
Available online at http://scik.org

J. Math. Comput. Sci. 9 (2019), No. 6, 654-677

https://doi.org/10.28919/jmcs/4201

ISSN: 1927-5307

SOME CYCLIC CODES OF LENGTH 8pn OVER GF(q), WHERE ORDER OF q
MODULO 8pn IS φ(pn)

2

JAGBIR SINGH, SONU SINGH∗

Department of Mathematics, Maharshi Dayanand University, Rohtak-124001, India

Copyright c© 2019 the authors. This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. Let G be a finite group and F be finite field of prime power order q (of type 8k+ 5) and order of q

modulo 8pn is φ(pn)
2 . If p is prime of type 4k+1, then the semi-simple ring R8pn ≡ GF(q)[x]

<x8pn−1>
has 16n+6 primitive

idempotents and for p of type 4k+ 3, then R8pn has 12n+ 6 primitive idempotents. The explicit expression for

these idempotents are obtained, the generating polynomials and minimum distance bounds for cyclic codes are

also completely described.
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1. INTRODUCTION

Let G = C8pn be a finite cyclic group of order 8pn and F(= GF(q)) is a finite field of order

q, a prime power of the form 8k+ 5 and g.c.d.(q,8pn) = 1, then the group algebra FC8pn is

semi-simple having finite cardinality of collection of primitive idempotents which equals the

cardinality of collection of q-cyclotomic cosets modulo 8pn[7]. The primitive idempotents of

minimal cyclic codes of length m in case, when order of q modulo m is φ(m) for m= 2,4, pn,2pn

were computed in [2,8]. The primitive idempotents of length pn with order of q modulo pn is
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φ(pn)
2 were obtained in [1] and minimal quadratic residue codes of length pn in [4]. Cyclic codes

of length 2pn over F , where order of q modulo 2pn is φ(2pn)
2 were discussed in [5]. Minimal

cyclic codes of length pnq, where p and q are distinct odd primes were derived in [3,9]. Further,

when order of q modulo pn is φ(pn), the minimal cyclic codes of length 8pn were discussed

in [10,11]. Irreducible cyclic codes of length 4pn and 8pn, where q≡ 3(mod 8) and p/(q−1)

were obtained in [6].

In present paper, we obtained cyclic codes of length 8pn over F where q is of the form 8k+ 5

and order of q modulo pn is φ(pn)
2 . The q-cyclotomic cosets modulo 8pn are obtained in section

2 and corresponding primitive idempotents in section 3. In section 4, we discussed generating

polynomials and dimensions for the corresponding cyclic codes of length 8pn. The minimum

distance or the bounds for minimum distance of these codes are obtained in section 5. At the

end, an example is discussed to illustrate the various parameters for these codes.

2. CYCLOTOMIC COSETS

Let S = {1,2, ...,8pn}. For a,b ∈ S, consider a ∼ b iff a ≡ bqi(mod 8pn) for some inte-

ger i ≥ 0. This is an equivalence relation on S. The equivalence classes due to this rela-

tion are called q-cyclotomic cosets modulo 8pn. The q-cyclotomic coset containing s ∈ S is

Ωs = {s,sq,sq2, ...,sqts−1}, where ts is the smallest positive integer such that sqts ≡ s(mod 8pn).

Lemma 2.1. [5, Theorem 2.5] If φ(pn)
2 is the order of q modulo pn, then the order of q modulo

pn−i is φ(pn−i)
2 , 0≤ i≤ n−1.

Lemma 2.2. If φ(pn)
2 is the order of q modulo pn, then for 0 ≤ i ≤ n− 1, order of q modulo

2pn−i and 4pn−i is φ(pn−i)
2 .

Proof. Since φ(pn)
2 is the order of q modulo pn, therefore by lemma 2.1, order of q modulo pn−i

is φ(pn−i)
2 ,1≤ i≤ n−1. Hence

(1) q
φ(pn−i)

2 ≡ 1(mod pn−i)
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Since q is of the form 8k + 5, therefore q ≡ 1(mod 2). Hence q
φ(pn−i)

2 ≡ 1(mod 2). As

gcd(2, pn−i) = 1 and order of q modulo pn−i is φ(pn−i)
2 , so q

φ(pn−i)
2 ≡ 1(mod 2pn−i). This im-

plies that φ(pn−i)
2 is the smallest integer for which (2.1) holds. Hence order of q modulo 2pn−i

is φ(pn−i)
2 . Similar result hold for 4pn−i. �

Lemma 2.3. If p ≡ 1(mod 4), then order of q modulo 8pn−i is φ(pn−i)
2 and for p ≡ 3(mod 4)

order of q modulo 8pn−i is φ(pn−i).

Proof. Proof is on similar lines as that of lemma 2.2. �

Lemma 2.4. For 0 ≤ i ≤ n− 1 and 0 ≤ k ≤ φ(pn−i)
2 − 1, T 6≡ qk(mod 8pn−i), where T = λ =

(1+2pn) or T = µ = 2(1+2pn) or T = ν = (1+4pn) or T = χ = (1+6pn).

Proof. Proof can be obtained by using lemma 2.1 and lemma 2.2. �

Lemma 2.5. Let p be an odd prime. Then there exists an integer g , 1 < g < 8p and is primitive

root modulo p, further when p is of the form 4k+1 then order of g modulo 4 and modulo 8 is

2, and when p is of the form 4k+3 then order of g modulo 4 is 1 and modulo 8 is 2. Also, if q

is any prime power and g.c.d.(q, p) = 1, then g 6∈ {1,q,q2, ...,q
φ(p)

2 −1}.

Proof. Consider the complete residue systems, Sp = {0,1,2, ..., p−1} modulo p, S2 = {0,1}

modulo 2, and S2p = {0,1,2, ...,2p−1} modulo 2p. Since g.c.d.(2, p) = 1, so there exist an

integer v ∈ Sp such that 2v− p = 1. Let a be any primitive root mod p in Sp. For p≡ 1(mod 4),

let g ≡ 2av+ t p+6ap(mod 8p) where t is a prime of the form 8k1 +3 implies g ≡ a(mod p).

Hence g is primitive root modulo p. Now, g ≡ 2av+ t p+ 6ap(mod 8) where t is a prime of

the form 8k1 + 3, so g ≡ 3(mod 4) as p is of the form 4k+ 1. Hence order of g modulo 4 and

modulo 8 is 2. Now for p ≡ 3(mod 4), let g ≡ 2av+ t p+ 4ap(mod 8p) where t is a prime of

the form 8k2 +7 implies g is primitive root modulo p and order of g modulo 4 is 1 and modulo

8 is 2. Let g ∈ {1,q,q2, ...,q
φ(p)

2 −1}, so g = qi for some 1 ≤ i ≤ φ(p)
2 − 1 equivalently o(g) =

o(qi). As order of q modulo 8p is φ(p)
2 , so o(qi) ≤ φ(p)

2 modulo 8p. This implies o(g) ≤ φ(p)
2

modulo 8p, but order of g mod 8p is φ(p), hence g 6∈ {1,q,q2, ...,q
φ(p)

2 −1}. �

Lemma 2.6. If p ≡ 1(mod 4), there exist a fixed integer g satisfying gcd(g,2pq) = 1,1 <

g < 8p,g 6≡ qk(mod p) where 0 ≤ k ≤ φ(p)
2 − 1 such that for 0 ≤ j ≤ n − 1, the set
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{1,q, ..,q
φ(pn− j)

2 −1,g,gq, ..,gq
φ(pn− j)

2 −1} forms a reduced residue system modulo pn− j and the

set {1,q, ...,q
φ(pn− j)

2 −1,g,gq, ...,gq
φ(pn− j)

2 −1,λ ,λq,λq2,

...,λq
φ(pn− j)

2 −1,λg,λgq,λgq2, ...,λgq
φ(pn− j)

2 −1,ν ,νq,νq2, ...,νq
φ(pn− j)

2 −1,

νg,νgq, ....,νgq
φ(pn− j)

2 −1,χ,χq, ...,χq
φ(pn− j)

2 −1,χg,χgq, ...,χgq
φ(pn− j)

2 −1} forms a reduced

residue system modulo 8pn− j.

Proof. By lemma 2.1, order of q modulo p is φ(p)
2 , therefore 1,q,q2, ...,q

φ(p)
2 −1 are incongru-

ent modulo p. As there are exactly φ(p) numbers in the reduced residue system modulo p.

Therefore there exist a number g satisfying gcd(g,2pq) = 1,1 < g < 8p,g 6≡ qk(mod p) for 0≤

k ≤ φ(p)
2 − 1. Then the set {1,q,q2, ...,q

φ(p)
2 −1,g,gq,gq2, ...,gq

φ(p)
2 −1} forms a reduced residue

system modulo p. Since for 0≤ k ≤ φ(p)
2 −1, g 6≡ qk(mod p). It follows that g 6≡ qk(mod pn− j)

for 0≤ k ≤ φ(pn− j)
2 −1. Hence the set {1,q,q2, ...,q

φ(pn− j)
2 −1,g,gq,gq2, ...,gq

φ(pn− j)
2 −1} forms a

reduced residue system modulo pn− j.

