Avail able online at http://scik.org
J. Mat h. Comput . Se280710 (2020) , No . 6, 2783
https://doi.dB8B8K10.28919/ ) mcs/

I SSN:-53027

s*g-IRRESOLUTE TOPOLOGICAL VECTOR SPACES
RAJA MOHAMMAD LATIF”
Department of Mathematics and Natural ScienCedlege of Sciences and Humanities
Prince Mohammad Bin Fahd Universid — Khobar, Kingdom of Saudi Arabia

Copyright © 2@0the author(s). This is an open access article distributed under the Creative@oAtirnibution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract.We introduce and study a new class of spaces, nasglirresolute topological vector spaces via
S g-oper sets. We explore and investigate several properties and characterizatitiis new notion of
s g-irresolute topological vector space.
Keywords: topological spaces g closec set s g-oper set s g-irresolute topological vector space

2010 AMS Subject Classification54C08, 54C10, 54C30, 57N17, 57N99

1.INTRODUCTION

The concept of topological vector spaces was introduced by Kolmogroff in [1934 Its
properties and characterizations were studied and investigated by many tliffatieematicians.

Due to its large number of exciting and interesting propestneschaacterizationsit has been

used in different advanced branches of mathematics like fixed point theory, operator theory,
variational inequalitiegifferential calculusetc. The researchers not only make use of topological
vector spaces in many other @islto develop new concepts but also stretch and extend this notion
in every possible way to makkefield of study a more convenient and understandaibl2008,

M. Khan, T. Norj and M. Hussaitjl16] introduceds’ g- closecsets ands g-opersets in topological

spaces and showed that the family of alb- oper subsets of a topological spager) forms a
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topology on x which is finer thant. Also, they studied some characterizations and basic
properties ofs’ g-oper sets ands’ g-closec sets. They also used these sets to define and study a new
class of functions, namely, g- continuoufunctions as well ass g- Normal spaces. We introduce

s g-irresolute topological vector spaces by usirsjg- oper sets and investigate several general properties and
characterizations dahis notion ofs’ g-irresolute topological vector space. We also give several
characterizations of g- Hausdorff spaces. Furthermore, we show that the extreme poittteof

convex subset of g-irresolute topological vector spac liesin the boundary spaces.

2.5*g-OPEN SETS IN TOPOLOGICAL SPACES

The (Xt) and (Ys) (orsimply, X and ¥ denote topological spaces on which no separation
axioms are assumed unless explicitly stated. A subssta topological spacgX ¢) is said to be

openif Al ¢t. A subsetA of atopological spac« is said to be closed if the sat= X -A is open.
The interior of a subseA of a topological spac« is defined as the union of all open sets

contained inA. It is denoted byint(A). The closure of a subset of a topological space is
defined as the intersection of all closed sets containairigis denoted byCI(A).
Westartrecallingthe following definitionsandresults from[16], whicharenecessary for thistudy

in the sequel.

Definition 2.1. A subset A of a topological spacgX¢) is said to besemi oper set if
Al clgint(A) { SO X) represents the collection of aémi opersets inX.

Definition 2.2. A subsetA of a topological spacgx t) is said to be semi closerset if X- Alis
semi oper SC{ X) represents the collection of aémi closer sets inX.

Definition 2.3. A subset A of a topological spacgXt) is said to be a-open set if
Al IntgCl(Int(A)) ¢

Definition 2.4. A subsetA of a topological spaceX () is said to be a-closed set if X- A'is
a-open

Definition 2.5. Let (X ¢) be a topological space. A subsebf X is said to be generalized closed

(briefly, g-closed) if CI(A)l U wheneverAl u and U is open inX.The complement of a
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g-closecset is g-open

Definition 2.6. Let (X ) be a topological space. A subsetof X is said to be generalized
semi closer (briefly, gs-closec) if sCI(Al U whenever Ai U and U is open in X. The
complement of ays- closecset is gs- open

Definition 2.7. Let (X ¢) be a topological space. A subsetof X is said to be generalized
a-closed (briefly, ga-closed) if a-CI(A)1 U whenever Ai U and U is a-open in X. The
complement of aga-closedset is ga-open

Definition 2.8. Let (X /) be a topological space. A subsebf X is said to bes g-closec if
CI(A)1 G wheneverai GandG is semi operin X. The collection of alls’ g- closec subsets ofx
is denoted bys Gq( X

Definition 2.9. Let(X t) be a topological space amd x.Then thes g-closure of A, denoted by
s ¢ Cl( A is the intersection of al§’ g-closec subsets ofx which containA.

Definition 2.10.Let (X t) be a topological space. A subsebf X is said to bes’ g-operif X- A
is s g-closed or equivalently, ifGI Int(A) wheneverGi A and G is semi closec in X. The
collection of all s’ g- oper subsets of X is denoted bys cq X)

Definition 2.11. Let (X ¢) be a topological space amd x. Then thes g-interior of A, denoted by
s g Int( A is the union of alls’ g-oper subsets ofx which are contained im.

Definition 2.12.[23) A subsetA of a topological spacgX £) is said to be:

(i) An a-s'g-oper setif Al s g InthI( s'g In A) {

(i) A pre-s g opersetif Al s g IngCl( A ¢

(i) A b-s g opersetif Al s g IngClA |g Cgs'g Inf A ¢

(iv) A b-s g-oper setif Al CIgs g Inf CY A) §

Theorem 2.13 The union of twos’ g- closec sets(and hence the finite union &f g- closecsets) in
a topological spacéx ¢) is s g-closed

Proof. Let Aand B be any two s g-closec setsin a topological spacg¢x ;). Let G be a

semi opeiset containingAUB. Then CI(A)1 G and cI(B)I G implies thatci(AUB)I G. This
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proves thatAUB is s g-closed

Theorem 2.14 An arbitrary intersection ofs' g- closec Sets in @opologicalspacex is s g closed

Proof. Theorem 3.12 irj16].

Corollary 2.15. For any spacéX ), S GQ X) is a topology onx.

