
Available online at http://scik.org

J. Math. Comput. Sci. 10 (2020), No. 4, 1150-1166

https://doi.org/10.28919/jmcs/4515

ISSN: 1927-5307

FIXED POINT THEOREMS OF WEAKLY COMPATIBLE MAPPINGS IN
b2-METRIC SPACE SATISFYING (φ ,ψ) CONTRACTIVE CONDITIONS

THOKCHOM CHHATRAJIT SINGH1,∗, YUMNAM ROHEN SINGH2, K. ANTHONY SINGH3

1Department of Mathematics, Manipur Technical University Takyelpat, Imphal-795004, India

2Department of Mathematics, National Institute of Technology Imphal, Manipur-795004, India

3Department of Mathematics, D.M. College of Science Imphal, Manipur-795001, India

Copyright © 2020 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. Generalising the concept of 2-metric space and b-metric space. Mustafa et. al. (Z. Mustafa. V, Paraneh,

J. Razaei and Z. Kadulberg: b2-metric spaces and some fixed point theorems, Fixed Point Theory and Applications

2014, 2014:144) introduced b2-metric space. In this paper, we prove a common fixed point theorem for two pairs

of weakly compatible mappings satisfying (φ ,ψ) contractive condition in b2-metric space. An example is also

given to illustrate our result.
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1. INTRODUCTION

The study of metric fixed point have been an important research area for the last many years

and many researchers had contributed a lot in this area. In order to strengthen this area various

generalizations of metric space had been introduced. Gähler [1] introduced a generalization of

metric space. He called it 2-metric. But the claim of Gähler that a 2-metric is generalization
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of usual metric was objected by many authors because there is no relation between these two

functions.

Another generalization of metric space was introduced by Baktin [2] and extensively used

by [3, 4]. For more results on generalization of metric space, one can see the research papers

in [5–25] and references therein.

Generalizing the concept of both 2-metric and b-metric spaces. Mustafa et. al. [16] intro-

duced the notion of b2-metric space. They also noted that under certain condition b2-metric

space reduces to 2-metric space.

In this note, we prove a common fixed point theorem for two pairs of weakly compatible

mappings satisfying (φ ,ψ) contractive condition in b2-metric space.

Following definitions was given by Gähler.

Definition 1.1. [1] Let X be a nonempty set and let d : X3→ R be a map satisfying the following

conditions:

(1) For every pair of distinct points x,y∈X, there exists a point z∈X such that d(x,y,z) 6= 0.

(2) If at least two of three points x,y,z are the same, then d(x,y,z) = 0.

(3) The symmetry: d(x,y,z) = d(x,z,y) = d(y,x,z) = d(y,z,x) = d(z,x,y) = d(z,y,x) for all

x,y,z ∈ X

(4) The rectangle inequality: d(x,y,z) = d(x,y, t)+d(y,z, t)+d(z,x, t) for all x,y,z, t ∈ X

Then d is called a 2-metric on X and (X ,d) is called a 2-metric space.

2. PRELIMINARIES

Following definitions was given by Czerwik.

Definition 2.1. [3] Let X be a nonempty set and s ≥ 1 be a given real number. A function

d : X×X → R+ is a b-metric on X if for all x,y,z ∈ X, the following conditions hold:

(1) d(x,y) = 0 if and only if x = y

(2) d(x,y) = d(y,x)

(3) d(x,z)≤ s[d(x,y)+d(y,z)]
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In this case, the pair (X ,d) is called a b-metric space.

Note that a b-metric is not always a continuous function of its variables (see,e.g., [4],Example

2), whereas an ordinary metric is.

Definition 2.2. [1] Let (X ,d) be a 2-metric space a,b ∈ X and r > 0. The set B(a,b,r) = {x ∈

X : d(a,b,x)< r} is called a 2-ball centered at a and b with radius r.

The topology generated by the collection of all 2-balls as a sub-basis is called a 2-metric topol-

ogy on X.

Remark 2.1. [16]

(1) It is straightforward from Definition 1.2 that every 2-metric is non-negative and every

b-metric space contains atleast three distinct points.