Similar result holds to show that the set

{1,q, ...,q
φ(pn− j)

2 −1,g,gq, ...,gq
φ(pn− j)

2 −1,λ ,λq, ...,λq
φ(pn− j)

2 −1,λg,λgq, ...,λgq
φ(pn− j)

2 −1,

ν ,νq, ...,νq
φ(pn− j)

2 −1,νg,νgq, ....,νgq
φ(pn− j)

2 −1,χ,χq, ...,χq
φ(pn− j)

2 −1,χg,χgq,χgq2...,

χgq
φ(pn− j)

2 −1} forms a reduced residue system modulo 8pn− j. �

Lemma 2.7. For p ≡ 3(mod 4), there exist a fixed integer g satisfying gcd(g,2pq) =

1,1 < g < 8p,g 6≡ qk(mod p) where 0 ≤ k ≤ φ(p)
2 − 1, such that for 0 ≤ j ≤ n− 1, the set

{1,q,q2, ...,q
φ(pn− j)

2 −1,g,gq,gq2, ...,

gq
φ(pn− j)

2 −1} forms a reduced residue system modulo pn− j and the set

{1,q,q2, ...,qφ(pn− j)−1,g,gq,gq2, ...,gqφ(pn− j)−1,λ ,λq, ...,λqφ(pn− j)−1,λg,λgq, ...,λgqφ(pn− j)−1}

forms a reduced residue system modulo 8pn− j.

Proof. Proof is similar to that of lemma 2.6. �

Theorem 2.8. Let p be an odd prime then

(i) The (16n+6) q-cyclotomic cosets modulo 8pn for p≡ 1(mod 4) are given by

Ωapn = {apn}, Ωbpn = {bpn,bpnq}, a ∈ A= {0,2,4,6} and b ∈ B= {1,3} and

Ωxpi={xpi,xpiq,xpiq2, ...,xpiq
φ(pn−i)

2 −1}
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for x ∈ X= {1,2,4,8,λ ,µ,ν ,χ,g,2g,4g,8g,λg,µg,νg,χg}.

(ii) The (12n+6) q-cyclotomic cosets modulo 8pn for p≡ 3(mod 4) are given by

Ωapn = {apn}, Ωbpn = {bpn,bpnq} and

Ωypi={ypi,ypiq,ypiq2, ...,ypiqφ(pn−i)−1} for y ∈ Y= {1,λ ,g,λg}.

Ωzpi={zpi,zpiq,zpiq2, ...,zpiq
φ(pn−i)

2 −1} for z ∈ Z= {2,4,8,µ,2g,4g,8g,µg}.

Proof. (i) Ω0 = {0} is trivial. Since q is of the form 8k+5, so q2 ≡ 1(mod 8),

therefore pnq2 ≡ pn(mod 8pn) and hence Ωpn = {pn, pnq}. Similarly Ω3pn = {3pn,3pnq}.

Since, q≡ 1(mod 4), so 2pnq≡ 2pn(mod 8pn) and hence Ω2pn = {2pn}.

Similarly Ω4pn = {4pn} and Ω6pn = {6pn}.

By lemma 2.3, q
φ(pn−i)

2 ≡ 1(mod 8pn−i). Equivalently, piq
φ(pn−i)

2 ≡ pi(mod 8pn).

Therefore, Ωxpi={xpi,xpiq,xpiq2, ...,xpiq
φ(pn−i)

2 −1}.

Obviously, |Ω0|= 1. Also |Ω2pn|= |Ω4pn |= |Ω6pn|= 1, |Ωpn|= |Ω3pn|= 2 and |Ωxpi|= φ(pn−i)
2 .

Therefore, ∑
n−1
i=0 |Ωpi|= ∑

n−1
i=0

φ(pn−i)
2 = pn−1

2 .

Hence, |Ω0|+ |Ωpn|+ |Ω2pn |+ |Ω3pn|+ |Ω4pn |+ |Ω6pn|+∑
n−1
i=0 ∑x |Ωxpi| = 8+ 16(pn−1)

2 = 8+

8(pn−1) = 8pn.

(ii) Proof is similar to that of (i). �

3. PRIMITIVE IDEMPOTENTS

Throughout this paper, we consider α as 8pnth root of unity in some extension field of F .

Let Ms be the minimal ideal in R8pn = F [x]
<x8pn−1> ≡ FC8pn , generated by (x8pn−1)

ms(x)
, where ms(x)

is the minimal polynomial for αs, s ∈ Ωs. We denote Ps(x), the primitive idempotent in R8pn ,

corresponding to the minimal ideal Ms, given by Ps(x) = 1
8pn

8pn−1

∑
t=0

ρ
s
i xt where ρs

i = ∑
s∈Ωs

α
−is

and Zt = ∑
s∈Ωs

xs.

Then,

Ps(x) = 1
8pn [∑

a∈A
ρ

s
apnZapn + ∑

b∈B
ρ

s
bpnZbpn +

n−1

∑
i=0

∑
x∈X

ρ
s
xpiZxpi] for p≡ 1(mod 4)

(2)

and Ps(x)=
1

8pn [∑
a∈A

ρ
s
apnZapn + ∑

b∈B
ρ

s
bpnZbpn +

n−1

∑
i=0

[∑
y∈Y

ρ
s
ypiZypi + ∑

z∈Z
ρ

s
zpiZzpi]] f or p≡ 3(mod 4)
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Lemma 3.1. For any odd prime p and a positive integer k, if β is primitive pkth root of unity

in some extension field of F, then
φ(pk)

2 −1

∑
t=0

(β qt
+β

gqt
) =

 −1, k = 1

0, k ≥ 2
, when q is quadratic residue modulo pk and

φ(pk)−1

∑
t=0

β
qt
=

 −1, k = 1

0, k ≥ 2
, when q is primitive root modulo pk.

Proof. By lemma 2.6, the set {1,q,q2, ...,q
φ(pk)

2 −1,g,gq,gq2, ...,gq
φ(pk)

2 −1} is a reduced residue

system (mod pk). So,

φ(pk)
2 −1

∑
t=0

(β qt
+β

gqt
) =

pk−1

∑
t=0

β
t−

pk

∑
t=1,p/t

β
t =−

pk−1

∑
t=1

β
pt .

If k = 1, then−β p =−1. If k≥ 2, then β p 6= 1, therefore,
pk−1

∑
t=1

β
pt = β

p(1+β
p+ ...+β

pk−1) =

β
p (β

pk−1)
β p−1

= 0. For the remaining part see [3, lemma 4]. �

Lemma 3.2. For 0 ≤ i ≤ n− 1, λ 2Ωpi = ν2Ωpi = χ2Ωpi = Ωpi = λΩλ pi = νΩν pi = χΩχ pi

and µ2Ωpi = 4Ωpi = µΩµ pi = 2Ω2pi = Ω4pi .

Proof. Since λ 2,ν2,χ2 ≡ 1(mod 8pn) and µ2 ≡ 4(mod 8pn) so, the required result holds. �

Lemma 3.3. For Ωpn ,Ω2pn , Ω3pn , Ω4pn and Ω6pn, Ωpn = −Ω3pn , Ω2pn = −Ω6pn and Ω4pn =

−Ω4pn .

Proof. We have Ωpn = {pn, pnq} and Ω3pn = {3pn,3pnq} and we claim that −pn ≡

3pnq(mod 8pn).

For this, we have, 3pnq+ pn = (3q+1)pn ={3(8k+5)+1}pn = 24k+16pn ≡ 0(mod8 pn)

so, −Ωpn = Ω3pn . Other equalities holds trivially. �

Lemma 3.4. If p≡ 1(mod 4), then Ωλ =−Ω1 and for p≡ 3(mod 4), Ωλg =−Ω1.

Proof. If p≡ 1(mod 4), then clearly λ = 1+2pn ≡ 3(mod 8) and q≡−3(mod 8).

Equivalently, q
φ(pn)

4 ≡−3(mod 8) and λq
φ(pn)

4 ≡−1(mod 8) .

As q
φ(pn)

4 ≡−1(mod pn) and (1+2pn)≡ 1(mod pn), so λq
φ(pn)

4 ≡−1(mod pn).

Also, (8, pn) = 1, thus λq
φ(pn)

4 ≡−1(mod 8pn). Hence the result holds.
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Further, when p≡ 3(mod 8) and for even k, qk ≡ 1(mod 8), gqk ≡ 5(mod 8) and λ ≡ 3(mod 8).

Also λgqk ≡ −1(mod 8) and q
φ(pn)

2 ≡ 1(mod pn). Here φ(pn)
2 is odd so, qk 6≡ −1(mod pn) for

any k.

As the set {1,q,q2, ...,q
φ(pn− j)

2 −1,g,gq,gq2, ...,gq
φ(pn− j)

2 −1} form a reduced residue system

mod pn so, gqk ≡ 1(mod pn) equivalently, λgqk ≡ 1(mod pn).

Also (8, pn) = 1, therefore, λgqk ≡−1(mod 8pn). Hence the result holds. �

Notation 3.5. For 0≤ j ≤ n−1, define

A j = p j
∑

sεΩgp j

α
s, B j = p j

∑
sεΩ

λgp j

α
s, C j = p j

∑
sεΩp j

α
s, D j = p j

∑
sεΩ

λ p j

α
s, E j = p j

∑
sεΩ2gp j

α
s,

Fj = p j
∑

sεΩ2p j

α
s,G j = p j

∑
sεΩ4gp j

α
s,H j = p j

∑
sεΩ4p j

α
s, I j = p j

∑
sεΩ8gp j

α
s,J j = p j

∑
sεΩ8p j

α
s.

Here Aq
j = A j, so A j ∈ F . Similarly B j, C j, D j, E j, Fj, G j, H j, I j and J j ∈ F .