Remarks 2.16 (1) We summarize the fundamental relationships between several types of

generalized closed sets in the following diagram. None of the implications is reversible.

closed Yol § g closed Y% -g close
® ®
a-closed 2% ga closed Y% gs close

(2) The following diagam represents the fundamental relationships between several types of open

sets ands g-oper sets. None of the implications is reversible.

open YoY% a- open Yol pre- open Yol b- open %% b -op
® ® ® ® ®
O a- re - b - b -
9 Vs * Vsl P Vsl * Vsl )

open S g-open S g open S-g open 5 g of

Definition 2.17. Let (X ) be a topological space and leit X. A subsetaof x is said to be
s ¢ neighborhooi of x if there exists ars g-oper setG such thatxi G i A

The set of all s g- neighborhood of xi X is calleds g- neighborhoor system atx and is denoted by
s o N( x):{ Al X :Ais s g neighborhood o} :

Remark 2.18. Every neighborhooda of xi X is s g neighborhoor of x. But in general, @&

s g-neighborhoor A of xi X need not be a neighborhood »fin X.

Theorem 2.19 Let(X /) be a topological space amgsi x.Then the following assertions are
true.

(1) sgInt( X)= X and s g Int(f) = #

(2) Int(A)] sgin{ AT A

(3) Al sgC(ATC(A
(

4) If Bis anys g oper set contained im, thenBI s g Int{ A |
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5) A is s g-closec if and only if s g-CI( A= A
6) If Al B,thensgIn(Al s'gInf B
7)sgings'g In( A g s'g Int A

8) A is s g-operif and only if s'g- Int( A= A
9) sgCI(X)= Xands gCI(f)=

10) If Bis anys’ g-closec set containinga, thens g CI( Al B.

(

(

(

(

(

(

(1) If Al B,thensgCI(Al s'gC(B
(12 sgcigs'gC(A gs'ad A

(13) sgin{ M B=sgInf AN s'g Ift Pands gC(AUB=sgC[ AU sgd B

(14 X-sgin{ A =sgf X -A

(15) X-s g CI( A =s'g Inf X -A

(16) xi s g Cl A if and only if for everys g-oper setU containingx, UNA, £.

(17) xi s g Inf A if and only ifthereis an s g-oper setU in X such thatxi U 1 A,

(18) J, s aCly)l s'g C(U y LU,) and(J, sgint(U)i s'g In(U y LU,)

Definition 2.20 A mapping f:(X.t)- (Y, § is called s g-irresolute at a pointxi X if for all
s g-oper subsetsv in Y containing f (x), there is ans g-oper subsetu of x such thatxi U and
f(U) is a subset ofv. The functionf will be calleds g-irresolute if f is s g-irresolute at each
point xi X.

Theorem 2.21 Let f:(X,t)- (Y. $ be afunction. Then the following statements are equivalent.
(1) f is s g-irresolute

(2) For eachxi xand eachs g-neighborhoorv of f(x) in Y, there is ans g-neighborhooi U of

x such that f (U)1 V.

(3) The inverse image of every g- closectsubset ofy is an's’ g- closec subset ofX .

(4) The inverse image of every g opersubset ofy is ans g-oper subset ofX .

Definition 2.22.A function f:(X.t)- (Y, § is calleds g continuou:if f*(V) is s g-operset in X

for every open se¥ in Y.
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Proposition 2.23. A function f:(X.t)- (Y, §is called s g continuou:if and only if f*(v) is
s g-closec set in X for every closed sef in Y.

Definition 2.24. A function f:(X,t)- (Y, §is calledPre-s g oper if and only if the image set
f(U) is s g-opersetiny for everys g-oper setu in X.

Proposition 2.25. A bijection function f:(X,t)- (Y, §is called s g-homeomorphis if f is
pre-s g oper and s’ g-irreseolute

Theorem 2.26 Let (X t) be a topological space. Then the fam#$yGQ X¢) of all s g oper
subsets ofx formsa topology onX .

Proposition 2.27. A subsetA of a topological spacéX t) is s g-oper if and only if it is an
s g neighborhoor of each of its points.

Proof. Y : If Ais s goperin X,then xi Al Aforeachxi A Thus A is an s g neighborhoo

of each of its points.

Conversely, suppose that is ans g- neighborhooi of each of its points. Then for eagh A, there

exists @ s g-oper setuU, in X such thatxi u 1 A HencelJ, U, 1 A Since Al |J,,U,,

thereforeA=|J  U,.Thus A is an s g-oper set in X, since it is a union of g-opersets.

3. PROPERTIES OF S*g-|RRESOLUTE TOPOLOGICAL VECTOR SPACES

In this section, we define and investigatenebasic properties of g-irresolute topological vector
spaces.

Definition 3.1. A topological space(X(K) ,t) is called s g-irresolute topological vector space
(s gITvg whenever the following conditions are satisfied.

(1) for eachx,yl X and for eachs g-oper neighborhoodv of x+y in X, there exists g oper
neighborhoodsu and V in X of x and y respectively, such that +v iw.

(2) foreachxi x, /i K and for eacts’ g-oper neighborhoodw of /x in X, there exists’ g-oper
neighborhood® of / in K andVv of x in X, such thauvi w.

Theorem 3.2. Let (X(K) ,t) be an s girresolute topological vector space. Then the following

assertions are true
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(1) The (left) right translation mappingr,:X - X defined byT,(y)=y +;for all x,yi X, is
S g-irresolute

(2) The multiplication mappingv, : X - X, defined byMm, (x)=/x, forall xi X,is s g-irresolute
Proof. (1) Let w be ans’ g-oper neighborhood ofT,(y)=x +y Then by definition, there exist
s g-oper neighborhoodsy andV in X containingy and x respectively, such that +v iw.
This gives thaff,(U)=U #« U W W.This proves thatT,: X - X is ans’ g-irresolute mapping.
(2) Let xi X, /1 K. ThenM, (x)=/x. Let W be anys g oper neighborhood of/ x. Then by
definition of s gITVS there exist s g-oper neighborhoods) in K of / andVv in X of x, such
that uvi w. This gives thatM,(V)=/V iUV IW This proves thatM,:X- X is an
S g-irresolute mapping.

Theorem 3.3 Let (X(K) ,z‘) be & s g-irresolute topological vector space. Léi S GJ X Then the

following statements are true.