(2) A 2-metric d(x,y,z) is sequentially continuous in each argument. Moreover, if a 2-metric

d(x, y,z) is sequentially continuous in two arguments, then it is sequentially continuous

in all three arguments; see [6].

(3) A convergent sequence in a 2-metric space need not be a Cauchy sequence; see [6].

(4) In a 2-metric space (X ,d), every convergent sequence is a Cauchy sequence if d is

continuous; see [6].

(5) There exists a 2-metric space (X ,d) such that every convergent sequence in it is a

Cauchy sequence but d is not continuous; see [6]

Following definitions was given by Mustafa et. al. [16]

Definition 2.3. [16] Let X be a nonempty set, s ≥ 1 be a real number and let d : X3→ R be a

map satisfying the following conditions:

(1) For every pair of distinct points x,y∈X, there exists a point z∈X such that d(x,y,z) 6= 0.

(2) If at least two of three points x, y, z are the same, then d(x,y,z) = 0

(3) The symmetry: d(x,y,z) = d(x,z,y) = d(y,x,z) = d(y,z,x) = d(z,x,y) = d(z,y,x) for all

x,y,z ∈ X.

(4) The rectangle inequality: d(x,y,z)≤ s[d(x,y, t)+d(y,z, t)+d(z,x, t)] for all x,y,z, t ∈X.

Then d is called a b2-metric space with parameter s.

Obviously, for s = 1,b2-metric reduces to 2−metric space.
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Definition 2.4. [16] Let {xn} be sequence in a b2-metric space (X ,d).

(1) {xn} is said to be b2-convergent to x ∈ X, written as limn→∞ xn = x if for all a ∈ X,

limn→∞ d(xn,x,a) = 0.

(2) {xn} is said to be b2- Cauchy sequence in X if for all a ∈ X, limn→∞ d(xn,xm,a) = 0.

(3) (X ,d) is said to b2-complete if every b2- Cauchy sequence is b2-convergent sequence in

X.

Example 2.1. [16] Let X = [0,∞) and d(x,y,z) = [xy+ yz+ zx]p if x 6= y 6= z 6= xand otherwise

d(x,y,z) = 0, where p≥ 1 is a real number. Evidently, from convexity of function f (x) = xp for

x≥ 0, then by Jensen inequality, we have

(a+b+ c)p ≤ 3p−1(ap +bp + cp)

So, one can obtain the result that (X ,d) is a b2-metric space with s≤ 3p−1.

Example 2.2. [16] Let a mapping d : R3→ [0,∞) be defined by

d(x,y,z) = min{|x− y|, |y− z|, |z− x|}

Then d is a 2-metric on R, i.e., the following inequality holds:

d(x,y,z) = d(x,y, t)+d(y,z, t)+d(z,x, t)

for arbitrary real numbers x,y,z,t. Using convexity of the function f (x) = xp on [0,∞) for p≥ 1,

we obtain that

dp(x,y,z) =
[

min{|x− y|, |y− z|, |z− x|}
]p

is a b2-metric on R with s < 3p−1.

Definition 2.5. [16] Let (X ,d) and (X ′,d′) be two b2-metric spaces and let f : X → X ′ be a

mapping. Then f is said to be b2-continuous at a point z ∈ X if for a given ε > 0, there exists

δ > 0 such that x ∈ X and d(z,x,a)< δ for all a ∈ X imply that d′( f z, f x,a)< ε. The mapping

f is b2-continuous on X if it is b2-continuous at all z ∈ X.
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Proposition 2.1. [16] Let (X ,d) and (X ′,d′) be two b2-metric spaces. Then a mapping f : X→

X ′ is b2-continuous at a point x ∈ X if and only if it is b2-sequentially continuous at x; that is,

whenever {xn} is b2-convergent to x, { f xn} is b2-convergent to f(x).

We will need the following simple lemma about the b2-convergent sequences in the proof of

our main results.