The set M is defined as follows:

M = {ν ,χ} for p≡ 1(mod 4) and M = /0, the empty set, for p≡ 3(mod 4).

Theorem 3.6. The expressions for primitive idempotents corresponding to Ω0, Ωpn , Ω2pn , Ω3pn ,

Ω4pn and Ω6pn are given by:

P0(x) = 1
8pn [Z0+Zpn +Z2pn +Z3pn +Z4pn +Z6pn +

n−1

∑
i=0
{Zpi +Z2pi +Z4pi +Z8pi +Zλ pi +Zµ pi +

Zgpi +Z2gpi +Z4gpi +Z8gpi +Zλgpi +Zµgpi + ∑
mεM

(Zmpi +Zmgpi)}]

Ppn(x) = 1
8pn [2Z0−2α2p2n

Z2pn−2Z4pn +2α2p2n
Z6pn +

n−1

∑
i=0
{−2α

2pn+i
Z2pi−2Z4pi +2Z8pi +

2α
2pn+i

Zµ pi +2α
2pn+i

Z2gpi−2Z4gpi +2Z8gpi−2α
2pn+i

Zµgpi]

P2pn(x) = 1
8pn [Z0−α2p2n

Zpn − Z2pn +α2p2n
Z3pn + Z4pn − Z6pn +

n−1

∑
i=0
{−α

2pn+i
Zpi − Z2pi +

Z4pi + Z8pi + α
2pn+i

Zλ pi − Zµ pi + α
2pn+i

Zgpi − Z2gpi + Z4gpi + Z8gpi − α
2pn+i

Zλgpi − Zµgpi +

α
2pn+i

∑
mεM

(Zmpi +Zmgpi)}]

P3pn(x) = 1
8pn [2Z0 + 2α2p2n

Z2pn − 2Z4pn − 2α2p2n
Z6pn +

n−1

∑
i=0
{2α

2pn+i
Z2pi − 2Z4pi + 2Z8pi −

2α
2pn+i

Zµ pi−2α
2pn+i

Z2gpi−2Z4gpi +2Z8gpi +2α
2pn+i

Zµgpi]

P4pn(x) = 1
8pn [Z0−Zpn +Z2pn−Z3pn +Z4pn +Z6pn +

n−1

∑
i=0
{−Zpi +Z2pi +Z4pi +Z8pi−Zλ pi +

Zµ pi−Zgpi +Z2gpi +Z4gpi +Z8gpi−Zλgpi +Zµgpi− ∑
mεM

(Zmpi +Zmgpi)}]
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P6pn(x) = 1
8pn [Z0 + α2p2n

Zpn − Z2pn − α2p2n
Z3pn + Z4pn − Z6pn +

n−1

∑
i=0
{α2pn+i

Zpi − Z2pi +

Z4pi + Z8pi − α
2pn+i

Zλ pi − Zµ pi − α
2pn+i

Zgpi − Z2gpi + Z4gpi + Z8gpi + α
2pn+i

Zλgpi − Zµgpi −

α
2pn+i

∑
mεM

(Zmpi +Zmgpi)}].

Proof. To evaluate P0(x), take s = 0 in (3.1), then ρ0
k = ∑

sεΩ0

α
0 = 1 for all 0≤ k ≤ 8pn−1.

Therefore, P0(x) = 1
8pn [Z0 +Zpn +Z2pn +Z3pn +Z4pn +Z6pn +

n−1

∑
i=0
{Zpi +Z2pi +Z4pi +Z8pi +

Zλ pi +Zµ pi +Zgpi +Z2gpi +Z4gpi +Z8gpi +Zλgpi +Zµgpi + ∑
mεM

(Zmpi +Zmgpi)}]

For the evaluation of Ppn(x), take s = pn. so we have to compute ρ
pn

k for k =

0, pn,2pn,3pn,4pn,6pn, pi,2pi,

4pi,8pi,λ pi,µ pi,ν pi,χ pi,gpi,2gpi,4gpi,8gpi,λgpi,µgpi,νgpi,χgpi.

Here ρ
pn

k = ∑
sεΩpn

α
−ks = ∑

sεΩ3pn

α
ks = α

3pnk +α
3pnkq = α

3pnk +α
3pnk(8k+5) = α

3pnk +α
7pnk.

Therefore, ρ
pn

0 =−ρ
pn

4pn =−ρ
pn

4pi = ρ
pn

8pi =−ρ
pn

4gpi = ρ
pn

8gpi = 2.

ρ
pn

pn = ρ
pn

3pn = ρ
pn

pi = ρ
pn

λ pi = ρ
pn

ν pi = ρ
pn

χ pi = ρ
pn

gpi = ρ
pn

λgpi = ρ
pn

νgpi = ρ
pn

χgpi = 0,

ρ
pn

2pn =−ρ
pn

6pn =−2α2p2n
, ρ

pn

2pi =−ρ
pn

µ pi =−ρ
pn

2gpi =−ρ
pn

µgpi =−2α2pn+i
.

Thus Ppn(x) = 1
8pn [2Z0−2α2p2n

Z2pn−2Z4pn +2α2p2n
Z6pn +

n−1

∑
i=0
{−2α

2pn+i
Z2pi−2Z4pi +2Z8pi

+2α
2pn+i

Zµ pi +2α
2pn+i

Z2gpi−2Z4gpi +2Z8gpi−2α
2pn+i

Zµgpi]

Similarly P2pn(x),P3pn(x),P4pn(x) and P6pn(x) can be obtained using lemma 3.3. �

Lemma 3.7. For 0≤ i≤ n, 0≤ j ≤ n−1 and p≡ 1(mod 4),

∑
sεΩ4gp j

α
pis = ∑

sεΩ4gp j

α
λ pis = ∑

sεΩ4gp j

α
ν pis = ∑

sεΩ4gp j

α
χ pis =


−φ(pn− j)

2 , i f i+ j ≥ n,
1
p j Gi+ j, i f i+ j ≤ n−1, g 6= 1,
1
p j Hi+ j, i f i+ j ≤ n−1, g = 1.

∑
sεΩ8gp j

α
pis = ∑

sεΩ8gp j

α
λ pis = ∑

sεΩ8gp j

α
µ pis = ∑

sεΩ8gp j

α
χ pis =


φ(pn− j)

2 , i f i+ j ≥ n,
1
p j Ii+ j, i f i+ j ≤ n−1, g 6= 1,
1
p j Ji+ j, i f i+ j ≤ n−1, g = 1.

For 0≤ i≤ n, 0≤ j ≤ n−1 and p≡ 3(mod 4).



662 JAGBIR SINGH, SONU SINGH

∑
sεΩp j

α
4gpis = ∑

sεΩ
λ p j

α
4gpis =


−φ(pn− j), i f i+ j ≥ n,
2
p j Gi+ j, i f i+ j ≤ n−1, g 6= 1,
2
p j Hi+ j, i f i+ j ≤ n−1, g = 1.

∑
sεΩp j

α
8gpis = ∑

sεΩ
λ p j

α
8gpis =


φ(pn− j), i f i+ j ≥ n,
2
p j Ii+ j, i f i+ j ≤ n−1, g 6= 1,
2
p j Ji+ j, i f i+ j ≤ n−1, g = 1.

Proof. Here ∑
sεΩp j

α
4gpis =

φ(pn− j)
2 −1

∑
t=0

α
4(1+2pn)gpi+ jqt

=

φ(pn− j)
2 −1

∑
t=0

α
4gpi+ jqt

= ∑
sεΩp j

α
4gpis

Let β = α4pi+ j
. Then, ∑

sεΩp j

α
4gpis =

φ(pn− j)
2 −1

∑
t=0

β
gqt

.

If i+ j ≥ n, then β is 2nd root of unity so, ∑
sεΩp j

α
4gpis =

φ(pn− j)
2 −1

∑
t=0

α
4gpi+ jqt

=−φ(pn− j)

2
.

If i+ j ≤ n−1, β is 2pn−i− jth root of unity.

Then β gql ≡ β gqr
if and only if gql ≡ gqr(mod 2pn−i− j) if and only if l ≡ r(mod φ(pn−i− j)

2 ).

So ∑
sεΩp j

α
4gpis =

φ(pn− j)
2 −1

∑
t=0

β
gqt

=
pi+ j

p j

φ(pn−i− j)
2 −1

∑
t=0

β
gqt

=
1
p j Gi+ j.

