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Abstract. In 1713, Swiss mathematician Jacob Bernoulli published his work about “Bernoulli Numbers”. In this 

paper, we try to generalize the Bernoulli numbers to class of polynomials called Bernoulli Polynomials. In 

particular, we see that the constant terms of Bernoulli polynomials are precisely the Bernoulli numbers. After 

introducing Bernoulli numbers and Bernoulli polynomials we discuss few interesting properties of Bernoulli 

polynomials.  
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1. INTRODUCTION  

Bernoulli numbers are special class of numbers which occur quite unexpectedly in several 

counting problems. It contains more applications and is considered to be one of important objects 

of research by mathematicians. The concept of Bernoulli polynomials was seen as a natural 

extension of Bernoulli numbers. This paper focuses about deriving few interesting properties of 

Bernoulli polynomials. We first look at the definitions of Bernoulli numbers and Bernoulli 

polynomials.  
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2. BERNOULLI NUMBERS  

Bernoulli numbers are numbers which occur as coefficients of 
!

nx

n
 in the Taylor’s series 

expansion of the function 
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x

e −
 about x = 0 (see [1]).   

That is,  
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            (2.2) 

In view of equation (2.2), we get set of equations given by  

 

Knowing 0 1B = , from the equations mentioned above, we get the set of Bernoulli numbers as 

follows:  

      (2.3) 

The numbers listed in (2.3) are referred to as Bernoulli numbers. We notice that except B1  all 

Bernoulli numbers of odd subscripts are zero.  

 

3. BERNOULLI POLYNOMIALS 

Bernoulli polynomials are polynomials of the form Bn(t) which occur as coefficients of 
!
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 in the 

Taylor’s series expansion of 
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 about x = 0. We denote the nth Bernoulli Polynomial by 

Bn(t). Hence we have 
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First, we note that comparing equations (2.1) and (3.1), we have (0)n nB B= . That is, the 

Bernoulli numbers are values from Bernoulli polynomials evaluated at t = 0. In other words, 

Bernoulli numbers are the constant terms of the Bernoulli polynomials. In this sense, we can 

view Bernoulli polynomials as generalization of Bernoulli numbers.   

3.1 Definition  

The nth Bernoulli polynomial is given by 
0

( ) (3.2)
n

n k

n k

k

n
B t B t

k

−

=

 
=  

 
 where Bk in the right 

hand side is the kth Bernoulli number.   

3.2 Determining Bernoulli Polynomials  

Using equation (3.2), we can find Bernoulli polynomials using the list of Bernoulli numbers 

obtained in equation (2.3)   

First, we find for n = 0, 0 0( ) 1 (3.3)B t B= =  

For n = 1, 
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For n = 2, 
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For n = 3, 

3
3 3 2 3 2

3 0 1 2 3

0

3 3 1
( ) 3 3 (3.6)
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Similarly for n = 4, 5 and 6 we get the following polynomials 

 

We can find more Bernoulli polynomials by substituting successive natural number values of n. 

Equations (3.3) to (3.9) provide the first seven Bernoulli polynomials.  

In view of equations (2.1) and (3.1), the functions 
1x

x

e −
and 

1

tx

x

xe

e −
are called Generating 

Functions (GFs) of Bernoulli numbers and Bernoulli polynomials respectively.  
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4. MAIN RESULTS 

We now try to prove some of the interesting properties through two theorems associated with 

Bernoulli polynomials.  

4.1 Theorem 1 

If ( )nB t is the nth Bernoulli polynomial then  

(1 ) ( 1) ( )n

n nB t B t− = −       (4.1) 

Proof: We make use of the generating function of Bernoulli polynomials to get 

 

 

4.2 Theorem 2 

For any whole number n, the Bernoulli polynomials satisfy the following properties 

 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 
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Proof:  Equation (4.2) is an immediate consequence of (4.1) in Theorem 1, by taking t = 0. In 

doing so, we get (1 0) ( 1) (0)n

n nB B− = − . But we know that (0)n nB B= . Hence we get 

(1) ( 1)n

n nB B= − which is equation (4.2).  

For proving equations (4.3) to (4.7), we use generating functions of Bernoulli numbers and 

polynomials as defined in equations (2.1) and (3.1). We prove these results by considering the 

generating functions on the right hand side and showing that they form generating function on 

the left hand side terms.  

 

Now to prove (4.4), we consider the generating function of the right hand side and proceed as 

below:  

 

Comparing the coefficients of 
!

kx

k  
on both sides we get  ( )11 1 1

1 3 1 ( 1)
2 2 3

k k

k kB B−  
 − − = + −   

 
 

If k is odd, then 1 ( 1) 0k+ − =  and so the right hand side is zero. Also, the left hand side term 

0kB = for odd values of k except 1. When k = 1, 11 3 0k−− =  and so the left hand side is zero. 
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Hence for all odd positive integer values of k, both left and right hand sides of above equation 

becomes identically zero.  

If k is even, then 1 ( 1) 2k+ − =  and so the above equation becomes ( )11 1
1 3

2 3

k

k kB B−  
− − =  

 
. 

Since, k is even we can take k = 2n in the previous equation to get ( )1 2

2 2

1 1
1 3

3 2

n

n nB B− 
= − − 

 
 

which is precisely equation (4.4)  

To prove (4.5), we proceed similarly by considering the generating function of the right hand 

side to get the following equations  

 

For all odd values of k, we see that both left and right hand side terms are zero. If k is even, then 

1 ( 1) 2k+ − =  and so the above equation becomes ( )( )1 11 1
1 2 1 3

2 6

k k
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. Since k is 

even, taking k = 2n, we have ( )( )1 2 1 2
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 which is equation (4.5) 
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To prove the final two identities, first we consider the generating function of ( )1 1
2 1

3

k

kB−  
−  

 
 to 

get  

 

If k is even, then ( 1) 1 0k− − = . Thus if k = 2n, then we get ( )1 2

2 2

1 1
2 1

6 3
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= −   

   
 which is 

equation (4.6). We can also obtain this equation directly using equations (4.4) and (4.5).  

If k is odd, then ( 1) 1 2k− − = − . Thus if k = 2n – 1, then we get ( )2 2

2 1 2 1

1 1
2 1
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which is equation (4.7).  

 

5. CONCLUSION 

The concept of Bernoulli numbers and polynomials occur in variety of research areas in 

mathematics. In this paper, we have seen some new properties of Bernoulli polynomials listed in 

Theorem 2 of section 4. These new properties may add further understanding of the values of 

Bernoulli polynomials evaluated at certain values like 
1 1 1

, ,
2 3 6

 through the corresponding 

Bernoulli numbers. Equations (4.6) and (4.7) provide the connection between Bernoulli 
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polynomials for even and odd indices for the values 
1

6
 and 

1

3
 respectively. These new results 

may provide greater scope for future explorations in the understanding of Bernoulli polynomials, 

which in turn can be used in tackling various problems of Science and Technology.   
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