(1) x+Aiscq R foreveryxi X.
(2) /Al sGq X for everynon- zercscalar/ i K.
Proof. (1) Let yI x +A Theny=x +afor someai A. By definition of s g-irresolute topological

vector spaces, there existg-oper setsU andV in X containing- x and y respectively such
that u+v 1A This giwes -x« U w A This implies yiVix +A Therefore

yi sgInf x+A Hence,x+A = g In{ x A This proves thak+ A is s g-oper in X.

(2) Let xi /A Then x=/a for someai A Thus a:/lx i A. By definition of s g-irresolute

topological vector spaces, there exisf oper setsU in K containing/l andV in X containing

x such thatuvi A This implies thata:/lx ii/v iUV 1A Hencexi v 1/ AThus we obtain

xi sgIn{/ A Therefore, it follows that Al s ¢ In{ /4 Hence,/A=s g Inf{ /A This shows
that /Al SGQ X
Corollary 3.4. Let (X(K) ,t) be ans girresolute topological vector space. Les be an s g-oper

subset ofX . Then the following statements are true.
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(1) x+A1sgcClgsglInf x+A foreachxi X.

(2) /Al sgClgs'g Inf /A for any nonzero scalar .

Theorem 3.5, Let (X(K) ,z‘) be ars’ g-irresolute topological vector space. LeAl S GJ X and B be
any subset ofx . Then prove thatr+B iS GQ X

Proof. Suppose Al S GQ X and Bi X.Then, for eactbi B and by Theorem 3.3 (1), we have
A+biSGd X ThenA+B A b:b B is a union ofs g oper sets. Since arbitrary union of
S g-oper sets iss g-open thereforeA+B iSs s g-oper in X.

Corollary 3.6. Suppose(X(K) ,z‘) is an s g-irresolute topological vector space and lat S Gq X

Then the set =|J°_(nA) is s g-operin X.

Theorem 3.7. Let (X(K) ,z‘) be ans g-irresolute topological vector space. LeAl X. Then the
following statements are true

(1) sgint(x+ A =x €¢It A foranyxi X.

(2) sgInt(/ A= gs'g Inf A ¢for anynonzero scalar i K.

Proof. (1) By Theorem3.3 )L x+s g In{ A is s g-open Therefore x+s g Inf A T x + implies
x+sginf A 1sginfx+N Now let zi $gin{x+A Then z=x +y for some yi A By
definition of s gITVS there exists g-oper setsU andV in X containingx and y respectively,
such thatu +v 1s g Inf x # Thisgivesthaz=x +y Kk W &g Inf x M xI/Therefore it follows
that VI -X $¢ InI( X A Ix ( X +a\ +£ Since V is s g-open then VI s g In{ A and therefore
yi sgin{A. Thus -x % BgIn( A Hence zi x+sgIn{ A Therefore it follows that
sgint(x+ A 1 x g Inf A Consequently, we conclude thatr Int( x+ A =x ¢ Inf A

(2) By Theorem3.82 /ggin(A is sgopen Thus /gsg (A g /# implies that
/g gin(A g sginf /A Next, if yi sgInf/ A theny=/xfor somexi A By definition of
s gITVS there exists g-oper sets U of / in KandV of x in X such thatuVvi s gIn{/ A
Therefore,y=/x i &N UV BglInf A 14AThis implies thatxi V 1 A SinceV is s g-open

Thus xi sgin{A  Consequently, y=/xi gsgin(A ¢ Therefore we obtain
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sgint(/ Al /&s'gInf A {Hence we conclude thad g-Int(/ A= &s'g In{ A {

Theorem 3.8. Let (x(K) ,t) be ans girresolute topological vector space. LetBi X. Then
sgin(A+sginfB 1 s'glf A+B

Proof. We know that sgIn{Al A and sgint(Bi B Hence we obtain
Sgin(A+sginf B 1 A+ By Theorem 3.5s g Int( A+ s'g In{f B is s g-open Therefore we
have sgInt(A+s'gin{fB =s'gIng s'glft A +sglft)Bg Isg(nt Ajd Thus we get
Ssgin(A+sginf B I s'glft A+B

Theorem 3.9 Let F be anys g-closec subset of ars g-irresolute topological vector spac& . Then

the following statements are true

(1) x+F iscq X for everyxi X.

(2) /Fi sGq X) for each nor-zero scalar | K.

Proof. (1) Suppose thayi s ¢ C( x+F) Considerz= -x yand letw be anys g oper setin X
containing z. Then there exists g-oper setsU and vV in X such that- x {U,yi V and
U+V Iw. Since yi sgCl(x+F (x+F)NV .f. So, there is an elemerti (x +F)NV. Thus
al x+F and al V. Hence-x -a F and -x ta U W Therefore-x 2 FN(U W FOW.
Thus FNw, 7. Therefore zi SgC(F =F. Hence yi x+F. Thus we conclude that

x+F = ¢ Cl x ¥ This proves thak+F is s g closec setin X.

(2) Assume thaixi s g C(/ F).Let w be anys g oper neighborhood ofy:/lx in X. Since X

IS s gITVS there exists g-oper setsU in K containing/l andV in X containing x such that
uVvi w.By hypothesis{/ F)NV , f Therefore, there is an elemeait (/ F)NV. Thusai /F and
al V. Hence/iai F and /ial’ E/V iUV iw ThereforeFNw, 7. Henceyi s g C( F) =F. Thus
xi /F and thereby/F =s g-Cl( /F).Hence/Fi SGQ X

Corollary 3.10. Let (x(K) ,t) be an s g-irresolute topological vector space and leti X. Then

s gClgx+ s'g C( A g=x «'g ¢l pfor eachxi X.

Theorem 3.11 Let (X(K) ,t) be ans g-irresolute topological vector space arsl be a subspace of
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X. If S contains anon- empty s g-oper subset ofx, thens is s g-operin X.

Proof. SupposeJ is anon- empty s g-oper subset ofx such thatui s.By Theorem3.8 )L for
any yi S U+y is an s goper subset ofx. Since S is a subspace oK, so also we have
U+y isforanyyi sThusS=U{U +y:y B is s'g-operin X being a union of g oper sets.
Theorem 3.12 Let A be any subset of as g-irresolute topological vector spac&X. Then the

following statements are true.