Similar result holds for other expressions using lemma 3.1. �

Theorem 3.8. The expressions for primitive idempotents corresponding to Ω4p j and Ω8p j are

given by

P4p j(x) = 1
8pn [

φ(pn− j)
2 {Z0−Zpn +Z2pn−Z3pn +Z4pn +Z6pn} + φ(pn− j)

2

n−1

∑
i=n− j

{−Zpi + Z2pi +

Z4pi +Z8pi−Zλ pi +Zµ pi−Zgpi +Z2gpi +Z4gpi +Z8gpi−Zλgpi +Zµgpi− ∑
mεM

(Zmpi +Zmgpi)}+

1
p j

n− j−1

∑
i=0
{Hi+ jZpi + Ji+ jZ2pi + Ji+ jZ4pi + Ji+ jZ8pi + Hi+ jZλ pi + Ji+ jZµ pi + Gi+ jZgpi +

Ii+ jZ2gpi + Ii+ jZ4gpi + Ii+ jZ8gpi +Gi+ jZλgpi + Ii+ jZµgpi +Hi+ j ∑
mεM

Zmpi +Gi+ j ∑
mεM

Zmgpi}]

P8p j(x) = 1
8pn [

φ(pn− j)
2 {Z0 +Zpn +Z2pn +Z3pn +Z4pn +Z6pn} +φ(pn− j)

2

n−1

∑
i=n− j

{Zpi + Z2pi +

Z4pi +Z8pi +Zλ pi +Zµ pi +Zgpi +Z2gpi +Z4gpi +Z8gpi +Zλgpi +Zµgpi + ∑
mεM

(Zmpi +Zmgpi)}+

1
p j

n− j−1

∑
i=0
{Ji+ jZpi +Ji+ jZ2pi +Ji+ jZ4pi +Ji+ jZ8pi +Ji+ jZλ pi +Ji+ jZµ pi + Ii+ jZgpi + Ii+ jZ2gpi +
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Ii+ jZ4gpi + Ii+ jZ8gpi + Ii+ jZλgpi + Ii+ jZµgpi + Ji+ j ∑
mεM

Zmpi + Ii+ j ∑
mεM

Zmgpi}] where Gn−1 =

1
2(
√

p2n−1 + pn−1), Hn−1 =−1
2(
√

p2n−1− pn−1), In−1 =
1
2(
√

p2n−1− pn−1) and

Jn−1 =−1
2(
√

p2n−1 + pn−1) for p≡ (1(mod 4).

and Gn−1 =
1
2(
√
−p2n−1+ pn−1), Hn−1 =−1

2(
√
−p2n−1− pn−1), In−1 =

1
2(
√
−p2n−1− pn−1)

and Jn−1 = −1
2(
√
−p2n−1 + pn−1) for p ≡ (3(mod 4) and for all j ≤ n− 2, G j = H j = I j =

J j = 0.

Proof. To evaluate P4p j(x), take s = 4p j in Ps(x) so we have to compute ρ
4p j

k for k =

0, pn,2pn,3pn,4pn,

6pn, pi,2pi,4pi,8pi,λ pi,µ pi,ν pi,χ pi,gpi,2gpi,4gpi,8gpi,λgpi,µgpi,νgpi,χgpi.

Since in this case Ω4p j =−Ω4p j , using lemma 3.4. So ρ
4p j

k = ∑
sεΩ4p j

α
−sk = ∑

sεΩp j

α
4ks.

Therefore, using lemma 3.7, we have

ρ
4p j

0 =−ρ
4p j

pn = ρ
4p j

2pn =−ρ
4p j

3pn = ρ
4p j

4pn =−ρ
4p j

5pn = ρ
4p j

6pn =−ρ
4p j

7pn =
φ(pn− j)

2 ,

ρ
4p j

pi = ρ
4p j

λ pi = ρ
4p j

ν pi = ρ
4p j

χ pi =

 −
φ(pn− j)

2 , i f i+ j ≥ n,
1
p j Hi+ j, i f i+ j ≤ n−1.

ρ
4p j

2pi = ρ
4p j

4pi = ρ
4p j

8pi = ρ
4p j

µ pi =


φ(pn− j)

2 , i f i+ j ≥ n,
1
p j Ji+ j, i f i+ j ≤ n−1.

ρ
4p j

gpi = ρ
4p j

λgpi = ρ
4p j

νgpi = ρ
4p j

χgpi =

 −
φ(pn− j)

2 , i f i+ j ≥ n,
1
p j Gi+ j, i f i+ j ≤ n−1.

ρ
4p j

2gpi = ρ
4p j

4gpi = ρ
4p j

8gpi = ρ
4p j

µgpi =


φ(pn− j)

2 , i f i+ j ≥ n,
1
p j Ii+ j, i f i+ j ≤ n−1.

So, P4p j(x) = 1
8pn [

φ(pn− j)
2 {Z0−Zpn +Z2pn−Z3pn +Z4pn +Z6pn}+ φ(pn− j)

2

n−1

∑
i=n− j

{−Zpi +Z2pi +

Z4pi +Z8pi−Zλ pi +Zµ pi−Zgpi +Z2gpi +Z4gpi +Z8gpi−Zλgpi +Zµgpi− ∑
mεM

(Zmpi +Zmgpi)}+

1
p j

n− j−1

∑
i=0
{Hi+ jZpi + Ji+ jZ2pi + Ji+ jZ4pi + Ji+ jZ8pi + Hi+ jZλ pi + Ji+ jZµ pi + Gi+ jZgpi +

Ii+ jZ2gpi + Ii+ jZ4gpi + Ii+ jZ8gpi +Gi+ jZλgpi + Ii+ jZµgpi +Hi+ j ∑
mεM

Zmpi +Gi+ j ∑
mεM

Zmgpi}]

Similarly using lemma 3.4 and lemma 3.7, we can obtain the expression for P8p j(x). �

We can obtain the expressions for P4gp j(x),P8gp j(x) by interchanging G and I by H and

J respectively in the expressions of P4p j(x),P8p j(x) for p ≡ 1(mod 4). The expressions
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for P4p j(x),P8p j(x), P4gp j(x) and P8gp j(x) above also represents P4gp j(x),P8gp j(x), P4p j(x) and

P8p j(x) respectively in case when p≡ 3(mod 4).

Lemma 3.9. For 0≤ i≤ n and 0≤ j ≤ n−1,

∑
sεΩ2gp j

α
pis = ∑

sεΩ2gp j

α
ν pis = ∑

sεΩ
µgp j

α
λ pis =


−φ(pn− j)

2 α2pi+ j
, i f i+ j ≥ n, p≡ 1(mod 4),

φ(pn− j)
2 α2pi+ j

, i f i+ j ≥ n, p≡ 3(mod 4),
1
p j Ei+ j, i f i+ j ≤ n−1.

∑
sεΩ2p j

α
pis = ∑

sεΩ2p j

α
ν pis = ∑

sεΩ
µ p j

α
λ pis =


φ(pn− j)

2 α2pi+ j
, i f i+ j ≥ n,

1
p j Fi+ j, i f i+ j ≤ n−1.

and for p≡ 3(mod 4),

∑
sεΩp j

α
2gpis = ∑

sεΩ
λ p j

α
µgpis =− ∑

sεΩp j

α
µgpis =


φ(pn− j)α2pi+ j

, i f i+ j ≥ n,
2
p j Ei+ j, i f i+ j ≤ n−1, g 6= 1,
2
p j Fi+ j, i f i+ j ≤ n−1, g = 1.

Proof. Proof can be obtained on similar lines as that of lemma 3.7 and using lemmas 3.2 and

3.4. �

Theorem 3.10. The expressions for primitive idempotents corresponding to Ω2p j and Ωµ p j are

given by

P2p j(x) = 1
8pn [

φ(pn− j)
2 {Z0−α2pn+ j

Zpn−Z2pn +α2pn+ j
Z3pn +Z4pn−Z6pn} +

φ(pn− j)
2

n−1

∑
i=n− j

{−α
2pi+ j

Zpi − Z2pi + Z4pi + Z8pi + α
2pi+ j

Zλ pi − Zµ pi + α
2pi+ j

Zgpi − Z2gpi +

Z4gpi + Z8gpi − α
2pi+ j

Zλgpi − Zµgpi − α
2pi+ j

∑
mεM

(Zmpi − Zmgpi)} +
1
p j

n− j−1

∑
i=0
{−Fi+ jZpi +

Hi+ jZ2pi + Ji+ jZ4pi + Ji+ jZ8pi + Fi+ jZλ pi + Hi+ jZµ pi − Ei+ jZgpi + Gi+ jZ2gpi + Ii+ jZ4gpi +

Ii+ jZ8gpi +Ei+ jZλgpi +Gi+ jZµgpi−Fi+ j ∑
mεM

Zmpi−Ei+ j ∑
mεM

Zmgpi}]

Pµ p j(x) = 1
8pn [

φ(pn− j)
2 {Z0 +α2pn+ j

Zpn−Z2pn−α2pn+ j
Z3pn +Z4pn−Z6pn} +

φ(pn− j)
2

n−1

∑
i=n− j

{α2pi+ j
Zpi − Z2pi + Z4pi + Z8pi − α

2pi+ j
Zλ pi − Zµ pi − α

2pi+ j
Zgpi − Z2gpi +

Z4gpi + Z8gpi + α
2pi+ j

Zλgpi − Zµgpi − α
2pi+ j

∑
mεM

(Zmpi − Zmgpi)} +
1
p j

n− j−1

∑
i=0
{Fi+ jZpi +

Hi+ jZ2pi + Ji+ jZ4pi + Ji+ jZ8pi − Fi+ jZλ pi + Hi+ jZµ pi + Ei+ jZgpi + Gi+ jZ2gpi + Ii+ jZ4gpi +

Ii+ jZ8gpi − Ei+ jZλgpi + Gi+ jZµgpi + Fi+ j ∑
mεM

Zmpi + Ei+ j ∑
mεM

Zmgpi}] where En−1 =
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1
2(
√
−p2n−1−2p2(n−1)+ pn−1), Fn−1 = −1

2(
√
−p2n−1−2p2(n−1)− pn−1) for p ≡ 1(mod 4).

and En−1 =
1
2(
√

2p2(n−1)+ p2n−1 + pn−1), Fn−1 =−1
2(
√

2p2(n−1)+ p2n−1− pn−1)

for p≡ 3(mod 4) and for all j ≤ n−2, E j = Fj = 0.

