submanifold N(φ ,ξ ,η ,g) of D-homothetically deformed N(κ)-

manifold M(φ ,ξ ,η ,g) is totally geodesic with κ 6= (1−a2) if and only if σ is recurrent .

Proof. If the submanifold N(φ ,ξ ,η ,g) is recurrent then from (2.19), we have

(4.16) ∇̃
⊥
X σ(Y,Z)−σ(∇̃XY,Z)−σ(Y, ∇̃X Z) = A(X)σ(Y,Z).

Setting Z = ξ in (4.16) and making use of equations (4.4) and (4.5), we get

(4.17) aσ(φX ,Y )+σ(φhX ,Y ) = 0.

Replacing X by φX in (4.17), we get

(4.18) −aσ(X ,Y )+σ(hX ,Y ) = 0.

Again replacing X by hX in (4.18) and using (2.6), we get

(4.19) −aσ(hX ,Y )− (κ−1)σ(X ,Y ) = 0.

From (4.18) and (4.19), we obtain σ(X ,Y ) = 0, provided κ 6= (1−a2). Therefore the subman-

ifold N(φ ,ξ ,η ,g) is totally geodesic. The converse part is trivial. �

Corollary 4.1. An invariant submanifold N(φ ,ξ ,η ,g) of D-homothetically deformed manifold

M(φ ,ξ ,η ,g) is totally geodesic with κ 6= (1−a2) if and only if σ is parallel .

Theorem 13. An invariant submanifold N(φ ,ξ ,η ,g) of D-homothetically deformed N(κ)-

manifold M(φ ,ξ ,η ,g) is totally geodesic provided

κ
2
N(1−2nL2)

2 6= (1−κ)µ2
N if and only if σ is Ricci-generalized pseudo-parallel.

Proof. If the submanifold N(φ ,ξ ,η ,g) is Ricci-generalized pseudo-parallel then from (2.18)

we have

(4.20) (RM(X ,Y ) ·σ)(Z,W ) = L2Q(SN ,σ)(X ,Y ;Z,W ).
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From (2.15) and (2.16), the above equation may be written as

R⊥N (X ,Y )σ(Z,W )−σ(RN(X ,Y )Z,W )−σ(Z,RN(X ,Y )W ) =

L2[−SN(Y,Z)σ(X ,W )+SN(X ,Z)σ(Y,W )−SN(Y,W )σ(Z,X)

+SN(X ,W )σ(Z,Y )].

(4.21)

Plugging X = Z = ξ in (4.21) and using (4.1), (4.5), (4.14) and (4.15), we obtain

(4.22) κN(1−2nL2)σ(Y,W )+µNσ(hY,W ) = 0.

Replacing Y by hY and using (4.1) and (2.6), we get

(4.23) κN(1−2nL2)σ(hY,W )− (κ−1)µNσ(Y,W ) = 0.

From (4.22) and (4.23), we obtain

σ(y,W ) = 0, provided κ
2
N(1−2nL2)

2 6= (1−κ)µN . Therefore the submanifold N(φ ,ξ ,η ,g) is

totally geodesic. The converse part is trivial. �

Following the same steps of proof of Theorem[4.3], we have the following:

Theorem 14. An invariant submanifold N(φ ,ξ ,η ,g) of D-homothetically deformed manifold

M(φ ,ξ ,η ,g) is totally geodesic provided

(κN−L1a2)2 6= (1−κ)µ2
N if and only if σ is pseudo-parallel .

Also we can state the following corollary:

Corollary 4.2. An invariant submanifold N(φ ,ξ ,η ,g) of D-homothetically deformed manifold

M(φ ,ξ ,η ,g) is totally geodesic provided

κ
2
N 6= (1−κ)µ2

N if and only if σ is semi-parallel .

Theorem 15. An invariant submanifold N(φ ,ξ ,η ,g) of D-homothetically deformed manifold

M(φ ,ξ ,η ,g) is totally geodesic provided

(aκN−L1a3 +(κ−1)µN) 6= (κ−1)(−κN +aµN +a2L1) if and only if σ is pseudo 2-parallel

.
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Proof. If the submanifold N(φ ,ξ ,η ,g) is pseudo 2-parallel then from (2.17), we have

(4.24) (RM(X ,Y ) ·∇σ)(Z,U,W ) = L1Q(g,∇σ)(X ,Y ;Z,U,W ).