(1) x+sgC(A =sgd x +# foranyxi X.

(2) sgcCl(/ A= gs'g C( A {for any nonzero scalar .

Proof. (1) By applying Theorem3.9 L x+s gCl( A is s g-closed Hence x+A 1 x+s g C( A
impliess gCl(x+ A 1 x g0 A For the reverse inclusion, let x+s g C{ A Thenz=x +y
for someyi sgC(A Let W be anys goper neighborhood ofz in X. Then, there exist
s g-oper neighborhoodsu andvVv of x and y respectively inX such thatu+v iw. Since
yi sgC(A. ANV, 7. Consideral ANV. Then x+a i(x AN(U W (x Am W Therefore
we have (x+A)NW ,f Consequently,zi sgC(x+A Thus x+sgC(A 1 sgCl(x+A.
Hence,x+s g C(A =s'g [ x

(2) By Theorem3.4 2 /g gCI(A is s gclosed Therefore /Al s g C(A implies that
SgCl(/ AE Rgs'g C( A {Next, letxi sgC(A and letw be anys g oper neighborhood of
z=/ xin X.Then we gets g-oper setsU in K containing/ andV in X containing x such
that UVI W. Since xi sgC(A there is an elementai Anv and thus
y=/ai( /AN( V) { AN(VY ([ Anw Hence (/ANW, # Therefore it follows that

z=/xisgC( /A Thus /g gCI(A g s'g C( /A Hence the assertion follows.
Theorem 3.13 Let (X(K) ,z‘) be ans g-irresolute topological vector space. Let and B be subsets

of X. Then prove thas g¢CI( A+s'gC( B | s'g d A+B
Proof. Let xi sgCl A and yi sgCI(B Let W be ans g oper neighborhood ofx+y. Then
there exists g-oper neighborhoodsy and v of x and y respectively, such that +v iw.

Since, xi sgCI(A yi sgC(B . there are ai ANU and bi BNV. Then,
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atb i(A BN(U WM (A BAW Thus we have (A+B)NW . This implies tha
x+y is g C( A B Hene eventuallyweobtains gCI(A+sgC( B I s'g @ A+B

Theorem 3.14 Let (X(K) ,1‘) be ans’ g-irresolute topological vector space. For givem X and/i K
with /, 0, each translation mapping@,:X- X defined by T (x)=x +y and multiplication
mappingM, : X - X defined byM, (x)=/x, wherexi X, is s g-homeomorphis onto itself.

Proof. First, we show that, : X - X is s g-homeomorphisr It is obviously bijective. By Theorem
3.2 (1), T, is s g-irresolute Moreover, T, is pre- s g opel becausefor any s g-oper setU, by
Theorem 3.3 (1)T,(U)=U 4 is s g-open Similarly, we can prove tha¥, is s g-homeomorphisr
Theorem 3.15 Let (X(K) ,z‘) be an s g-irresolute topological vector space. Then aryg-oper
subspace oK is s g-closecin X.

Proof. Let G be ans g-oper subspace ofX. Then by Theorem 3.3 (1), for any X -G, G+x
is s'g-open We also clearly havei G +x iX & Then, Z=U{G #«:x X @G X= Cbeing a
union of s g-opersets iss g-open Therefore,G= X -Z is s g-closed

Theorem 3.16 Let (x(K) ,t) be ans g-irresolute topological vector space aril be ans’ g-oper set

in X. Then for any subset of X we haveA+B sgC(A B

Proof. Since we know thatAl sgC(A so A+BIisgC(A 8  Conversely, let
yi sg¢C(A +B and write y=x 4. where xi s ¢ Cl A and bi B. There exists ars g-oper
neighborhoodv of zero such that,(V)=V + 1B Now, V is s g-oper neighborhood o0 in X,
this gives that-V is also s g-oper neighborhood of0 in X. Then x-V is an s g-oper
neighborhood ofx. Since xi s ¢ C( A so there exists an elemeitAN(x-V) We knowthat
y=x+ a a x+b & V br A+ETherefore,sgCl(A+BI1 A 48 Hence, consequentlywe
obtain A+B s gC(A B

Theorem 3.17 Let (x(K) ,z‘) be ans g-irresolute topological vector space. Then the scalar multiple
of s g-closec set iss g-closed

Proof. Let B be ans g-closecsetin X and let/ i K -{0}. Then X- B is s g-oper set in X. Now

M,(X-B) (X B A& B X=B-5G X Therefore, /Bi SGJ X
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Definition 3.18. A topological spacgX ) is said to bes g-compac if every cover ofX by

s g-oper sets of X has a finite sub cover. A subsetof X is said to bes g-compac relative to

X if every cover ofA by s g-oper sets of X has a finite sub cover.

Theorem 3.19 Let (X, ) be an s girresolute topological vector space and let be any
s g-compac set in X . Then prove thak+ A is s g-compac for eachxi X.

Proof. Let W={U,:ai } be an s goper cover of x+A Then Al U{-x ¥,:a & and
{-x4,:a i $6q XN By hypothesis, Al U{-x W,:a L} for some finitesutset 1,1 L
Whence we find thak+ A 1U{U, :a [4}. This shows thak+ A is s g compact Hence, the proof
is complete.

Theorem 3.20 Let (X(K) ,z‘) be ans g-irresolute topological vector space. The scalar multiple of
S g-compac Set iss g- compact

Proof. Let A be ans g-compac subset of X. If /=0 we are nothing to prove. Assume

/TK-{0. Let vy={u,;ail be an <sgoper cover of /A  Then

é 0 _ L&, 8 " éal § i ( o . - .
—HU{®, ra i U ; L{ SincgU, :al I S'GQ( X) and (X, £ ] is
ge/‘ @J E.( {SJ a il :ge,r‘g § o 4 q X) ( (K) )
S gITVS so we obtainé‘%1 13 cal u S'GO( X) . By hypothesisA is s g-compact therefore there
¢l = y
exists a finite subset, 1 £ such thatAl u{'ée} @ al g EThIS implies tha /Al U{U, : al }.
¢l = y

Hence/ A is s g- compact

Definiton 3.21. A mapping f:(x(K),tx)- (Y(K)-

§) is sad to be linear if
flax+ ) = &(x) +fhy) . forall x,yl X anda, # K.
Definition 3.22. A mapping f : X - K is called linear functional iff (ax+ ) = &(x) +ffy) ,for

all x,yl X anda, 4 K. The kernel off is defined byker(f)={x 1X:f(x) €} .