Proof. Proof can be obtained on similar lines as that of theorem 3.8 using lemmas 3.4, 3.7 and

3.9. �

We can obtain the expressions for P2gp j(x),Pµgp j(x) by interchanging E,G and I by −F ,H

and J respectively in the expression of Pµ p j(x),P2p j(x) for p ≡ 1(mod 4).The expressions

for P2p j(x),Pµ p j(x), P2gp j(x) and Pµgp j(x) above also represents P2gp j(x),Pµgp j(x), P2p j(x) and

Pµ p j(x) respectively in case when p≡ 3(mod 4).

Lemma 3.11. For 0≤ i≤ n and 0≤ j ≤ n−1,

∑
sεΩp j

α
gpis = ∑

sεΩ
λ p j

α
λgpis = ∑

sεΩ
ν p j

α
νgpis =


0 , i f i+ j ≥ n,
1
p j Ai+ j , i f i+ j ≤ n−1, g 6= 1,
1
p j Ci+ j , i f i+ j ≤ n−1, g = 1.

∑
sεΩp j

α
λgpis = ∑

sεΩ
χ p j

α
νgpis =− ∑

sεΩ
χ p j

α
gpis =


0 , i f i+ j ≥ n,
1
p j Bi+ j , i f i+ j ≤ n−1, g 6= 1,
1
p j Di+ j , i f i+ j ≤ n−1, g = 1.

Proof. Proof can be obtained on similar lines as that of lemma 3.7 and using lemmas 3.2 and

3.4. �

Theorem 3.12. The expressions for primitive idempotents corresponding to Ωp j and Ωλ p j are

given by

Pp j(x) = 1
8pn [

φ(pn− j)
2 {Z0−α2pn+ j

Z2pn−Z4pn +α2pn+ j
Z6pn} + φ(pn− j)

2

n−1

∑
i=n− j

{−α
2pi+ j

Z2pi −

Z4pi + Z8pi + α
2pi+ j

Zµ pi + α
2pi+ j

Z2gpi − Z4gpi + Z8gpi − α
2pi+ j

Zµgpi}+
1
p j

n− j−1

∑
i=0
{Di+ jZpi −

Fi+ jZ2pi + Hi+ jZ4pi + Ji+ jZ8pi + Ci+ jZλ pi + Fi+ jZµ pi − Di+ jZν pi − Ci+ jZχ pi + Bi+ jZgpi −

Ei+ jZ2gpi +Gi+ jZ4gpi + Ii+ jZ8gpi +Ai+ jZλgpi +Ei+ jZµgpi−Bi+ jZνgpi−Ai+ jZχgpi}]
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Pλ p j(x) = 1
8pn [

φ(pn− j)
2 {Z0 +α2pn+ j

Z2pn−Z4pn−α2pn+ j
Z6pn} + φ(pn− j)

2

n−1

∑
i=n− j

{α2pi+ j
Z2pi −

Z4pi + Z8pi − α
2pi+ j

Zµ pi − α
2pi+ j

Z2gpi − Z4gpi + Z8gpi + α
2pi+ j

Zµgpi}+
1
p j

n− j−1

∑
i=0
{Ci+ jZpi +

Fi+ jZ2pi + Hi+ jZ4pi + Ji+ jZ8pi + Di+ jZλ pi − Fi+ jZµ pi − Ci+ jZν pi − Di+ jZχ pi + Ai+ jZgpi +

Ei+ jZ2gpi +Gi+ jZ4gpi + Ii+ jZ8gpi +Bi+ jZλgpi−Ei+ jZµgpi−Ai+ jZνgpi−Bi+ jZχgpi}]

We can obtain the expressions for Pλgp j(x),Pgp j(x) by interchanging A,B,E,G, and I by

D,C,−F,H, and J respectively in the expression of Pp j(x),Pλ p j(x) for p≡ 1(mod 4).

If p≡ 3(mod 4),

Pp j(x) = 1
8pn [φ(pn− j){Z0−α2pn+ j

Z2pn−Z4pn +α2pn+ j
Z6pn}+ φ(pn− j)

n−1

∑
i=n− j

{α2pi+ j
Z2pi −

Z4pi + Z8pi − α
2pi+ j

Zµ pi − α
2pi+ j

Z2gpi − Z4gpi + Z8gpi + α
2pi+ j

Zµgpi}+
1
p j

n− j−1

∑
i=0
{Bi+ jZpi −

2Ei+ jZ2pi + 2Gi+ jZ4pi + 2Ii+ jZ8pi + Ai+ jZλ pi + 2Ei+ jZµ pi + Di+ jZgpi − 2Fi+ jZ2gpi +

2Hi+ jZ4gpi +2Ji+ jZ8gpi +Ci+ jZλgpi +2Fi+ jZµgpi}]

Pλ p j(x) = 1
8pn [φ(pn− j){Z0 +α2pn+ j

Z2pn−Z4pn−α2pn+ j
Z6pn} + φ(pn− j)

n−1

∑
i=n− j

{α2pi+ j
Z2pi −

Z4pi + Z8pi − α
2pi+ j

Zµ pi + α
2pi+ j

Z2gpi − Z4gpi + Z8gpi − α
2pi+ j

Zµgpi}+
1
p j

n− j−1

∑
i=0
{Ai+ jZpi +

2Ei+ jZ2pi + 2Gi+ jZ4pi + 2Ii+ jZ8pi + Bi+ jZλ pi − 2Ei+ jZµ pi + Ci+ jZgpi + 2Fi+ jZ2gpi +

2Hi+ jZ4gpi +2Ji+ jZ8gpi +Di+ jZλgpi−2Fi+ jZµgpi}]

We can obtain the expressions for Pgp j(x),Pλgp j(x) by interchanging A,B,E,G, and I by

C,D,F,H, and J respectively in the expression of Pp j(x),Pλ p j(x) where An−1,Bn−1Cn−1 and

Dn−1 are obtained by following relations

An−1Bn−1 +Cn−1Dn−1 = p2n−1, An−1Dn−1 +Bn−1Cn−1 =
1
2 p(2n−1)+ 1

2 p2(n−1)

A2
n−1 + B2

n−1 + C2
n−1 + D2

n−1 = 0, An−1Cn−1 + Bn−1Dn−1 = −1
2 p(2n−1) − 1

2 p2(n−1), when

p≡ 1(mod 4),

An−1Bn−1 +Cn−1Dn−1 = 3p2(n−1)+ p(2n−1)− pn + pn−1

An−1Dn−1 +Bn−1Cn−1 = p(2n−1)− p2(n−1)− pn + pn−1

A2
n−1 +B2

n−1 +C2
n−1 +D2

n−1 =−2p(2n−1)−6p2(n−1)−2pn +2pn−1

An−1Cn−1 +Bn−1Dn−1 =−p2n−1 + p2(n−1)+ pn− pn−1, when p≡ 3(mod 4),

and for all j ≤ n−2, A j = B j =C j = D j = 0.
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Proof. Proof can be obtained on similar lines as that of theorem 3.8 using lemmas 3.2, 3.4 and

3.11. �

Theorem 3.13. The expressions for primitive idempotents corresponding to Ων p j and Ωχ p j

are given by

Pν p j(x) = 1
8pn [

φ(pn− j)
2 {Z0−α2pn+ j

Z2pn−Z4pn +α2pn+ j
Z6pn} + φ(pn− j)

2

n−1

∑
i=n− j

{−α
2pi+ j

Z2pi −

Z4pi +Z8pi +α
2pi+ j

Zµ pi +α
2pi+ j

Z2gpi −Z4gpi +Z8gpi −α
2pi+ j

Zµgpi}+
1
p j

n− j−1

∑
i=0
{−Di+ jZpi −

Fi+ jZ2pi + Hi+ jZ4pi + Ji+ jZ8pi − Ci+ jZλ pi + Fi+ jZµ pi + Di+ jZν pi + Ci+ jZχ pi − Bi+ jZgpi −

Ei+ jZ2gpi +Gi+ jZ4gpi + Ii+ jZ8gpi−Ai+ jZλgpi +Ei+ jZµgpi +Bi+ jZνgpi +Ai+ jZχgpi}]

Pχ p j(x) = 1
8pn [

φ(pn− j)
2 {Z0 +α2pn+ j

Z2pn−Z4pn−α2pn+ j
Z6pn} + φ(pn− j)

2

n−1

∑
i=n− j

{α2pi+ j
Z2pi −

Z4pi +Z8pi −α
2pi+ j

Zµ pi −α
2pi+ j

Z2gpi −Z4gpi +Z8gpi +α
2pi+ j

Zµgpi}+
1
p j

n− j−1

∑
i=0
{−Ci+ jZpi +

Fi+ jZ2pi + Hi+ jZ4pi + Ji+ jZ8pi − Di+ jZλ pi − Fi+ jZµ pi + Ci+ jZν pi + Di+ jZχ pi − Ai+ jZgpi +

Ei+ jZ2gpi +Gi+ jZ4gpi + Ii+ jZ8gpi−Bi+ jZλgpi−Ei+ jZµgpi +Ai+ jZνgpi +Bi+ jZχgpi}]

Proof. Proof can be obtained on similar lines as that of theorem 3.8 using lemmas 3.2, 3.4 and

3.11. �

We can obtain the expressions for Pχgp j(x),Pνgp j(x) by interchanging A,B,E,G, and I by

D,C,−F,H, and J respectively in the expression of Pν p j(x),Pχ p j(x) for p≡ 1(mod 4).