Lemma 2.1. [16] Let (X ,d) be a b2-metric space and suppose that {xn} and {yn} are b2-

convergent to x and y, respectively. Then we have

1
s2 d(x,y,a)≤ lim

n→∞
infd(xn,yn,a) = lim

n→∞
supd(xn,yn,a) = s2d(x,y,a)

for all a ∈ X. In particular, if yn = y is constant, then

1
s

d(x,y,z) = lim
n→∞

infd(xn,y,a) = lim
n→∞

supd(xn,y,a) = sd(x,y,a)

for all a ∈ X.

Definition 2.6. [16] A function φ : [0,+∞)→ [0,+∞) is called an altering distance function, if

the following properties hold:

(1) φ is continuous and nondecreasing

(2) φ(t) = 0 if and only if t = 0

Let (X ,d) be a b2-metric space and let f : X → X be a mapping. For x,y,a ∈ X, set

Ma(x,y) = max
{

d(x,y,a),d(x, f x,a),d(y, f y,a),
d(x, f y,a)+d(y, f x,a)

2s

}
and

Na(x,y) = max
{

d(x, f x,a),d(x, f y,a),d(y, f y,a),d(y, f x,a),d(y, f y,a)
}

Definition 2.7. [16] Let (X ,d) be a b2-metric space. We say that a mapping f : X → X is

generalized (φ ,ψ)s,a-contractive mapping if there exist two altering distance functions ψ and

φ such that ψ
(
sd( f x, f y,a)

)
≤ ψ

(
Ma(x,y)

)
−φ
(
Ma(x,y)

)
for all x,y,a ∈ X.

Definition 2.8. [16] Let (X ,d) be a b2-metric space. Then the mappings f ,g : X → X are

weakly compatible if for every x ∈ X , f gx = g f x holds whenever fx = gx.
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Definition 2.9. Let (X ,d) be a b2-metric space.Two mappings f and g are said to be compatible

if

lim
n→∞

d( f gxn,g f xn,a) = 0

whenever {xn} is a sequence in X such that

lim
n→∞

f xn = lim
n→∞

gxn = x

for some points x ∈ X.

3. MAIN RESULTS

Now we prove the following theorem.

Theorem 3.1. Let (X ,≤) be partially ordered set. Suppose that there exists a b2-metric d on X

such that (X ,d) is a complete b2-metric space. Also let self-mappings f, g, S,T on X satisfying

the following conditions

(1) ψ
(
2s4d( f x,gy,a)

)
≤ ψ

(
M(x,y)

)
−φ
(
M(x,y)

)
for all comparable elements x,y,z ∈ X, where φ ,ψ : [0,∞)→ [0,∞) are two mappings such that

ψ is a continuous nondecreasing, φ is a lower semi-continuous function with ψ(t) = φ(t) = 0

if and only if t = 0, and

M(x,y) = max
{

d(Sx,Ty,a),d( f x,Sx,a),d(gy,Ty,a),d( f x,gy,a),
d( f x,Ty,a)+d(gy,Sx,a)

2s

}
If f, g are dominating S, T are dominating with f (X) ⊆ T (X) and g(X) ⊆ S(X) and for a non-

decreasing sequence {xn} with yn ≤ xn for all n and yn→ u implies that u≤ xn and

(1) one of f (X) or g(X) is closed subset of X,

(2) the pairs ( f ,S) and (g,T ) are weakly compatible

then f, g, S and T have a common fixed point in X. Moreover, the set of common fixed points of

f, g, S, T are well ordered if f, g, S, T have one and only one common fixed point.
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Proof: Let x0 be an arbitrary point in X . Since f (X)⊆ T (X) and g(X)⊆ S(X), we can define

the sequences {xn} and {yn} in X by

y2n = f x2n = T x2n+1

y2n+1 = gx2n+1 = Sx2n+2

By the given assuption,

x2n+1 ≤ T x2n+1 = f x2n ≤ x2n

x2n+2 ≤ T x2n+2 = f x2n+1 ≤ x2n+1

Thus, for all n ≥ 1, we have y2n+1 ≤ y2n. Let y2n+1 6= y2n for every n. If not then y2n = y2n+1

for some n, then d(y2n,y2n+1,a) = 0 and from (1) we obtain

ψ(y2n,y2n+1,a) = ψ
(
2s4(y2n,y2n+1,a)

