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1.INTRODUCTION AND PRELIMINARIES

The concept of compatible mapping of type (A) in metric space in 1992 was introduced
by Jungck G., Murthy P.P. and Cho Y.J. [6] and the results of various authors were improved by
proving common fixed point theorems for these mappings using various twetreanditions.
Recently, the concept afompatible mappings of type (AYas generalized bgahu, Dhagat and
Srivastava M. [1]) so called intimate mappings in 2001. In fact, newly defined mapping is a
generalization of the compatible mappings of type (A)

The most important feature of intimate mapping condition is that all said above mapping
conditions require the mappings pairs, which should commute at coincidence point, but for
newly defined mapping, conditions such necessity is not required i.e. fnmaair does not

necessarily commute at ogidence points. In this papes common fixed point theoreis
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presented by us. Fixed point theoreohg-isherB. [2], JungckG. [4], Lohani P.C. and Badshah
V. H. [8] and SahuDhagat and Srivastava M. [[lére improved by us.

The papers alsoconcentrated on some results for intimate pnags, introducedy Sahu
et. al. [1Q, which generalies the results of Jungck G],[Fisher B. [1], Jachymski J. [;3Kang
S.M. and Kim Y.P. [T, Rhoades B.H9] and others.

1.1 Definition [10. Let S and T be self mapgs of metric space (X, d). The pair
{S, T} is said to beT-intimateiff

ad(TSx, Tx,) ¢ ad(SSx, Sx)
wherea = limit Supremunor limit Infimum{xn} is a sequence in X suchdat

limn -~ SXn=limny - TXn=t, for somet X.

1.2 Proposition. If the pair (P, Q is compatite of type (A) then it is both BndQ-intimate.

Proof: Since
d(PQx,, Px,) ¢ d(PQx,,QQx,)+d(QQx,,Qx,) for ni N

Therefore, bd(PQ)g, Pxn) ¢ HO+ bd(QQ)g],QXn)
implies bd(QPx,, Px,) ¢d(QQx,,Qx,)

wheneveq X, } is a sequence in metric space X
such that le Px, = Hm Qx, =r
for somea | X. Hence, the pair {P, Q} is {nhtimate. Similarly, we can show thahe pair
{P, Q} is P-intimate but its converse is not true.
1.3 Example. Let X = [0, 1] with d(x,y) = \X- y\ and P, Q areself mapings on X defined as
follows:

Px:i and Qx=i

X+2 X+1
for all xi [0,2]. Now, the sequencgx,} in X defined by
1 .
=—,nl N

% n

Then, we have

lim Px, =lim Qx, =1
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Also, |PQx, —Px,|- :—13asn_ o

and |QQx, —Qx,|- % asn- o
Clearly, we have

lim [PQx, — x| < lim|QQx, —Qx,|
Hence, {P , Q} is Hntimate.
But  |PQx, —QQx,| - é asn- =

Hence, (P, Qis not compatible of typé).
1.4 Proposition. Let P and (be self mapings of a metric space (X, df the pair {P, Qis Q-
intimate and Pr Qr=z[ X for some i X. Thend(Qzz) ¢ d(Pz 2)

Proof. Supposex, =r for all n2 1.
So Px, =Qx, - Pr=Qr =z
Since the pair {PQ} is Q-intimate, then
d(QPr.Qr) =lim d(QPx,,Qx))
= im d(QQx,, Px,)
=d(PPr,Pr)
Implies d(Qz z) ¢ d(Pz z)

2. MAIN RESULTS
The following lemmawas given bySingh S. P. and Meade B. A. [1ih 1977:

2.1Lemma [11]. fiFor every t> 0, g{t)<t if and only if im g (t) =0, where g" denotes the n

times composition ofy

Before presenting our result of this section, we state the following lemma:
2.2Lemma. Let P, Q, R and $e the four mappings from metric space (X, d) into itself such
that
(2.21) P(X)E R(X) and Q(X)E S(X)
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d(RxQy)[L+d(SxPx)]
[1+d(SxRy)]

+ b[d(Sx Px) +d(Ry, Qy)] +gld(SxQy) +d(Ry; Px)] + ati[(Sx Ry)]
for all X,y in X, wherea, b,9,d? 0,0¢ a +2b+2g+0’<1_

(2.22) d(PxQy)¢ta

Then for any arbitrary poinkyin X by (2.21) there exists a point,i X such thatR(xl) =Px,
and for this point,. We can choose a point, i X such thatQx I Sx, and so on. Inductively,

we can define a sequen{:)eh} in X such that

(2.23) ¥,, =RX%,,; =PX%,, and Y,.,; = SX%,,,, = Q%,,,,;, for n=012....
Then !!m d(yn, yn+l) =0 and (yn) is a Cauchy sequence in X.