4. DIMENSION AND GENERATING POLYNOMIALS

If α is primitive 8pnth root of unity in some extension field of F , then ms(x) = ∏
s∈Ωs

(x−α
s)

denote the minimal polynomial for αs and the generating polynomial for cyclic code Ms of

length 8pn corresponding to the cyclotomic coset Ωs is x8pn−1
ms(x)

. The dimension of minimal cyclic

code Ms is equal to the cardinality of the class Ωs[11]. Thus the dimensions of the codes M0,

Mpn , M2pn , M3pn , M4pn and M6pn are 1,2,1,2,1,1 respectively. For p≡ 1(mod 4), the dimension

of each Mxpi is φ(pn−i)
2 and for p≡ 3(mod 4), dimension of each Mypi is φ(pn−i) and of Mzpi is

φ(pn−i)
2 .
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Theorem 4.1. (i) The generating polynomial for the codes M0,Mpn ,M2pn,M3pn ,M4pn and M6pn

are (1+ x+ x2 + ...+ x8pn−1), (x4− 1)(x2 +β )(1+ x8 + ...+ x8(pn−1)), (x6− x4 + x2− 1)(x+

β )(1+x8+ ...+x8(pn−1)),(x4−1)(x2+β )(1+x8+ ...+x8(pn−1)),(x7−x6+x5−x4+x3−x2+

x−1)(1+ x8 + ...+ x8(pn−1)) and (x4−1)(x2 +β )(x−β )(1+ x8 + ...+ x8(pn−1)) respectively.

(ii) The generating polynomial for M4pi ⊕M4gpi and M8pi ⊕M8gpi are (xpn−i−1
+ 1)(xpn−i −

1)(x2pn−i
+ 1)(x4pn−i

+ 1)(1 + x8pn−i
+ ...x8pn−i(pi−1)

) and (xpn−i−1 − 1)(xpn−i
+ 1)(x2pn−i

+

1)(x4pn−i
+1)(1+ x8pn−i

+ ...x8pn−i(pi−1)
) respectively.

(iii) For p ≡ 1(mod 4), the generating polynomial for Mpi ⊕M2pi ⊕Mλ pi ⊕Mµ pi ⊕Mν pi ⊕

Mχ pi ⊕Mgpi ⊕M2gpi ⊕Mλgpi ⊕Mµgpi ⊕Mνgpi ⊕Mχgpi is (x2pn−i−1
+ 1)(x4pn−i−1

+ 1)(x2pn−i −

1)(1+ x8pn−i
+ ...x8pn−i(pi−1)

).

(iv) For p ≡ 3(mod 4), the generating polynomial for Mpi ⊕M2pi ⊕Mλ pi ⊕Mµ pi ⊕Mgpi ⊕

M2gpi⊕Mλgpi⊕Mµgpi is (x2pn−i−1
+1)(x4pn−i−1

+1)(x2pn−i−1)(1+ x8pn−i
+ ...x8pn−i(pi−1)

).

Proof. (i) The minimal polynomial for α0, α pn
, α2pn

, α3pn
, α4pn

and α6pn
are (x−1), (x2−β ),

(x−β ), (x2 +β ), (x+1) and (x+β ) respectively. The corresponding generating polynomials

are (1+ x+ x2 + ...+ x8pn−1), (x4− 1)(x2 +β )(1+ x8 + ...+ x8(pn−1)), (x6− x4 + x2− 1)(x+

β )(1+x8+ ...+x8(pn−1)),(x4−1)(x2+β )(1+x8+ ...+x8(pn−1)),(x7−x6+x5−x4+x3−x2+

x−1)(1+ x8 + ...+ x8(pn−1)) and (x4−1)(x2 +β )(x−β )(1+ x8 + ...+ x8(pn−1)).

(ii) The product of minimal polynomial satisfied by α4pi
and α4gpi

is xpn−i
+1

xpn−i−1
+1

. Therefore,

the generating polynomial for M4pi ⊕M4gpi is (xpn−i−1
+ 1)(xpn−i − 1)(x2pn−i

+ 1)(x4pn−i
+

1)(1+ x8pn−i
+ ...x8pn−i(pi−1)

). The product of minimal polynomial satisfied by α8pi
and α8gpi

is xpn−i−1
xpn−i−1−1

. Therefore, the generating polynomial for M8pi ⊕M8gpi is (xpn−i−1 − 1)(xpn−i
+

1)(x2pn−i
+1)(x4pn−i

+1)(1+ x8pn−i
+ ...x8pn−i(pi−1)

).

(iii) Also the product of minimal polynomial satisfied by α pi
, α2pi

, αgpi
, α2gpi

, αλ pi
, αλgpi

,

αµ pi
, αµgpi

, αν pi
, ανgpi

, αχ pi
and αχgpi

is x2pn−i
+1

x2pn−i−1
+1

. Therefore, the generating polynomial for

Mpi ⊕M2pi ⊕Mλ pi ⊕Mµ pi ⊕Mν pi ⊕Mχ pi ⊕Mgpi ⊕M2gpi ⊕Mλgpi ⊕Mµgpi ⊕Mνgpi ⊕Mχgpi is

(x2pn−i−1
+1)(x2pn−i−1)(x4pn−i−1

+1)(1+ x8pn−i
+ ...x8pn−i(pi−1)

).

(iv) Similarly as above the generating polynomial for Mpi ⊕M2pi ⊕Mλ pi ⊕Mµ pi ⊕Mgpi ⊕

M2gpi⊕Mλgpi⊕Mµgpi is (x2pn−i−1
+1)(x4pn−i−1

+1)(x2pn−i−1)(1+ x8pn−i
+ ...x8pn−i(pi−1)

). �
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5. MINIMUM DISTANCE

Here, we find the minimum distance of the minimal cyclic code Ms of length 8pn, generated

by the primitive idempotent Ps(x). If l is a cyclic code of length m generated by g(x) and its

minimum distance is d, then the code l̄ of length mk generated by g(x)(1+ xm + x2m + ...+

x(k−1)m) is a repetition code of l repeated k times and its minimum distance is dk[3].

Theorem 5.1. The codes M0, M2pn , M4pn and M6pn are of minimum distance 8pn and Mpn and

M3pn are of minimum distance 4pn.

Proof. Since generating polynomial for the code M0 is (1+x+x2+...+x8pn−1), which is itself a

polynomial of length 8pn, hence its minimum distance is 8pn. Similarly, the minimum distance

of each of the cyclic codes M2pn,M4pn and M6pn is 8pn. Also, the generating polynomial for the

cyclic code Mpn is (x4−1)(x2 +β )(1+ x8 + ...+ x8(pn−1)). If we take a cyclic code of length 4

generated by the polynomial (x4−1)(x2+β ), then the minimal distance of this code is 4. Since

the cyclic code of length 8pn with generating polynomial (x4−1)(x2+β )(1+x8+ ...+x8(pn−1))

is a repetition code of the cyclic code of length 4 with generating polynomial (x4−1)(x2 +β ),

repeated pn times. Therefore its minimum distance is 4pn. Similarly, the minimum distance of

the cyclic code M3pn is also 4pn. �

Theorem 5.2. For 0 ≤ i ≤ n − 1, the minimum distance of the cyclic codes

M4pi,M4gpi,M8pi and M8gpi are greater than or equal 16pi and for the codes

Mpi,Mgpi,M2pi,M2gpi,Mλ pi,Mλgpi,Mµ pi,Mµgpi,Mν pi,

Mνgpi,Mχ pi and Mχgpi are greater than or equal to 8pi.

Proof. Consider the cyclic codes M4pi and M4gpi , since the generating polynomial of the cyclic

code of length 8pn is (xpn−i−1
+1)(xpn−i−1)(x2pn−i

+1)(x4pn−i
+1)(1+x8pn−i

+ ...+x8pn−i(pi−1)
),

therefore, if we take a cyclic code C of length pn−i generated by the polynomial (xpn−i−1
+ 1),

then the minimum distance of this code is 2. Now consider the cyclic code C1 of length

2pn−i generated by the polynomial (xpn−i−1
+ 1)(xpn−i − 1) and so minimum distance of this

code is 4, as it is 2 time repetition of the code C. Further, the minimum distance of the

code C2 of length 4pn−i generated by the polynomial (xpn−i−1
+ 1)(xpn−i − 1)(x2pn−i

+ 1) is
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8, as it is 2 time repetition of the code C1. Hence the minimum distance of the code C3 of

length 8pn−i generated by the polynomial (xpn−i−1
+ 1)(xpn−i − 1)(x2pn−i

+ 1)(x4pn−i
+ 1) and

so minimum distance of this code is 16. Since the cyclic code of length 8pn generated by

the polynomial (xpn−i−1
+ 1)(xpn−i − 1)(x2pn−i

+ 1)(x4pn−i
+ 1)(1 + x8pn−i

+ ... + x8pn−i(pi−1)
)

is a repetition code of the code C3, repeated pi times. Hence its minimum distance is

16pi. The codes corresponding to M4pi and M4gpi are the sub codes of the above codes,

so their minimum distances are greater than or equal to 16pi. Similarly, the minimum

distance of the cyclic code M8pi and M8gpi of length 8pn with generating polynomial

(xpn−i−1 − 1)(xpn−i
+ 1)(x2pn−i

+ 1)(x4pn−i
+ 1)(1+ x8pn−i

+ ...+ x8pn−i(pi−1)
) is also greater than

or equal to 16pi.