Theorem 3.23 Let f :(X(K) ,tx)- (Y

() ¢) be a linear mapping such thétis s g-irresolute at 0.

Then f is s g-irresolute on X.

Proof. Let x be any norzero element ok andv be anys g oper set inY containing f (x).
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Sincethe translation of as g-oper set in ars g-irresolute topological vector spaces &g open
V- f(X) is s g-oper set inY containing0. Since f is s g-irresolute at 0, there exists as’ g-oper
setU in X containing0 such thatf (U)1 Vv - f(x). Furthermore,thelinearity of f implies that
f(x+U) 1V. By Theorem 3.3 (1)x+U is s goper and hencef is s girresolute at x. By
hypothesis,f is s g-irresolute at 0. This reflects thatf is s g-irresolute

Corollary 3.24. Let (X, /) be ans g irresolute topological vector space. Let: X - K be alinear

function which iss g-irresolute at 0. Then the sef ={x ix: f(x) & is s g closed

4.CHARACTERIZATIONS OF S*Q-IRRESOLUTE TOPOLOGICAL VECTOR SPACES

In this sectionwe give some&haracterizations of g-irresolutetopological vector spase
Theorem 4.1. Let (X #) be ans gITvs For xi X, the following assertionare true:

(1) If Ui sg-N(¥ thenxi U.

(2) If Ui s'g-N(¥ andVis a neighborhood of,thenunvi s g N( )

(3) If Ul s'gN(¥ thenthere existyi s g N( ysuch thatui s'g-N(y) forall yiV.

(4) If Ui SgN(® andui v, thenvi s g N »

(5) If Ul s'gN(0) .then /Ui s g N(0) for every norzero element i R.

(6) If UT s'g-N(¥ andV is ans g neighborhooi of x,thenunNvi s g N( 3

(7) Ui s'gN(0) if and only if x+U s g N( %

Proof. We will prove (2), (5) and(7) while the proofs of others follow easily.

(2) If Uis ans’ g neighborhooi of x,andV is a neighborhood of,then there is as’ g-opersubset
A and an open seB such thatxi Aiuandxi Biv.Thenxi ANB1UNV andz1 SGQ X
Thus ANBI S GQ ¥ ThereforeUNV is ans g neighborhoor of  x.

(5) Let U bean s g neighborhooi for zera Then there exists asig-oper neighborhood/ of zero

such thatvi U. Since the mapv, : X - X,defined byM, (x)=/x, is s g-irresolute The inverse
map N, ;X - X, defined byN, (x) :/ix,is also ans g-irresoluteThus M, is s g-homeomorphisr for

each/i R-{¢}. Hence M, (V)=/Vis an s goper neighborhood of zero. Furthermore, clearly
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/V1 DU.Thus consequentlyui s g N(0) .

(7) Supposey is ans g neighborhooi for zero. Then there exists aig- oper neighborhood/ of
zero such thav1 u. Since the mapr, : x - X,defined byT,(y)=y +x. is s giresolute The
inverse map S;X- X, defined by S(y=x-y is also an s girresolute Thus T, is
s g homeomorphisifor eachxi X. HenceT, (V)= x #is ans g oper neighborhood for a point.
Clearly x+V Ix #.Thus x+U IN,. The converse can be proved similarly.

Definition 4.2. A subsetA of a topological vector space is called balanced if and only ifai A

for each/ i R such thaf/|¢1.

Definition 4.3. A subsetA of a topological vector space is called absorbing if for akki x there
exists a numbee>0such that/xi Afor |/|¢ €

Definition 4.4. A set C of a topological vector spack is said to be convex, if and only if it contains
all segments between its pointe: C,yi C, for ti [0,4] implies tx+(1 1)y €. or equivalently
tC+(1 4)C Icfor all ti [0,]]. A setC of a topological vector spaceis said to be absolutely
convex if it is both convex and balanced.

Theorem 45 Let (X, 4) be ans girresolute topological vector space. If a subsetof X is
convex, thers ¢ Cl( Q) is also convex.

Proof. The convexity ofCimpliestC+(1 )C IC.By Theorem 3.12 (2), and Theorem 3.13, it
follows  immediately  that tgsgCI(C) g(1-) sC(gd sgCl(tC+sgClgl-)C g
sgcClgtc+(1 -)cgsg ¢ Thus tggCl(C g(1-) swc(g Iggdq ¢ Hence we
conclude thas g-Cl( C) is convex.

Theorem 4.6, Let (X, #) be ans gITvs If a subsetc of Xis convex, thers g In(C) is also

convex.

Proof. By Theorem 3.7 (2), and Theorem 3t@s ¢ Int(C) g(1 -) s@ Inf G s gInt(tC)+
Sgintgl- )C @ s g IngtC+(1 -) C gs'g Inf ¢ Therefores g Int( C) is convex.
Theorem 4.7 Let (X(R) ,r) be ans gITvS Then the following statements are equivalent:

(a) Every s g neighborhooi U of zero is absorbing.
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(b) For everys g neighborhoor U for zero, there exists a balanced séts g N(0) such that
Vi U.

Proof. (a) SupposeU is an s g neighborhoo for zero. Then there exists ahg-oper subset
Vi N, such thatvi u. By hypothesisX is an s gITVS So there exisk g-oper setsV, of R
containing zero and Vv, of X containing zero such thatV,i V.The setv, contains an open
interval of the form(- e, ¥for somee>o. Thereforetxi v 1 U for all ti (-e, gand for allxi V.
This impliesu is absorbing.

