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Abstract: In this paper, interval oscillation of second order forced impulsive differential equations with damping term 

under variable delay are studied. We follow the Kong and Philos type class functions and pair of functions (H1, H2) to 

obtain the oscillation criteria. The results obtained in this paper extend some of the existing results. An example is 

given to illustrate the main result. 
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1. INTRODUCTION 

The theory of impulsive differential equations has applications in control theory, physics, 

population dynamics, industrial robotics etc. The oscillation of solutions of second order impulsive 

differential equations are systematically studied by several authors [5],[6],[7] and [8]. In [9], [10], 

[11] the authors studied the oscillation of solutions of second order differential equations with 
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constant delay and in [12], [13], [14] authors studied the oscillation of solutions of second order 

differential equations with variable delay. Motivated by the work of [12], [14], we obtain the 

oscillation criteria for second order nonlinear forced impulsive differential equation with damping 

term under variable delay. The results obtained in this paper extend some of the existing results 

and are illustrated by an example. 

Consider the second order following impulsive differential equation,  
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 : : ( )x J R x t→ is piecewise-left-continuous and has discontinuity of first kind at s}.'k  
Define 

an interval delay function .],,[,)()( 1 −−= + kttttD kkkk    Throughout   this paper, we 

always assume the following conditions hold: 

(A1) ;,...,2,1,0),),,([,,)),,0(),([ 0,0

1 niRtPLCeqptCr i =  

(A2) 1 1... ... 0m m n+           are constants. 

(A3)  kab kk ,0  are constants. 

(A4) )),([)( ,0  tCt there exists a nonnegative constant such that 0 ( )t    for all 0t      

     and  −+ kk 1  for all k ; 

(A5) there is one zero point ],( 1+ kkk ttt such that 0)( tDk  for ),( kk tt  , 0)( tDk  for     

     ],( 1+ kktt   and .0)( =kk tD   

By a solution of (1) we mean a function )),,([ 0 RtPCx   such that )),,([ 0 RtPCx  and



2453 

INTERVAL OSCILLATION CRITERIA 

)(tx satisfies (1) for 0tt  . A nontrivial solution is called oscillatory if it is neither eventually 

positive nor eventually negative; otherwise, it is called non-oscillatory. An equation is called 

oscillatory if all its solutions are oscillatory. 

 

2. MAIN RESULTS 

Use the notation, let 0( ) max{ : },ik s i t s=   and = ttrr j :)(max{  
[ , ]}.j jc d  We define a 

function ([ , ], )C c d R  and an operator : ([ , ], ) byC c d R R →
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For the discussion of the impulse moments of ( )x t   and ( ( ))x t t−  , we need to consider the 

following four cases  
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and also assume that there exist points ( , ) \{ }, 1,2.j j j kc d j   = which divides intervals [ , ]j jc d  

in to two parts [ , ]j jc  and [ , ]j jd . In view of whether or not there are impulsive moments of 

( )x t in [ , ]j jc   and [ , ]j jd , we should consider the following three cases      
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Throughout the paper we consider ( 1)C  with ( 1)C  and ( 1)C  only. The discussions for other 

cases are similar and omitted. The following preparatory lemmas will be useful to prove our main 

theorem. 

Lemma 1 Let { }i  , 1,2,..., ,i n=  be the n-tuple satisfying 1 1... ...m m+                

0.n   Then there exist an n-tuple ),...,,( 21 n satisfying  
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Proof: The proof of Lemma 1 can be obtained easily from Lemma 1 of [4] by taking /i i  = . 

The Lemma below can be found in [1]. 