Now, the product of generating polynomial for the cyclic codes

Mpi,Mgpi,M2pi,M2gpi,Mλ pi,Mλgpi,Mµ pi,

Mµgpi,Mν pi,Mνgpi,Mχ pi and Mχgpi is (x2pn−i−1
+ 1)(x4pn−i−1

+ 1)(x2pn−i − 1)(1 + x8pn−i
+

...x8pn−i(pi−1)
),

therefore, if we take a code C of length 8pn−i generated by the polynomial

(x2pn−i−1
+ 1)(x4pn−i−1

+ 1)(x2pn−i − 1), then the minimum distance of this code

is 8. Since the cyclic code C1 of length 8pn generated by the polynomial

(x2pn−i−1
+ 1)(x4pn−i−1

+ 1)(x2pn−i − 1)(1 + x8pn−i
+ ... + x8pn−i(p j−1)

) is a repetition code

of the code C, repeated pi times. Hence its minimum distance is 8pi.

The codes corresponding to Ωpi , Ωgpi ,Ω2pi , Ω2gpi , Ωλ pi , Ωλgpi , Ωµ pi , Ωµgpi , Ων pi , Ωνgpi , Ωχ pi

and Ωχgpi are the subcodes of above codes so, their minimum distances are greater than or

equal to 8pi. �

6. EXAMPLE

Example 6.1. Cyclic Codes of length 40.

Take p = 5, n = 1, q = 29. The q-cyclotomic cosets are

Ω0 = {0}, Ω1 = {1,29}, Ω2 = {2,18}, Ω3 = {3,7}, Ω4 = {4,36}, Ω5 = {5,25}, Ω6 = {6,14},

Ω8 = {8,32}, Ω9 = {9,21}, Ω10 = {10}, Ω11 = {11,39}, Ω12 = {12,28}, Ω13 = {13,17},

Ω15 = {15,35}, Ω16 = {16,24}, Ω19 = {19,31}, Ω20 = {20}, Ω22 = {22,38}, Ω23 = {23,27},
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Ω26 = {26,34}, Ω30 = {30}, Ω33 = {33,37},

and the corresponding primitive idempotents in GF(29)[x]
<x40−1> are

P0(x) = 1
40 [Z0 +Z5 +Z10 +Z15 +Z20 +Z30 +Z1 +Z2 +Z4 +Z8 +Z11 +Z22 +Z21 +Z31 +Z3 +Z6

+Z12 +Z24 +Z33 +Z26 +Z23 +Z13]

P1(x) = 1
40 [2Z0 +5Z10−2Z20−5Z30−2Z1−8Z2−5Z4−6Z8−5Z11 +8Z22 +2Z21 +5Z31 +2Z3

+7Z6 +6Z12 +5Z24 +5Z33−7Z26−2Z23−5Z13]

P2(x) = 1
40 [2Z0 +5Z5−2Z10−5Z15 +2Z20−2Z30−8Z1−5Z2−6Z4−6Z8 +8Z11−5Z22−8Z21

+8Z31 +7Z3 +6Z6 +5Z12 +5Z24−7Z33 +6Z26 +7Z23−7Z13]

P3(x) = 1
40 [2Z0−5Z10−2Z20 +5Z30 +2Z1 +7Z2 +6Z4 +5Z8 +5Z11−7Z22−2Z21−5Z31−2Z3

−8Z6−5Z12−6Z24−5Z33 +8Z26 +2Z23 +5Z13]

P4(x) = 1
40 [2Z0−2Z5 +2Z10−2Z15 +2Z20 +2Z30−5Z1−6Z2−6Z4−6Z8−5C11−6Z22−5Z21

−5Z31 +6Z3 +5Z6 +5Z12 +5Z24 +6Z33 +5Z26 +6Z23 +6Z13]

P5(x) = 1
40 [2Z0 +5Z10−2Z20−5Z30 +5Z2−2Z4 +2Z8−5Z22−5Z6−2Z12 +2Z24 +5Z26]

P6(x) = 1
40 [2Z0−5Z5−2Z10 +5Z15 +2Z20−2Z30 +7Z1 +6Z2 +5Z4 +5Z8−7Z11 +6Z22 +7Z21

−7Z31−8Z3−5Z6 +5Z12 +5Z24 +8Z33−5Z26−8Z23 +8Z13]

P8(x) = 1
40 [2Z0 +2Z5 +2Z10 +2Z15 +2Z20 +2Z30−6Z1−6Z2−6Z4−6Z8−6Z11−6Z22−6Z21

−6Z31 +5Z3 +5Z6 +5Z12 +5Z24 +5Z33 +5Z26 +5Z23 +5Z13]

P10(x) = 1
40 [Z0−12Z5−Z10 +12Z15 +Z20−Z30−12Z1−Z2 +Z4 +Z8 +12Z11−Z22−12Z21

−12Z31 +12Z3−Z6 +Z12 +Z24−12Z33−Z26 +12Z23 +12Z13]

P11(x) = 1
40 [2Z0−5Z10−2Z20 +5Z30−5Z1 +8Z2−5Z4−6Z8−2Z11−8Z22 +5Z21 +2Z31 +5Z3

−7Z6 +6Z12 +5Z24 +2Z33 +7Z26−5Z23−2Z13]

P12(x) = 1
40 [2Z0−2Z5 +2Z10−2Z15 +2Z20 +2Z30 +6Z1 +5Z2 +5Z4 +5Z8 +6Z11 +5Z22 +6Z21

+6Z31−5Z3−6Z6−6Z12−6Z24−5Z33−6Z26−5Z23−5Z13]

P13(x) = 1
40 [2Z0 +5Z10−2Z20−5Z30−5Z1−7Z2 +6Z4 +5Z8−2Z11 +7Z22 +5Z21 +2Z31 +5Z3

+8Z6−5Z12−6Z24 +2Z33−8Z26−5Z23−2Z13]

P15(x) = 1
40 [2Z0−5Z10−2Z20 +5Z30−5Z2−2Z4 +2Z8 +5Z22 +5Z6−2Z12 +2Z24−5Z26]

P20(x) = 1
40 [Z0−Z5 +Z10−Z15 +Z20 +Z30−Z1 +Z2 +Z4 +Z8−Z11 +Z22−Z21−Z31−Z3+

Z6 +Z12 +Z24−Z33 +Z26−Z23−Z13]

P21(x) = 1
40 [2Z0 +5Z10 +2Z20−5Z30 +2Z1−8Z2−5Z4−6Z8 +5Z11 +8Z22−2Z21−5Z31−2Z3

+7Z6 +6Z12 +5Z24−5Z33−7Z26 +2Z23 +5Z13]



672 JAGBIR SINGH, SONU SINGH

P22(x) = 1
40 [2Z0−5Z5−2Z10 +5Z15 +2Z20−2Z30 +8Z1−5Z2−6Z4−6Z8−8Z11−5Z22 +8Z21

−8Z31−7Z3 +6Z6 +5Z12 +5Z24 +7Z33 +6Z26−7Z23 +7Z13]

P23(x) = 1
40 [2Z0−5Z10−2Z20 +5Z30−2Z1 +7Z2 +6Z4 +5Z8−5Z11−7Z22 +2Z21 +5Z31 +2Z3

−8Z6−5Z12−6Z24 +5Z33 +8Z26−2Z23−5Z13]

P24(x) = 1
40 [2Z0 +2Z5 +2Z10 +2Z15 +2Z20 +2Z30 +5Z1 +5Z2 +5Z4 +5Z8 +5Z11 +5Z22 +5Z21

+5Z31−6Z3−6Z6−6Z12−6Z24−6Z33−6Z26−6Z23−6Z13]

P26(x) = 1
40 [2Z0 +5Z5−2Z10−5Z15 +2Z20−2Z30−7Z1 +6Z2 +5Z4 +5Z8 +7Z11 +6Z22−7Z21

+7Z31 +8Z3−5Z6−6Z12−6Z24−8Z33−5Z26 +8Z23−8Z13]

P30(x) = 1
40 [Z0 +12Z5−Z10−12Z15 +Z20−Z30 +12Z1 +Z2 +Z4 +Z8−12Z11−Z22 +12Z21

−12Z31−12Z3−Z6 +Z12 +Z24 +12Z33−Z26−12Z23 +12Z13]

P31(x) = 1
40 [2Z0−5Z10−2Z20 +5Z30 +5Z1 +8Z2−5Z4−6Z8 +2Z11−8Z22−5Z21−2Z31−5Z3

−7Z6 +6Z12 +5Z24−2Z33 +7Z26 +5Z23 +2Z13]

P33(x) = 1
40 [2Z0 +5Z10−2Z20−5Z30 +5Z1−7Z2 +6Z4 +5Z8 +2Z11 +7Z22−5Z21−2Z31−5Z3

+8Z6−5Z12−6Z24−2Z33−8Z26 +5Z23 +2Z13]

Minimal polynomials for α0,α1,α2,α3,α4,α5,α6,α8,α10,α11,α12,α13,α15,α20,α21,

α22,α23,α24,α26,α30,α31 and α33 are x−1, x2−12, x2+5x−1, x2+12, x2+2x+1, x2−12,

x2−5x−1, x2−2x+1, x−12, x−12, x2 +12, x2 +2x+1, x2 +12, x+1, x2−2x+1, x2 +12,

x+1, x2−5x−1, x2 +12, x+12, x−17 and x2−12 respectively.