)
= ψ

(
2s4( f x2n,gx2n+1,a)

)
≤ ψ

(
M(x2n,x2n+1)

)
−φ
(
M(x2n,x2n+1)

)
(2)

where

M(x2n,x2n+1) = max
{

d(Sx2n,T x2n+1,a),d( f x2n,Sx2n,a)

d(gx2n+1,T x2n+1,a),d( f x2n,gx2n+1,a)

d( f x2n,T x2n+1,a)+d(gx2n+1,Sx2n,a)
2s

}
= max

{
d(y2n−1,y2n,a),d(y2n,y2n−1,a)

d(y2n+1,y2n,a),d(y2n,y2n+1,a)

d(y2n,y2n,a)+d(y2n+1,y2n−1,a)
2s

}
= max

{
d(y2n−1,y2n,a),d(y2n,y2n+1,a)

d(y2n−1,y2n,a)+d(y2n−1,y2n,a)+d(y2n−1,y2n+1,y2n)

2
}
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If

max
{

d(y2n−1,y2n,a),d(y2n,y2n+1,a),

d(y2n−1,y2n,a)+d(y2n+1,y2n,a)+d(y2n−1,y2n+1,y2n)

2
}
= d(y2n,y2n+1,a)

then by (2) we have

(3) ψ
(
d(y2n,y2n+1,a)

)
≤ ψ

(
d(y2n,y2n+1,a)

)
−φ
(
d(y2n,y2n+1,a)

)
which gives a contradiction. If

d(y2n−1,y2n+1,a) = 0

then

max
{

d(y2n−1,y2n,a),d(y2n,y2n+1,a),

d(y2n−1,y2n,a)+d(y2n+1,y2n,a)+d(y2n−1,y2n+1,y2n)

2
}
= d(y2n,y2n+1,a)

therefore (1) becomes

d(y2n−1,y2n+1,a) ≤ ψ
(
d(y2n,y2n+1,a),

−φ max
{

d(y2n−1,y2n,a),d(y2n,y2n+1,a),

d(y2n−1,y2n+1,a)
2s

})
≤ ψd(y2n,y2n−1,a)(4)

Thus d(y2n,y2n+1,a);n ∈ N∪{0} is a non-increasing sequence of positive numbers. Hence,

there exists r ≥ 0 such that

lim
n→∞

d(y2n,y2n+1,a) = r.

Letting n→ ∞ in (3), we get

ψ(r) = ψ(r)−φ
(

max
{

r,r, lim
n→∞

d(y2n−1,y2n+1,a)
2s

})
= ψ(r)

Therefore,

φ
(

max
{

r,r, lim
n→∞

d(y2n−1,y2n+1,a)
2s

})
= 0
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and hence r = 0. Thus, we have

(5) lim
n→∞

d(y2n,y2n+1,a) = 0

for each a ∈ X . Note that if d(y2n,y2n+1,a) 6= 0 and

max
{

d(y2n−1,y2n,a),d(y2n,y2n+1,a),
d(y2n−1,y2n+1,y2n)+d(y2n+1,y2n,a)+d(y2n−1,y2n,a)

2
}

=
d(y2n−1,y2n+1,y2n)+d(y2n+1,a,y2n)+d(a,y2n−1,y2n)

2

Then by (1) and taking a = y2n−1, we have

ψd(y2n,y2n+1,y2n−1) = ψ
(d(y2n−1,y2n+1,y2n)+d(y2n+1,y2n−1,y2n)+d(y2n−1,y2n−1,y2n)

2
)

−φ
(
(max

{
d(y2n−1,y2n,y2n−1),d(y2n,y2n+1,y2n−1)

d(y2n−1,y2n+1,y2n+1)

2s

}
)
)

=⇒ ψ
(
d(y2n,y2n+1,y2n−1)