The following common fixed point theorem presented by ushich generalizes the
resultof Lohani P. C. and Badshah V.[8] on intimae mappings in metric spaces:
2.3 Theorem Let P, Q, R and Sbe mappings from a metric space @,into itself satisfying
(2.21), (2.22), (2.23) and following:
(2.24) the pairs (R S) is Sintimate and (Q R) is Rintimate.
(2.25) S(X) is complete.
Then R Q, R and Shave a urque common fixed point in X.
Proof: We can observe that the sequencg fefined in (2.23) is a Cauchy sequence in X.
Since S(X) is complete and {&¥ is Cauchy. Then it converges to a poat Sz for some n
X. Then y—aand hence

Px2n, Sxen,QX2n+1,RX2n+1- &
Now from (2.22)
d(R%yps1. Qo JJL+ d(Sz P2Z)]

R AL ST
+9{d(SZQin+1)+d(R>§1+1,PZ)]+OU[(52RX2n+1)], for all X .,y
Where
a b,g,d?00¢a+2b+2g+d<1
Taking | imit as n-o-co, we obtain

d(Yana, Yon J1+ d(S2P2)

dPza)e = say,.

+ p[d(a, P2)+d(a,a)]
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+dld(a,a)+d(a, P2+ ati[(a, a)]
= o 0d¢apP} +gld(p, Au)]+ a0
= ( B)&{Pz,a), whichis contradict.
Thus, pz =z.
Since RX) OR(X), there exist ve X such that Rw= a. Hence, from (2.2), we obtain,
di@a,Qws=( a + Bda, Qw,
which is a contradiction, s@Qw = a. Since Pz Sz=a . The pair {P, S} be S-intimate.Then we
get,
d(Sa, @ <d(Pa, a).
Suppose P& a , then from (2.2), we have
d(Pa, @ <d(Pa, a),
whichis acontradictionsoPais equal to aHence Sa=a Similarly, wehaveQa=Ra=a
Uniqueness:
Let us suppose that unique fixed point of ’R and S have other fixed point b such that
azb. Thus

d(Ra Qb)[1+ d(Ra Pb)]
[1+d(SaRb)

+ p[d(Sa Pa) + d(Rbh Qb)] + g[d(Sa Qb) + d(Rh Pa)] + ati[(Sa Rb)]
=| ¢ 1 d(a, b)<d(a,b)

This show that & equal to b

d(a,b)=d(Pa,Qb) ¢ a

Sahu, Dhagat and Srivastva M. [1@efined new concept of intimate mappings in 2001.
Generalization of the compatible mappings of type &) introducd by Kang S. M. and Kim
Y.P. [7]. The interesting feature of intimate mappings is that rimgping do not necessarily
commute at coincidence points.

A fixed-point theorem by usingntimate mapingsis proved by usn this section. In this
result, we use mappings, which are not contusud he results of Fisher B.][2Jachymski J.
[3], Kang S.M. and Kim Y.P. [7and Rhoades B.E9] are generalized.
2.4Lemma: let P, Q, R and Sbe mappings from a metric space,(®) into itself satisfying the
following conditions:

(2.26) P(X) OR(X) and Q(X) OS(X)
(2.27) dPx,Q) <o ( d ( Sx ,x/By).HQy .Ry], &Px,Ry), d(§Sx))



1672
VINOD KUMAR, MONIKA

for all X,y € X, wh e r e=. Then for arbitrary pointxin X by (2.26), we choose a pointix
such that R1 = Pxoand for this point x, there exists a pointxn X suchthatSx = Qx and so
on . Continuing in this manner, we can define a sequengarfyX such that
(2.28) yom= Pxom= RXom+1, Yomr1= QXome1= SXome2,
where m fThetm 0O t o .

limm_ od(Ym,Ym+1 )=0,
where {ym}is the sequence in X defined by (BRand thesequence {y}is a cauchy sequence in
X.