The equation (4.24) may be written as

R⊥N (X ,Y )(∇σ)(Z,U,W )− (∇σ)(RN(X ,Y )Z,U,W )

− (∇σ)(Z,RN(X ,Y )U,W )− (∇σ)(Z,U,RN(X ,Y )W ) =

L1[−(∇σ)((X ∧g Y )Z,U,W )− (∇σ)(Z,(X ∧g Y )U,W )

− (∇σ)(Z,U,(X ∧g Y )W )],

(4.25)

where (∇σ)(Z,U,W ) = (∇Zσ)(U,W ).

From (2.12) and (2.15), (4.25) becomes

R⊥N (X ,Y )(∇̃
⊥
Z σ(U,W )−σ(∇̃ZU,W )−σ(U, ∇̃ZW ))− ∇̃

⊥
RN(X ,Y )Zσ(U,W )

+σ(∇̃RN(X ,Y )ZU,W )+σ(U, ∇̃RN(X ,Y )ZW )− ∇̃
⊥
Z σ(RN(X ,Y )U,W )

+σ(∇̃ZRN(X ,Y )U,W )+σ(RN(X ,Y )U,∇ZW )− ∇̃
⊥
Z σ(U,RN(X ,Y )W )

+σ(∇̃ZU,RN(X ,Y )W )+σ(U, ∇̃ZRN(X ,Y )W ) =

L1[−∇̃
⊥
(X∧gY )Zσ(U,W )+σ(∇̃(X∧gY )ZU,W )+σ(U, ∇̃(X∧gY )ZW )

− ∇̃
⊥
Z σ((X ∧g Y )U,W )+σ(∇̃Z(X ∧g Y )U,W )+σ((X ∧g Y )U, ∇̃ZW )

− ∇̃
⊥
Z σ(U,(X ∧g Y )W )+σ(∇̃ZU,(X ∧g Y )W )+σ(U, ∇̃Z(X ∧g Y )W )].

(4.26)

Setting X =U = ξ in equation (4.26) and using (4.5), we get

−R⊥N (ξ ,Y )σ(∇̃Zξ ,W )+σ(∇̃RN(ξ ,Y )Zξ ,W )− ∇̃
⊥
Z σ(RN(ξ ,Y )ξ ,W )

+σ(∇̃ZRN(ξ ,Y )ξ ,W )+σ(RN(ξ ,Y )ξ , ∇̃ZW )+σ(∇̃Zξ ,RN(ξ ,Y )ξ )

= L2[σ(∇̃(ξ∧gY )Zξ ,W )− ∇̃
⊥
Z σ((ξ ∧g Y )ξ ,W )+σ(∇̃Z(ξ ∧g Y )ξ ,W )

(4.27)
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+σ((ξ ∧g Y )ξ , ∇̃ZW )+σ(∇̃Zξ ,(ξ ∧g Y )W )].

Again putting W = ξ in (4.27) and using (4.4), (4.5), (2.16) and (4.14), we obtain

(4.28) (aκN−L1a3 +(κ−1)µN)σ(Y,Z)+(−κN +aµN +a2L1)σ(Y,hZ) = 0.

Replacing Z = ξ in (4.28), we have

(4.29) −(aκN−L1a3 +(κ−1)µN)σ(Y,hZ)+(κ−1)(−κN +aµN +a2L1)σ(Y,Z) = 0.

From (4.28) and (4.29), we get σ = 0, provided

(aκN−L1a3+(κ−1)µN) 6=(κ−1)(−κN+aµN+a2L1). Therefore the submanifold N(φ ,ξ ,η ,g)

is totally geodesic. The converse part is trivial. �

Theorem 16. An invariant submanifold N(φ ,ξ ,η ,g) of D-homothetically deformed manifold

M(φ ,ξ ,η ,g) is totally geodesic provided

(−κNa+ 2anκNL2− (κ − 1)µN)
2 6= (1− κ)(−κN + 2naκNL2 + aµN)

2 if and only if σ is 2-

Ricci-generalized pseudo-parallel .