)
= ψ

(
d(y2n−1,y2n+1,y2n)

)
−φ
(
d(y2n,y2n+1,y2n−1)

)
which gives d(y2n,y2n−1,y2n+1) = 0, a contradiction. Next, we shall show that {yn} is a b2-

Cauchy sequence in X . For this it is sufficient to show that a subsequence {y2n} is Cauchy in

X . For this purpose we use the following relation

(6) d(yi,y j,dk) = 0

for all i, j,k ∈ N ( Note that this can be obtained as
{

d(y2n,y2n+1,a) : n ∈ N ∪{0}
}

is a non-

increasing sequence of positive numbers).

Suppose the contrary, that is, {xn} is not a b2-Cauchy sequence. Then there exists a ∈ X and

ε > 0 for which we can find subsequences {y2mi} and {y2ni} of {y2n} such that ni is the smallest

index for which

(7) 2ni > 2mi > i,d(y2n,y2m,a)≥ ε

This means that

(8) d(y2mi,y2ni−1,a)< ε

Using (8) and taking the upper limit as i→ ∞, we get

(9) lim
i→∞

supd(y2mi,y2ni−1,a)≤ ε
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On the other hand, we have

d(y2mi,y2ni,a) ≤ sd(y2mi,y2ni,y2ni+1)+ sd(y2n,a,y2mi+1)

+sd(a,y2mi,y2mi+1)

as i→ ∞, we get

(10)
ε

s
≤ d(y2mi+1,y2ni,a)

Again, using the rectangular inequality, we have

d(y2mi+1,y2ni−1,a) ≤ sd(y2mi+1,y2ni−1,y2mi)+ sd(y2ni−1,a,y2mi)

+sd(a,y2mi+1,y2mi)

and

d(y2m,y2n,a) ≤ sd(y2mi,y2ni,y2ni−1)+ sd(y2ni,a,y2ni−1)

+sd(a,y2mi,y2ni−1)

Taking the upper limit as i→ ∞ in the first inequality above, we get

(11) lim
i→∞

d(y2mi+1,y2ni−1,a)≤ εs

Similarly, taking the upper limit as i→ ∞ in the inequality above, we get

(12) lim
i→∞

supd(y2mi,y2ni,a)≤ εs

we have

ψ
(
2s4d(y2mi+1,y2ni,a)

)
= ψ

(
2s4d( f x2mi+1,gx2ni,a)

)
≤ ψ

(
M(x2mi+1,x2ni)

)
−φ
(
M(x2mi+1,x2ni)

)
(13)
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where

M(x2mi+1,x2ni) = max
{

d(Sx2mi+1,T x2ni,a),d( f x2mi+1,Sx2ni+1,a)

d(gx2ni,T x2ni,a),d( f x2mi+1,gx2ni,a)

d( f x2mi+1,T x2ni,a)+d(gx2mi,Sx2mi+1,a)
2s

}
= max{d(x2mi,x2ni−1,a),d(x2mi+1,x2mi,a)

d(x2ni,x2ni−1,a),d(x2mi+1,x2ni,a)

d(x2mi+1,x2ni−1,a)+d(x2mi,Sx2mi,a)
2s

}
Taking the upper limit as i→ ∞ in (13) and using (5),(9), (11) and (12), we get

lim
n→∞

M(xmi,xni−1,a) = max
{

lim
n→∞

supd(y2mi,y2ni−1,a),0,0,d(y2mi+1,y2ni,a),

1
2s

[
lim
n→∞

supd(y2mi+1,y2ni−1,a)+ lim
n→∞

supd(y2ni,y2mi,a)
]}

≤ max
{

ε,0,0,ε,
1
2s
[εs+ εs]

}
≤ ε(14)

So, we have

(15) lim
n→∞

supM(x2mi−1,x2ni−1,a)≤ ε

Now, taking the upper limit as i→ ∞ in (13) and using (10), (15) we have

ψ(s
ε

s
) ≤ ψ

(
lim
n→∞

supd(y2mi,y2ni)
)

≤ ψ
(

lim
n→∞

supM(x2mi,x2mi−1)
)
−ψ

(
lim
n→∞

infM(x2mi,x2ni−1)
)

= ψ(ε)−ψ
(

lim
n→∞

infM(x2mi,x2ni−1)
)

which further implies that

φ
(

lim
n→∞

infM(x2mi,x2ni−1)
)
= 0

so

lim
n→∞

infM(x2mi,x2ni−1) = 0
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a contradiction to (7).