Proof.Letdm:d(ym,ym+1),Where m from O to oo, {Nm(}isnoino prov

increasing intve real numbers.e.,d, ¢d_, wherem | i es bet wee)nwehavée o0 o b

d (szm ’ QX2m+1) ¢ f(d (SXZm ’ RX2m+1 )’ d (szm ’ SXZm )d (Qx2m+1’ RX2m+1 )d ( pXZm ’ RX2m+1 )7 d (QX2m+1’ SXZm ))
Using (2.28), we have

d(yZm’ y2m+1) ¢ f(d(yZm—l’ y2m )d (y2m’ y2m—11)’ d(y2m+1’ y2m )’ d(yZm’ ym )’ d(y2m+11 y2m-1))
= f(d(yZm—l' y2m )’ d(y2m1 y2m—1)’ d(y2m+11 y2m ))O’ [d(y2m+1’ yZm) + d(yZm’ y2m—1)]
(2.29) = @ (2fl1,02m1,dom0,bm+02m 1)

Assumethatd ., <d_ for some m. Then,

m+1
a<2d, ,+d =ad,

We know thatf is nonincreasing for everyariable andb <1 for somea <2 from (2.29.),

we have

d, ¢7(d,,.d,..d, 0ad )¢ id, <d

2m? 2m

Similarily, we havel,,,, <d,,..,. Thus foreverymd_ ¢ bd_<d_

This is acontradiction.Therefore {d_} is a norincreasing sequence in pidge real number.
Again from (2.27), we get,
d, =d(y,,y,)=d(Px,,Qx)
¢ £(d(Sx, Rx),d(Px,, Sx).d(Qx, Rx)) (d(Px,, Rx ). d(Qx, Sx))
=1 (A, yo b dlyz, Y1), dlys, o) vz yo ) d(ysya))
=f(d,,d,,d,,d, +d,, 0)
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¢ f(dy, dy,dy,2d,,d,)
s =g(d,).
In general, we get,dn ¢ [ ™(do). This implies that, if d > 0, by Lemma 24
m d,, ¢ im g"(d,)=0.
hence, we have,

(2210 lm d, =0,

Since {dv} is norrincreasing with /= 0. Now, to provehereis a Cauchy sequencefyin X.
By virtue of (2.210), it isa Cauchy sequence in X. We suppod®t there is not a Cauchy
sequencgy m}. Thus,there is are > 0 such that for every integer 2u , exésen inegers 2r(u)
and 2s(u) with 2r(u) > 2sjd 2u such that
(2.211D) d(Yarw), Yasw) > €.
for every even integer 2u, I¢he least even integer exceeding 2s{s 2r(u) with condion
(2.211) i.e.,
(2.212) d(y2s@y, Yorw-2) ¢ eand d(¥sw, Yorw) > €
then for every even integer 2u, we obtain,
e ¢ d(yzsw, Yarw)
Cd(yzsw, Yarw-2) + d(Yasw, Yarw-1) +d (Yarw-1, Yarw)-
from equation (2.2.10) and (212), it follows that
(2.213 d(yzs@, Yorwy) - easu- @,
So, by triangle inequality, we get,

|d(Yzs, Yarw-1) - d(Yas, Yarw)| ¢ d(Yarw-1, Yorw)
and

|d(Yesw, Yarw-1) - d(Yzs, Yarw)l ¢ d(Yar-1, Yarw) + d(¥es, Yasy+).
By using equation (2.2.10) and (23, as u- ©
(2.214)d(y2s@.yorwr) —€  Hyms@hiyarw-1) —€ ,
so, by (2.2.7) and (2.2), weobtain,

d(yzsw, Yarw) ¢ d(Yzs@, Yzsw+1) + d(Yesw+1, Yarw)