Proof. If the submanifold N(φ ,ξ ,η ,g) is 2-Ricci-generalized pseudo-parallel then we have

(4.30) (RM(X ,Y ) ·∇σ)(Z,U,W ) = L2Q(SN ,∇σ)(X ,Y ;Z,U,W ).

The equation (4.30) may be written as

R⊥N (X ,Y )(∇̃
⊥
Z σ(U,W )−σ(∇̃ZU,W )−σ(U, ∇̃ZW ))− ∇̃

⊥
RN(X ,Y )Zσ(U,W )

+σ(∇̃RN(X ,Y )ZU,W )+σ(U, ∇̃RN(X ,Y )ZW )− ∇̃
⊥
Z σ(RN(X ,Y )U,W )

+σ(∇̃ZRN(X ,Y )U,W )+σ(RN(X ,Y )U, ∇̃ZW )− ∇̃
⊥
Z σ(U,RN(X ,Y )W )

+σ(∇̃ZU,RN(X ,Y )W )+σ(U, ∇̃ZRN(X ,Y )W ) =

L2[−∇̃
⊥
(X∧SY )Zσ(U,W )+σ(∇̃(X∧SY )ZU,W )+σ(U, ∇̃(X∧SY )ZW )

− ∇̃
⊥
Z σ((X ∧S Y )U,W )+σ(∇̃Z(X ∧S Y )U,W )+σ((X ∧S Y )U, ∇̃ZW )

− ∇̃
⊥
Z σ(U,(X ∧S Y )W )+σ(∇̃ZU,(X ∧S Y )W )+σ(U, ∇̃Z(X ∧S Y )W )].

(4.31)
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Setting X =U =W = ξ in (4.31) and using (4.4), (4.5), (2.16),(4.14) and (4.15), we get

(−aκN +2anκNL2− (κ−1)µN)σ(Y,Z)− (−κN +2nκNL2 +aµN)σ(Y,hZ)

= 0.

(4.32)

Replacing Z by hZ in (4.32), we get

(−aκN +2anκNL2− (κ−1)µN)σ(Y,hZ)+(−κN +2nκNL2 +aµN)

(κ−1)σ(Y,Z) = 0.

(4.33)

From (4.32) and (4.33), we get σ(Y,Z) = 0, provided

(−κNa+2anκNL2− (κ−1)µN)
2 6= (1−κ)(−κN +2naκNL2 +aµN)

2.

Therefore the submanifold N(φ ,ξ ,η ,g) is totally geodesic. The converse part is trivial. �

We summarize the above results as follows:

Theorem 17. For an invariant submanifold N(φ ,ξ ,η ,g) of D-deformed manifold M(φ ,ξ ,η ,g),

these statements are equivalent:

1) N is totally geodesic.

2) N is parallel (with κ 6= (1−a2)).

3) N is semi-parallel (with κ
2
N 6= (1−κ)µ2

N).

4) N is recurrent (with κ 6= (1−a2)).

5) N is pseudo-parallel (with (κN−L1a2)2 6= (1−κ)µ2
N).

6) N is pseudo 2-parallel (with (aκN−L1a3+(κ−1)µN) 6= (κ−1)(−κN +aµN +a2L1)).

7) N is Ricci-generalized pseudo-parallel (with κ
2
N(1−2nL2)

2 6= (1−κ)µ2
N).

8) N is 2-Ricci-generalized pseudo-parallel (with

(−κNa+2anκNL2− (κ−1)µN)
2 6= (1−κ)(−κN +2naκNL2 +aµN)

2).
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5. CONCLUSION

It has been shown in this paper that for an invariant submanifold of an N(κ)- contact met-

ric manifold is totally geodesic condition is equivalent to parallel or pseudo-parallel or semi-

parallelity of the submanifold. This holds for the D-homothetically deformed into N(κ)-manifolds

also.
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