(b) Let U be ans’ g neighborhoor of zero. By hypothesiX is ans gITVS So there exist g-oper
setsV, of R containing zero an®, of X containing zero such thatVv,i U.Then there exists
e>0 such that(- e, 1V,. Definew=U{ty, :t iR|t & Sincetv, is ans’ g neighborhoor of zero,
for t, 0 andtv,i U for ti (-e,  Thusw is ans g neighborhoofor zero andwi U. Now we
have to show thaw is balanced. Letri R such thatr|¢1 Let ti (-e,  and xi V,. Since
It|=|r|t| ¢| & Thus r(tx)=(rt)x i( e B, W This shows thatrwi w. Therefore W is

balanced.

Theorem4.8 Let X be an s girresolute topological vector space. Then
sgC(A=N{A+:U g NO)}

Proof. Assumexi s ¢ C A and letU be ans g neighborhooof zero. Then by Theorem 4.7(b),
there exits a balanced neighborhaotbr zero such thati u. Thus x+V is ans’ g neoghborhoor
for x and xi sgC(A so (x+V)NA . Take ai (x +V)N A Then ai x +v and ai A. Let
a=x wfor somevi V. SinceV is balanced, soA-V =A ¥ Take x=a { y A V implies
xi A+v 1A W. Thus xi A+U, for any s g neighborhoor U of zero. Thereforewe obtain
sSgClAI ﬂ{ A+U:U is'g I\(O)}

Conversely ifxi s gC A then there exists a balanced neighborhabtbr zero such that
(x+U)NA #.Thusxl A-U A Wlt follows thatn{A+U:U is'g-N(0)} Is'g ¢( A Thus we get
sgc(A=N{A+:U g NO)}

Theorem 4.9 Let X be ans gITvS Then the following assertions are true

(a) For everyui s g N(0) .there exists symmetric sef s g N(0) such thatv +v iu.
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(b) For everyui s g N(0) there exits ars’ g-closechalanced seti s g N(0) such thatvi u.

(c) For everyui s g N(0) . there exists symmetric sei s g N(0) such thatv+v + .

Proof. (a) Assume Ui s'g-N(0). By hypothesis X is an sgITvS There exists g oper
neighborhoods/, andV, for zero in X such that,+v, iu.LetV=V,N( ¥)NVN( V) ThenV is
asymmetrics g-oper neighborhood of zero and+v 1\, ¥ U.

(b) Let U be ans’ g-neihborhooc of zero in X . By part (a) there i$ g neihborhoocV for zero with
V+V iU. By Theorem 4.7 (h}here exitss g- neinborhooc W for zero which is balanced andi v.
By Theorem 4.8,sgC(WI W+V IV ¥ U This shows thatu contains a s g closec
neighborhood of zero.

(c) Follows easily from (a).

Definition 4.10. A topological spacéX t) is calleds g- Hausdorff if each two distinct pointx and
y in x, there exist disjoint g-oper sets u, V such thatxi U and yi V.

Now we give some properties efg- Hausdorff space.

Theorem 4.11 Let X be ans gITvS Then the following statements are equivalent.

(a) X is s g Hausdorff

(b) If xI X,x, 0, then there exists i s'g-N(0) such thatxi U.

(c) If x,yi X, x, y,there exists/i s g N( §such thatyl V.

Proof. By continuity of translation, it is sufficient to prove the equivalence between (a) and (b)
only.

(a)Y (b) :Assumex be a norzero vector belongs tX . Therefore there are disjoistg-opersets
Ui X such thatdi U andxi V. Thusui s'g-N(0) Vi s g N3 andxl U.

(b)Y (&) :Let x,yi X be such thak- y ,0. Then there exists i s g N(0)such thatx- y iU. By
Theorem 4.9 (a), there existsy neihborhooc W of zero such thatv+w i u.By Theorem 4.7 (b),
w can be assumed to be balanced. \etx w andVv,=y v We note thatv,i s g N3
V,i sg Ny andVv,NV, =7, since if zi N\, thenz- x iw and z- y IW Sincew is balanced,
so-(z -xX) W ltfollowsthatx-y ¥z 3) g z ¥ g W iw +which is a contradiction. Save

must havev, NV, =7 . Finally, by the definition of s’ g- neihborhooc there existy, \, i S G@ X such
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that xi v\ 1V, yi v, 1V,,andV, NV, =f. This shows thathe spaceX is s g-Hausdorff This

completes the proof.
The following result follows from Theorem 4.11.

Corollary 4.12. Let X be ans gITvS Then the following statements are equivalent.

(a) X is s g Hausdorff

(b) Nfu:uisgNO)} 9.

(c) Nfu:ui st {3

Theorem 4.13 An s gITVS X is s g Hausdorffif and only ifeveryonepoint set inX is s g-closec
in X.

Proof. Let xi Xandyi X -{%} .Theny- x ,0,and by assumption, there exist$ s g- N(0) such
that y- x TU. By Theorem 4.9 (b), there exists amy-closec and balanced seti s g N(0) such
thatvi u. It follows thaty- x TV that isy- x X V.Thusyi (X -V) {5} .But (Xx-V) 3 is
s g-open sinceV is s g-closed and (X- V) {¥ X {# This shows thaiX-{x is s g-open For
the converse, leti x and assume that} is s g-closed Then by Theorem 4.§x =< g C[{ }) -
NMu+{x:u isgNO)} a{v:v §gN )} wherev=U {¥ EgN 3 Then by Corollary 4.12,
X is s g- Hausdorff This completes the proof.

Sincetranslation is ars g- homeomorphis and as a consequence of Theorem 4.13, we have the

following result.

Corollary 4.14. An s gITVS X is s g Hausdorff if and only if {0} is s g closecin X.

Theorem 4.15 Let C,K be disjoint sets in a® gITVS X with C s g-closed K s g-compact Then
there existaJ i s'g- N(0) with (K+U)N(C ) &

Proof. If K =7, then there isnothing to prove Otherwise, letxi K by the invariance with
translationwe can assume&=0. Then X - C is ans g-oper nheighborhoof zero. Since addition
iS s g-irresolute and s' g- continuous by 0+0 0 § there is ars g-oper neighborhoodU i s g- N(0)
such thatau=u ¥ W X cC. By defining w=UN( U) U we have thatw is s g oper
symmetric and 3w=w+wW W K C This means that 7={3x:x iwjncC

{2x:xi WiN{y-x:y iC,x W EWN(C+W) This concludes the proof for a single point.
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Sine K is s g-compact then repeating the above argument for »dllK,we obtain symmetric
s g oper setsV, such that(x+2V,)N(C 4,) £ The setqV, :xi K} are ans g-oper covering ofK,

but K is s g compact Hence there is a finite number of pointd K, i=12...,n, such that

Ki Lnj(x /). Define the s g-oper neighborhoodVv of zero byV:QV&. Then we get

i=1

n

(k+v)n(c &) U(x+v, ¥n(c v Ugx+2v)(c ;) g~ This completes the proof.

i=1 i=1

Lemma 4.16.If U is an s g-oper set anduNA=7,thenuNgs ¢CI(A g7 .