Thus {y2n} is a b2-Cauchy sequence in X . As X is a b2-complete space,there exists u ∈ X such

that y2n→ u as u→ ∞, that is

lim
n→∞

y2n+1 = lim
n→∞

f x2n = lim
n→∞

T x2n+1 = u

Since X is complete, there exists y ∈ X such that

lim
n→∞

y2n = lim
n→∞

f x2n = lim
n→∞

gx2n+1

= lim
n→∞

T x2n+1 = lim
n→∞

Sx2n+2 = y

Now, we show that y is a common fixed point of f, g, S and T.

Let g(X) be a closed subset of X , since g(X)⊂ S(X), so there exists u ∈ X such that Su = y.

We prove that f u = y since gx2n+1 ≤ x2n+1 and gx2n+1→ y as n→ ∞,y≤ x2n+1 and u≤ Su≤

y≤ x2n+1 ≤ x2n, so from (1), we obtain

ψ
(
d( f u,gx2n+1,a)

)
≤ ψ

(
2s4d( f u,gx2n+1,a)

)
≤ ψ

(
M(u,x2n+1)

)
−φ
(
M(u,x2n+1)

)
(16)

where

lim
n→∞

M(u,x2n+1) = max
{

d(Su,T x2n+1,a),d( f u,Su,a)

d(gx2n+1,T x2n+1,a),d( f u,gx2n+1,a)

d( f u,T x2n+1,a)+d(gx2m+1,Su,a)
2s

}
=⇒ M(u,x2n+1) = max

{
d(Su,y,a),d( f u,Su,a),d(y,y,a),d( f u,y,a),

1
2s
[d( f u,y,a)+d(y,Su,a)]

}
= max

{
d(y,y,a),d( f u,y,a),0,

d(y,y,a),
1
2s
[d( f u,y,a)+d(y,y,a)]

}
= d( f u,y,a)
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Therefore

ψ
(
d( f u,y,a)

)
= ψ

(
d( f u,y,a)

)
−φ
(
d( f u,y,a)

)
≤ ψ

(
d( f u,y,a)

)
which is a contradiction.

Therefore f u = y.

Since the pairs ( f ,S) is weakly compatible we have, f Su = S f u. Hence f y = Sy. We prove that

fy = y, if f y 6= y, then from (1), we have

ψ
(
d( f y,gx2n+1,u)

)
≤ ψ

(
2s4d( f y,gx2n+1,u)

)
≤ ψ

(
M(y,x2n+1)

)
−φ
(
M(y,x2n+1)

)
= ψd( f y,y,a)−φd( f y,y,a)

a contradiction to f y 6= y. Therefore f y = Sy = y and hence y is a common fixed point of f and

S. Since y = f y ∈ f (X) ⊂ T (X), hence there exists v ∈ X such that tv = y. Now we have to

show that gv = y. Since v≤ T v = y≤ x2n+1, hence from (1), we have

ψ
(
d(y,gv,a)

)
= ψ

(
d( f y,gv,a)

)
≤ ψ

(
2s4d( f y,gv,a)

)
≤ ψ

(
M(y,v)

)
−φ
(
M(y,v)

)
where

M(y,v) = max
{

d(Sy,T v,a),d( f y,Sy,a)

d(gv,T v,a),d( f y,gv,a),

d( f y,T v,a)+d(gv,Sy,a)
2s

}
= max

{
d(y,y,a),d(y,y,a),d(gv,y,a),d(y,gv,a),

1
2s
[d(y,y,a)+d(gv,y,a)]