= d(yzsw, Yas+1) + d(Pxarw), QXasy+1)
¢d(Yasw, Yes+1) + T (d(Sxerw), RXasy+1),
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d(Pxarw), S¥rw), d(QXas@+1, RXesy+1),
d(Pxarw), RX2sw+1), d(@QX2su+1, S¥rw)
=d(Yzs, Yes+1) + T (d(yarw-1,Y250),
d(Yarw), Yarw-1), d(Yes@+1, Yasw),
(2.219 d(yzrw, Yosw), d(¥esw+1, Yarw-1),
We knowf is upper semi continuous, as-u @, as in (2.2.15), from (2.9), (2.2.12), and
(2.214), we get,
e¢f(e 0,0,e€ Cy(e) <e,
which is a contradiction. Hence, thyem} is a Cauchy sequee in X. Thus proof is complete
2.5Theorem.Let P, Q , R and e mappings from a metric spa@€ d) into itself satisfying
(2.2.6), (2.2.7), (2.8) and following:
(2.216) the pairs (RS) is Sintimate and (Q , R) is ftimate
(2.217) S(X) is complete.
Then P, Q, R and B&ave a unique common fixed point iri . X
Proof: We can sed¢hat the sequence {ydefined by (2.28) is Cauchy sequence in fxom
lemma (2.4. We know thatS(X) is complete andhere is a Cauchy sequenf&®x2n}. Then it
converges to a point a = Sz fochal X. Thus,yn- a and therefore,
Pxan, S¥n, QXzn+1, RXan+1- @
From (2.27),
d(Pz, Xan+1) ¢ f (d(Sz, Ran+1), d(Pz, Sz), d(&n+1, Rxan+1),
d(Pz, R2n+1), d(Qxan+1, S2).
Taking n- @, we have
d(Pz,a¢f(d(a, 3,d(Pz, a),d(a, a), d(Pz, a), d(a))a
=f (0, d(Pz, a), 0, d(Pz ),0)
<d(Pz,a
Hence,a contradictionThis implies that Pz = &ince BX) E R(X), so there existw | X such
that Rw = aHence, from (2.7), we obtain,
d(a, Qw=dPz, Qw ¢ f (d(Sz, Rw), d(Pz, 9z
d(Qw , Rw), d(Pz , Rw), d(Qw, Hz
=f(d(a, a),d(a, a),d(Qw ,)d(a, 3, d(Qw , g)
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d(a, Qw ¢ f (0, 0, d(Qw, a), 0, d(Qw, a)) < d(Qw), a
hencea contradictiorimplies that Qw = aSincePz = Sz = and the pair {A, S} isS-intimate.
Then we have
d(Sa, a¢ d(Pa, &
Suppose Pa a, then from (2.27), we have
d(Pa, a)=d(Pa, Qw f(d(Sa, Rw), d(Pa, Sa), d(Qw , Rw
d(Pa, Rw), d(Qw, Sa
=f(d(Sa, a), d(Pa, Sa), d(a, a), d(Pa, a), d(®, Sa
¢f(d(Pa, a), d(Pa, Sa), 0, d(pa, a), dPa, a
¢ f(d(Pa, a), d(pa, a) + d(@sa), 0, d(Pa ,)a d(Pa, 3
¢f(d(Pa, a), 2d(Pa, a), 0, d(Pa, a), dPa, a
<d(Pa,#a
Hence,a contradiction, whicimplies that Pa = a. Hence Sa.=Samilarly, we get,
Qa=Ra=a
UNIQUENESS:
Now, weshall prove that a is unique. let us consider that P, Q, R and S have common
fixed pointa and b, ab. Therefore, from (2.2), we get,
d(a, b) =d(Pa, Qi f (d(Sa, Rb), d(Pa, Sa), d(Qb,)Rb
d(Pa, Rb), d(Qb, $pn
=f(d(a, b), 0,0, d(a, b), d(@))b
¢f(kk,0,k,0k, k,k)<kwhee k=d(a,h
Thus,a=Db
The following corollaries follav immediately from theorem 2.5
2.6 Corollary. Let (P, S) be $ntimate and (Q , R) be-Rtimate pairs of self magngs of a
complete netric space (X, d) satisfying (2.2.6), (282 and the following:
(2.218 d(Px, @) ¢ gM(x,y),0¢g<1,x,yl X, where
M(x, y) = max{d(Sx, Ry), d(Px, Sx), d(Qy, Ry), [d(Px, Ry) + ¢{&x)]/2}.
Then P, Q, R and Bave a unique common fixed point in X.

Proof: We consider the functioh: [0,2)°- [0, &) defined by

f (X1, X2, X3, X4, X5) = gmax {X1, X2, X3, ¥2 (% + Xs)}.
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Sincef | F, we can apply theorem (2.8nd deduce the Corollary.
2.7 Corollary . Let (P, S) be timate and (Q , R) be ‘Ritimate pairs of self maps of a
complete netric space (X, d) satisfying (2.2.4), (262 and the following:
(2.219 d(PXx, Qy) ¢ g max{d(Px, Sx), d(Qy, Ry), ¥2 d(PxyR
1/2d(Qy, Sx), d(Sx, Ry)}
for all x, y in X,where 0¢ g < 1. Then P, Q, R andiave a unigue common fixed point in X.
Proof: We consider the functioh: [0,2)°- [0, @) defined by
f (X1, X2, X3, X4, X5) = gmax {X1, Xz, X3, ¥2( X+ Xs}.

Sincef | F, we can applyheoren (2.5)to getthis Corollary.
2.8 Remark:

The result of Jungck G. [3s generalized by theorem (2By using intimate mapngs
without coninuity at S and RThe result of Fisher B[2] is also generalized byhé¢orem(2.5).
We generalizeéhe results of Jachymski J. [3] , Kang S. M. and Kim Y. B.did Rhoades B.E.

[9] for intimate mapings.
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