Proof. Suppose that there exists ahungs ¢ C( A (Thenxi s gCl( A andU is ans g oper

neighborhood ofx and X-U is s g-closec set containingA, hence s g¢C(Al X-U and
xI s g C( A which is contradiction, hence/ Ngs g-CI( A g7 .

Corollary 4.17. Let C,K be disjoint sets in am gITVS X with C s g-closed K s g-compact Then
there existaJ 1 s g N(0) with g g CI(K+U) g(C W) £

Proof. By Theorem 4.8, there existsUi s'g¢-N(0) such that (K+U)N(C &) & Now
C+U #fy W:y @ is s goperset being a union of g-opersets.Thenby Lemma 4.6, we
obtain g g CI(K+U) g(C W) E

Theorem 4.18 Let X be ansgITvs Let f:X- R be a norzero linear map. Thenf(G) is

s g-oper in R wheneverG is s g-operin X.

Proof. Let Gbe a nonempty g-oper set. Then pecan assume that therexs X -{0} such that
f(%)=1. For anyal G, it is required to show that(a)i s g Ingf(G ¢SinceGi s g N3 by
Theorem 4.1 we have- a is ¢ NO) By Theorem 4.7 (af5- a is absorbing, that is, absorlg,

namely there exists an>0 such that/x,i G -a whenever/i R with |/|¢ e Now for any bi R

with |6- f(a)] <ewe have(s- f(a))x, IG ahencefgb- f(a))x, (G @ . Sincef is linear.
This implies that(s- f(a)) f(x) 1 f(G & .So we get(s- f(a))(1) if(G & HG f(g. This
implies that 6i f(G) and f(a)i (b- e b+). Thus f(a)i Intgf(G) @ s g Int 1&§ ; hence
consequentlyf (G)=s g Intg f( G

Lemma 4.19.[14]. Let X be vector space anfl, K 1X. For ai K,the following statements are



2801
s *-gRRESOLUTE TOPOLOGI CAL VECTOR SPACES

equivalent

(1) a is an extreme point oK.
(2) If x,yl Kare such thah:%(x +) thena=x =y.

(3) Let x,yi K be such thak, y,let /i (0,1 anda=/x {1 -)y.Then we have eithet =0 or
/ =1

Theorem 4.20 Let X be ans gITvs and C be a convex subset of. Thengs' g Int(C) g(nQ + .
Proof. If s'gInt(C)=7 then the result is trivial. Suppose ttsag-Int(C), 7 andletxi s g Int{ Q)
Then there exist&i s g N(0) such thatx+Vv ic. As the mapF:R- X,where F(p= w is
continuous atm=1, for this the s g Ineighborhoo(x+V ,there is anr >0 such thatmxi x +V

wheneverm 1 «. In particular, we havél+r)x ix ¥ Cand(1-r)x ix ¥ €.Now consider

x=/(1 +)x (£ A1 r)x and take /=%. Consequently, we hava=%(1 )X % —;@ r)x,
¢ =

which implies thatx is not an extreme point af.

Theorem 4.21 Let X be ansgiTvS and W an s g neighborhoor of 0. Then there is an
s g neighborhoot U of 0 such thats g-Cl(U)1 W Equivalently, ifC is a s g-closec subset ofx
and x a point of X outsidecC then there are disjoird g- oper setsu, andU, with xi U, and
Cl U,.

Proof. Let x be a point outside as g-closec setci X. We will produce ans g-oper setU
containingx with s g¢-C(U)NC=7; then u,=U and U,=X -s ¢ C(U) . the complement of the
s g closure of U, are disjoints g-oper sets withxi U, andCi U,, as desired. We know that

looks the sameverywhere, so we may work with=0. Let W be the complement af. Then

W is ans g-oper set with 0i W. By hypothesisX is s gITVS So by Theorem 4.9 (a), there exists
an s g-oper subsetu of 0 such thatu+u iw. This means that +U is disjoint from C.

Equivalently,u is disjoint fromcC- U. For otherwise there would be ah U which could be

expresed asc- y with ci C and yi U, which would imply thatc=x 4y U WU Wis in W.
Now the set U is s g-oper because the mag- X: x- (-1)x = x is ans g-homeomorphisrand

hence so are all its translatesU. So the setU,=C U B{c U-c Giis s g openbeing the union
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of s g-oper sets. Thus we have found amy-opersetu, =U containing0d and ans’ g- oper setu,,
disjoint fromu,, with CI U,.

Theorem 422 Let (X, £) be ans giTvs Then everys g-oper subspaces of X is also an
s gITVvS

Proof. Let W be ans g-operneighborhood of+y in S wherex,y are two distinct points irs.
Since S is ans g-opersubspace o ,thenwis ans g oper neighborhood ofk+y in X, and
by definition of s gITVS there exists g-oper neighborhoodss of x in X and v of y in X such
thatu +v iw.Then the set&=UNS and H =V S are s g-oper neighborhoods ok and y in
S such thatG+H IU ¥ W. Now suppose/i K, xi S and letw be an s g oper
neighborhood of/x in S. Since S is an s g-oper subspace ofX, then w is an s g-oper
neighborhood of/ x in X. Then there exist g-oper neighborhood® of / in K andv of y in
X such thatuyvi w.Then the seG=UNS is ans g-operneighborhood of/ in K and the set

H =VNSis ans g-operneighborhood of in S.Also GHI UV i W Hences is ans gITVS
Theorem 4.23 Suppose tha(X(K) ,z‘) is ansglTvs If si Xxis a linear subspace, then so is
sgCl(9

Proof. Let S be a linear subspace of. Thuss+si cand for all/i K, /.si s By Theorem
313, sgC(9+sg $1 sg¢ s+)s 1sg(C) By Theorem 3.12, for every/i K,
/g aC(9 gsgd /%1 sg ¢l s Therefore,s g-Cl( 9 is linear subspace of.