}
= max

{
0,0,d(gv,y,a),d(y,gv,a),

1
2s

d(gv,y,a)
}

= d(gv,y,a)
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Therefore

ψ
(
d(y,gv,a)

)
≤ ψ

(
d(gv,y,a)

)
−φ
(
d(gv,y,a)

)
which is a contradiction. Therefore

(
d(y,gv,a)

)
= 0

=⇒ gv = y

By the weakly compatibility of the pairs (g,T ). we have T gv = gT v. Hence Ty = gy. We prove

that gy = y, if gy 6= y, then from (1) we have

ψ
(
d( f y,gy,a)

)
≤ ψ

(
2s4d( f y,gy,a)

)
≤ ψ

(
M(y,y)

)
−φ
(
M(y,y)

)
where

M(y,y) = max
{

d(Sy,Ty,a),d( f y,Sy,a),

d(gv,Ty,a),d( f y,gy,a),

d( f y,Ty,a)+d(gy,Sy,a)
2s

}
= max

{
d(y,y,a),d(y,y,a),d(gy,y,a),d(y,gy,a),

1
2s
[d(y,gy,a)+d(gy,y,a)]

}
= max

{
d(y,gy,a),0,0,d(gy,y,a),

1
2s

d(y,gy,a)
}

= d(y,gy,a)

Therefore

ψ
(
d(y,gy,a)

)
≤ ψ

(
d(y,gy,a)

)
−φ
(
d(y,gy,a)

)
which is a contradiction. Thus gy = Ty = y and hence y is a common fixed point of g and T .

Hence f y = Sy = Ty = y, thus y is a common fixed point of f ,g,S and T . similarly if f(X) be a

closed subset of X we can get the same result.

Here we give an example to illustrate Theorem 3.1.
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Example 3.1. Let X = [0,2] be endowed with a b2−metric d(x,y,z) = [xy + yz + zx]2,x 6=

y 6= z,d(x,y,z) = 0 otherwise. Also, let self-mappings f ,g,S,T on X defined by f (x) = 0, if x=0;
x
5 +1, otherwise.

g(x) =

 0, if x=0;
2x
5 +1, otherwise.

S(x) =

 0, if x=0;
3x
5 +1, otherwise.

T (x) =

 0, if x=0;
4x
5 +1, otherwise.

where x,y,z ∈ X. f (X) = [0, 7
5 ],g(X) = [0, 9

5 ],S(X) = [0, 11
5 ],T (X) = [0, 13

5 ]. Here f (X) ⊆

T (X),g(X) ⊆ S(X) and ( f ,S) and (g,T ) are weakly compatible at x = 0. Also, f (X) or g(X)

is closed subset of X.

Take ψ(t) = t and

φ(t) =

 t
100 , if t greater than 0;

0, if t=0.
Now,

ψ(2s4d( f x,gy,a)) = ψ(2s4d((
x
5
+1),

2y
5
+1),0)

= ψ(2s4{(x
5
+1))

2y
5
+1)}2)

=
2s4

25
{(x+5)(2y+5)}2

and

M(x,y) = max
{

d(Sx,Ty,a),d( f x,Sx,a),d(gy,Ty,a),d( f x,gy,a),
d( f x,Ty,a)+d(gy,Sx,a)

2s

}
= max

{
((

3x
5
+1)(

4y
5
+1))2,((

x
5
+1)

3x
5
+1))2,((

2y
5
+1)(

4y
5
+1))2,((

x
5
+1)(

2y
5
+1))2,

(( x
5 +1)(2y

5 +1))2 +((2y
5 +1)(3x

5 +1))2

2s

}
Then

ψ
(
2s4d( f x,gy,a)

)
≤ ψ

(
M(x,y)

)
−φ
(
M(x,y)

)
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Hence all the conditions of Theorem 2.1 hold and f ,g,S,T have the common fixed point at x = 0

in X.

4. CONCLUSION

We prove a common fixed point theorem for two pairs of weakly compatible mappings sat-

isfying (φ ,ψ) contractive condition in b2-metric space. Our results generalise the concept of

2-metric space and b-metric space.
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