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1. INTRODUCTION 

Definitions of the fractional derivatives and integral of the function of single variable: 

(i) Goursat’s theorem (Cauchy’s theorem) for the function of single variable is: 
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where ( )f z is analytic in a domain D, which is surrounded with a piecewise smooth closed 

Jorden curve  , in the  -plane. 
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(ii) (Derivative). If ( )f z is an analytic (regular) function and it has no branch point inside 
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Where C
−

and C
+

are integral curves as shown in Fig. 1 and Fig. 2 ( that is C
−

is a curve along the 

cut joining two points z and lim( )i z−+ , and C
+

is a curve along the cut joining two points z

and lim( )i z+ , then ( ) { ( ), ( )}( 0)C C Cf f z f z f z    
− +

= =  is the fractional derivative of order 

 of the function ( )f z , if f exists. 

 

                                                                          Fig. 1      
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                                                                            Fig. 2    

Definition 2 (Integral). ( 0)f   is the fractional integral of order | | . That is, the derivative of 

fractional order ( 0) −  is the fractional integral of order ( )R   , if f exists. 

Formal unification of derivative and integral of the function of single variable: 

If ( )f z is the analytic function and it has no branch point inside C and on ( { , })C C C C
− +

= , and  

( ) { ( ), ( )}C C Cf f z f z f z   
− +

= =                                                                  (1.7) 

Then 

f is 
0

int 0

0
derivative for

egral for

original for










=


                                                                              (1.8) 

for R  , and  

f is 
Re( ) 0

int Re( ) 0

0
derivative for

egral for

original for










=


                                                                             (1.9) 

for C  , if f exists. 

And in case of Re( ) 0, f = is only formal differintegration regardless of Im( ) 0  or Im( ) 0  . 

That is , we have no derivative and integral for  =pure imaginary. 

Following results will be used: 

(i) ([3];p.16, eq.(1)) 

    ( )az i aze e a e 



− − −=     for 0( , )a z C                                               (1.10) 

(ii)  ([3];p.18, eq.(6)) 
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( )az aze a e


−=   for 0( , )a z C                                                                 (1.11) 

(iii) ([3];p.19, eq.(11)) 

( ) (log )z za a a


=  for 0( , )a z C                                                           (1.12) 

(iv) ([3];p.20, eq.(1)) 

( )cosh ( ) cosh( )
2

az ia az i




= − +   for 0( , )a z C                         (1.13) 

(v) ([3];p.20, eq.(2)) 

( )sinh ( ) sinh( )
2

az ia az i




= − +  for 0( , )a z C                         (1.14) 

(vi) ([3];p.21, eq.(1)) 

( )cos ( ) cos( )
2

az a az




= + for 0( , )a z C                                     (1.15) 

(vii) ([3];p.22, eq.(2)) 

 ( )sin ( ) sin( )
2

az a az




= + for 0( , )a z C                                    (1.16) 

(viii) ([3];p.32, eq.(1)) 

 (log ) ( )iaz e z 

 − −= −  for 0( , )a z C                                            (1.17) 

The I -function given by Saxena [4] will be represented and defined in the following manner: 
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 , ( 1,..., ), ,i ip q i r m n= are integers satisfying 0 , 0 ,( 1,..., ),i in p m q i r r    = is finite 

, , ,j j ij ji     are real and , , ,j j ji jia b a b  are complex numbers such that 

( ) ( )j h h jb v a v k +  − − for , 01,2,...v k =  
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2. MAIN RESULTS 

Theorem 1. 
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From (2.1), we get  
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Theorem 2. 
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We arrive at the required result. 

In case of | arg |
2

k


  , we have 
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 +
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By using similar lines, we can prove the result easily. 

Corollary: 
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 −=  + for 0( , )k z C  () 

Proof: We can write as 
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( ) ( )log( ) ( )z z kI k I e
 
=  

Some Examples: 
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Case II: For 
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