Definition 4.24. Suppose tha(tX(K) ,t) isans gITvVS A subsetel X is said to be bounded if for all

s g-operseb V containing 0, there existssi R such that for allt>s, Ei tv.That is, every

s g-oper neighborhood of zero contains after being blown up sufficiently.
Theorem 4.25 Suppose thafX,,, /) is ans gITvs If E is a bounded subset of, then s g-CI( E)

is bounded.

Proof. Let w be ans’ g-operset containing 0, then by TheoremX.there existsJ i s g N(0) such
thats'g-Cl(U)1 W Since Eis bounded, s&1 tU 1tgs g C(U) gitw for sufficiently largevalues

of t. It follows that for large enough s'¢CI(E)i s'gC(t) 1 gs'e d Y gl twThus,s gCI(E)
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is bounded.

Theorem 4.26 Let (X /) be ans gITVS Let V be ans’ g-operneighborhood of zero irx. Then for

every sequencfy,:ni N} of positive real numbers such thg- =, [ Jrv =X.
=1
Proof. Let xi X and consider the sequenﬁ»re)é:nl' N tThis sequence converges @oby the
I y

s g-irresolutenesof the scalar multiplicatiorF3 X - X. Thus, for sufficiently largen, rini VvV e,
xi V.

Theorem 4.27 Let (X ) be ans gITvsS Then everys g compacset is bounded.

Proof. Let C be ans g-compacsubset ofX. We need to prove that it is bounded, namely, that for
every s g-oper neighborhoodv of 0, CI1 tv for sufficiently larget. Let V be ans g-oper
neighborhood of), then by Theorem 4.7(b), there exists a balarggaper neighborhoodw of

0 such thatwi v By Theorem 4.8, Ci U:=1”W- Since,Cis s g-compact therefore there exists a
positive integer m such thaci [J7 ,nw =n{J"(n /n)W ipw Thus, for all t>n,
Ci nw=t(n, /) gv T1tw itvwhich implies thatC is bounded.

Theorem 4.28 Let (X t) be ans gITvS Then every Cauchy sequenceXnis bounded.

Proof. Let {x, :ni N} be a Cauchy sequence i Let w be ans’ g-oper neighborhood of zero,
then by Theorem 4.9 (a), there exists sag operneighborhoodv of 0 such thatv+v 1w.By
definition of a Cauchy sequencthere existsn such that for allm,n2 N x - x, ivand in
particular for alln>N,x | x, +V. Set s>1such thatx,i sV then for alln>N, x i sV +V |

sV+ sV 1 swSince for balanced setsvi twfor s< t,and since everyg g-operneighborhood oD

contains a balanced neighborhood, this proves that the sequence is bounded.

Definition 4.29. Let X be a vector space ov&. A nonnegative realalued functionp defined
on Xis a pseudonorn if it satisfies the following two conditions

(i) p(/x)=| I'n(¥ .forall xi xand/i R;

(i) p(x+y) ep(® # y forall x,yi X.

Now, we introduce the notion of locally conveXxyITvS Moreover, we give a necessary and
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sufficient condition, in terms of convexg- neighborhoodof 0, for an s gITVS to be locally convex.
Definition 4.30. An s gITVS (X ) is locally convex if for allxi X, everySi s g N } contains a
convex seUi s g N( ¥

Theorem 4.31 An s gITVS (X ) is locally convex if and only if evergi s g NO) contains a
convex seUi s g N(0) .

Proof. The sufficiency part is trivial. Lesi s g N ¥ Then by Theorem 4.1 (75- x s g NO)
and by assumption, there exists a convexudet g- N(0) such thaui s - x Hence by Theorem
4.1 (7) againU+x isgN(¥ Asu+x isand & U+x is convex,(X¢) is a locally convex
s gITVvS

Corollary 4.32. In a locally convexs gITVS (X t), @ pseudonorn p is s g-irresolute if and only if p

is s g-irresolute at zero.

Proof. If p is s girresolute then p is s girresolute at zero. Conversely, supposg is
s girresolute at 0, and let xi x and Vi N,,(R). Then by Theorem 4.1 (7),
V- p() IN(R) N, (R) and thus(-e, g1V p(X for somee>0. Clearly (- e, ¥ being an open
set inRis s g-operset in R. By assumption, there existsi s g N(0) such thatp(U)i ( -e, ¥and
as p(y)2 0 for all yi u, p(U)i [0.€).Then by Theorem 4.1 (7)) +x is ¢ N(3 For all yi u,
0¢p(x #) p(X)+p(y) ¢ N e p(x+y) igo. A% &) Therefore it follows thap(U+x) 1V.
Definition 4.33. Let A be an absolutely convex subset of a vector spacéhen the functional
defined by p(x)=inf{/ : /9,x [ Ais called thegauge of A.

Lemma 4.34.[14]. In a vector spac& , the gauge of an absolutely convex and absorbent subset is

a pseudonorn

Now, we provethe main result in which we characterize absolutely convex and absorbent

s g neoghborhooc of zero in terms of theig g-irresolute gauges
Theorem 4.35 Let p be agauge of an absolutely convex and absorbent subset an s gITvs
(X t). Then p is s girresoluteif and only if U is an's’ g neighborhooof zero.

Proof. If p is s g-irresolute then as(- 1,1) is ans g-opersetink. v={x:p(x) 4} p'g 13 isan
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s g-opersubset ofX. Thus asvi U, Ui s g N(0).Conversely, ifui s g N(0) and e>0,then by
Theorem 4.1 (5)V=eU is g N0) and p(x)<e for all xi V. Thus p(V)I (-e, . Hence, p is
s g-irresolute at zero. By Lemma 443 p is a pseudonorr and by Corollary 43 p is

s g-irresoluteat eachxi Xx. Thereforep is s g-irresolute
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