The minimal codes M0, M1, M2, M3, M4, M5, M6, M8, M10, M11, M12, M13, M15, M20, M21, M22,

M23, M24, M26, M30, M31 and M33 of length 40 are as follows
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Code Dim. Min. Distance Bound Generating Polynomial

M0 1 40 1+ x+ x2 + x3 + x4 + x5 + x6 + x7 + x8 + x9 + x10 + x11 +

x12 + x13 + x14 + x15 + x16 + x17 + x18 + x19 + x20 + x21 +

x22 + x23 + x24 + x25 + x26 + x27 + x28 + x29 + x30 + x31 +

x32 + x33 + x34 + x35 + x36 + x37 + x38 + x39

M1 2 8≤ d ≤ 40 17 + 28x2 + 12x4 + x6 + 17x8 + 28x10 + 12x12 + x14 +

17x16 + 28x18 + 12x20 + x22 + 17x24 + 28x26 + 12x28 +

x30 +17x32 +28x34 +12x36 + x38

M2 2 8≤ d ≤ 40 19+ 21x+ 8x2 + 3x3 + 23x4 + 2x5 + 4x6 + 22x7 + 27x8 +

12x9+12x11+2x12+22x13+25x14+2x15+6x16+3x17+

21x18 + 21x19 + 10x20 + 13x21 + 17x22 + 11x23 + 14x24 +

23x25 + 13x26 + x27 + 18x28 + 4x29 + 9x30 + 20x31 +

22x32 +14x33 +5x34 +10x35 +26x36 +24x37 + x38

M3 2 8≤ d ≤ 40 12 + 28x2 + 17x4 + x6 + 12x8 + 28x10 + 17x12 + x14 +

12x16 + 28x18 + 17x20 + x22 + 12x24 + 28x26 + 17x28 +

x30 +12x32 +28x34 +17x36 + x38

M4 2 16≤ d ≤ 40 10+ 20x+ 8x2 + 22x3 + 6x4 + 24x5 + 4x6 + 26x7 + 2x8 +

28x9 +x11 +27x12 +3x13 +25x14 +5x15 +23x16 +7x17 +

21x18 + 9x19 + 19x20 + 11x21 + 17x22 + 13x23 + 15x24 +

15x25 + 13x26 + 17x27 + 11x28 + 19x29 + 9x30 + 21x31 +

7x32 +23x33 +5x34 +25x35 +3x36 +27x37 + x38

M5 2 20 17 + 28x2 + 12x4 + x6 + 17x8 + 28x10 + 12x12 + x14 +

17x16 + 28x18 + 12x20 + x22 + 17x24 + 28x26 + 12x28 +

x30 +17x32 +28x34 +12x36 + x38
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Code Dim. Min. Distance Bound Generating Polynomial

M6 2 8≤ d ≤ 40 19+ 8x+ 8x2 + 26x3 + 23x4 + 27x5 + 4x6 + 7x7 + 27x8 +

17x9 + 17x11 + 2x12 + 7x13 + 25x14 + 27x15 + 6x16 +

26x17 + 21x18 + 8x19 + 10x20 + 16x21 + 17x22 + 18x23 +

14x24 + 6x25 + 13x26 + 28x27 + 18x28 + 25x29 + 9x30 +

9x31 +22x32 +15x33 +5x34 +19x35 +26x36 +5x37 + x38

M8 2 16≤ d ≤ 40 10+ 9x+ 8x2 + 7x3 + 6x4 + 5x5 + 4x6 + 3x7 + 2x8 + x9 +

28x11 + 27x12 + 26x13 + 25x14 + 24x15 + 23x16 + 22x17 +

21x18 + 20x19 + 19x20 + 18x21 + 17x22 + 16x23 + 15x24 +

14x25 + 13x26 + 12x27 + 11x28 + 10x29 + 9x30 + 8x31 +

7x32 +6x33 +5x34 +4x35 +3x36 +2x37 + x38

M10 1 40 17+ 28x+ 12x2 + x3 + 17x4 + 28x5 + 12x6 + x7 + 17x8 +

28x9+12x10+x11+17x12+28x13+12x14+x15+17x16+

28x17 + 12x18 + x19 + 17x20 + 28x21 + 12x22 + x23 +

17x24 + 28x25 + 12x26 + x27 + 17x28 + 28x29 + 12x30 +

x31 + 17x32 + 28x33 + 12x34 + x35 + 17x36 + 28x37 +

12x38 + x39

M11 2 8≤ d ≤ 40 17+ 28x+ 12x2 + x3 + 17x4 + 28x5 + 12x6 + x7 + 17x8 +

28x9+12x10+x11+17x12+28x13+12x14+x15+17x16+

28x30 + x31 + 17x32 + 28x33 + 12x34 + x35 + 17x36 +

28x37 +12x38 + x39

M12 2 16≤ d ≤ 40 12 + 28x2 + 17x4 + x6 + 12x8 + 28x10 + 17x12 + x14 +

12x16 + 28x18 + 17x20 + x22 + 12x24 + 28x26 + 17x28 +

x30 +12x32 +28x34 +17x36 + x38
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Code Dim. Min. Distance Bound Generating Polynomial

M13 2 8≤ d ≤ 40 10+ 20x+ 8x2 + 22x3 + 6x4 + 24x5 + 4x6 + 26x7 + 2x8 +

28x9 +x11 +27x12 +3x13 +25x14 +5x15 +23x16 +7x17 +

21x18 + 9x19 + 19x20 + 11x21 + 17x22 + 13x23 + 15x24 +

15x25 + 13x26 + 17x27 + 11x28 + 19x29 + 9x30 + 21x31 +

7x32 +23x33 +5x34 +25x35 +3x36 +27x37 + x38

M15 2 20 12 + 28x2 + 17x4 + x6 + 12x8 + 28x10 + 17x12 + x14 +

12x16 + 28x18 + 17x20 + x22 + 12x24 + 28x26 + 17x28 +

x30 +12x32 +28x34 +17x36 + x38

M20 1 40 −1+x−x2+x3−x4+x5−x6+x7−x8+x9−x10+x11 −

x12 + x13− x14 + x15− x16 + x17− x18 + x19− x20 + x21 −

x22 + x23− x24 + x25− x26 + x27− x28 + x29− x30 + x31 −

x32 + x33− x34 + x35− x36 + x37− x38 + x39

M21 2 8≤ d ≤ 40 10+ 9x+ 8x2 + 7x3 + 6x4 + 5x5 + 4x6 + 3x7 + 2x8 + x9 +

28x11 + 27x12 + 26x13 + 25x14 + 24x15 + 23x16 + 22x17 +

21x18 + 20x19 + 19x20 + 18x21 + 17x22 + 16x23 + 15x24 +

14x25 + 13x26 + 12x27 + 11x28 + 10x29 + 9x30 + 8x31 +

7x32 +6x33 +5x34 +4x35 +3x36 +2x37 + x38

M22 2 8≤ d ≤ 40 12 + 28x2 + 17x4 + x6 + 12x8 + 28x10 + 17x12 + x14 +

12x16 + 28x18 + 17x20 + x22 + 12x24 + 28x26 + 17x28 +

x30 +12x32 +28x34 +17x36 + x38

M23 2 8≤ d ≤ 40 −1+x−x2+x3−x4+x5−x6+x7−x8+x9−x10+x11 −

x12 + x13− x14 + x15− x16 + x17− x18 + x19− x20 + x21 −

x22 + x23− x24 + x25− x26 + x27− x28 + x29− x30 + x31 −

x32 + x33− x34 + x35− x36 + x37− x38 + x39
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Code Dim. Min. Distance Bound Generating Polynomial

M24 2 16≤ d ≤ 40 19+ 8x+ 8x2 + 26x3 + 23x4 + 27x5 + 4x6 + 7x7 + 27x8 +

17x9 + 17x11 + 2x12 + 7x13 + 25x14 + 27x15 + 6x16 +

26x17 + 21x18 + 8x19 + 10x20 + 16x21 + 17x22 + 18x23 +

14x24 + 6x25 + 13x26 + 28x27 + 18x28 + 25x29 + 9x30 +

9x31 +22x32 +15x33 +5x34 +19x35 +26x36 +5x37 + x38

M26 2 8≤ d ≤ 40 12 + 28x2 + 17x4 + x6 + 12x8 + 28x10 + 17x12 + x14 +

12x16 + 28x18 + 17x20 + x22 + 12x24 + 28x26 + 17x28 +

x30 +12x32 +28x34 +17x36 + x38

M30 1 40 12+ 28x+ 17x2 + x3 + 12x4 + 28x5 + 17x6 + x7 + 12x8 +

28x9+17x10+x11+12x12+28x13+17x14+x15+12x16+

28x17 + 17x18 + x19 + 12x20 + 28x21 + 17x22 + x23 +

12x24 + 28x25 + 17x26 + x27 + 12x28 + 28x29 + 17x30 +

x31 + 12x32 + 28x33 + 17x34 + x35 + 12x36 + 28x37 +

17x38 + x39

M31 2 8≤ d ≤ 40 12−x+17x2+x3+12x4−x5+17x6+x7+12x8+28x9+

17x10 + x11 + 12x12 − x13 + 17x14 + x15 + 12x16 − x17 +

17x18 + x19 + 12x20 − x21 + 17x22 + x23 + 12x24 − x25 +

17x26 + x27 + 12x28 − x29 + 17x30 + x31 + 12x32 − x33 +

17x34 + x35 +12x36− x37 +17x38 + x39

M33 2 8≤ d ≤ 40 17 + 28x2 + 12x4 + x6 + 17x8 + 28x10 + 12x12 + x14 +

17x16 + 28x18 + 12x20 + x22 + 17x24 + 28x26 + 12x28 +

x30 +17x32 +28x34 +12x36 + x38
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