Lemma 2 Let X and Y be non-negative real numbers. Then 
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Following Kong [3] and uhilos [2], we define a class of functions: Let 0{( , ) : },F t s t s t=  

1

1 2, ( , ).H H C F R   A pair of functions 1 2( , )H H  is said to belong to a function class ℋ , if 
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For convenience we use the following notation for the below expression over [c,d] 
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Using same as the proof of case(i) and case(ii), we can prove the following cases 
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Using case (i)-(vi), (14), (22)-(24) and (A3), we obtain  

( ) 1 11 1

1

111

( ) 1
( )

( ) 1( )

( ( )) ( ) ( ( ))

( ) ( ( ) ) ( )

k c l l

l l

tk
k c l l

l k ck c l l lc t

t t t t t

t b t t t

+ +
    −

   
= + 

  −  − −  −  −
 + + 

 −  + −  −   
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( )1 1

1 1

1 1 1( ) ( )1 1

( ) ( )

1 1

( ) ( ) ( )

( ) ( ( ))
( ) ( , )

( ( ) ) ( )

k

k k

t

k k

k k kt

t t t
Q t H t c dt

b t t t



 

 

 

  

  

−  −  −
+ +

+ −  −  
   

    
1

1

1

0 1 1 1 11

( ) ( )
( ) ( , ) ( , )

( 1) ( )
c

r t p t
q t h t c H t c dt

r t





+

+

 
+ − − 

+  


1

1 1

1

11 1

( )
( ) 1 ( ) 1 1 1

1 ( ) 1 1 1 1

( ) 2( ) 1 ( ) 1 1 1

( , ) ( , )
( ) ( )

k
k c k c l l

k c l

l k ck c k c l l l

b a b ar r
H c H c

a c a

   

   
 

  

+ +

+

= ++ + +

−  −
 +  

− − 
                                                                   

                                      1 1 1( , ) ( )lH c w −                       (25)                                                   

Next,  multiplying both sides of (10) by 2 1( , )H d t and then integrating over 1 1[ , ]d and using 

similar analysis to the above, we obtain  

( ) 11 11

1

111

1

1 1

1 1 1( ) ( )1 1

( ) 1
( )

( ) 1( )

( ) ( )

( ) ( ) ( )

( ( )) ( ) ( ( ))

( ) ( ( ) ) ( )

( ) ( ( ))

( ( ) ) ( )

k
l l

l l

k d k d

tk d
k l l

l kk l l lt

d
k d k d

k d k d k dt

t t t t t

t b t t t

t t t

b t t t

   


   
 

 

  



    

   

  

  

+
+−

= +

  − − − − −
 + + 

 − + − −  

− − −
+ +

+ − −

  


( )1

2 1( ) ( , )

k dt

Q t H d t dt







                                                                               

    
1

1

1

0 2 1 2 11

( ) ( )
( ) ( , ) ( , )

( 1) ( )

d
r t p t

q t h d t H d t dt
r t








+

+

 
+ − − 

+  
  

 
1

1 1

1

11 1

( )
( ) 1 ( ) 1 1 1

2 1 ( ) 1 2 1

( ) 2( ) 1 ( ) 1 1 1

( , ) ( , )
( ) ( )

k d
k k l l

k l

l kk k l l l

b a b ar r
H d H d

a a

   
 

   
 

 
   

+ +

+

= ++ + +

−  −
 +  

− − 
                                                                                                 

                               2 1 1 1( , ) ( )H d w +                          (26)                                       

Dividing (25) and (26) by 1 1( , )lH c and 2 1 1( , )H d   respectively, then adding them, we get 

 
1

1

1

1

1

1 1 0 1 1 1 11

1 1

1 ( ) ( )
( ) ( , ) ( ) ( , ) ( , )

( , ) ( 1) ( )
c

l c

r t p t
Q t H t c q t h t c H t c dt

H c r t

+



+

  
  + − − 
   +   

  

 
1

1

1

1

1

2 1 0 2 1 2 11

2 1 1

1 ( ) ( )
( ) ( , ) ( ) ( , ) ( , )

( , ) ( 1) ( )

d

d r t p t
Q t H d t q t h d t H d t dt

H d r t

+

 +



  
 +  + − − 
   +   

  

   1 1

1 1

1 1
1 1 2 1

1 1 2 1 1

(., ) ( ,.)
( , ) ( , )

d

c

l

r r
H c H d

H c H d




 

  +   

which contradicts (6) for j =1. This completes the proof when x(t) is positive. The proof when x(t) 
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is eventually negative is analogous by repeating a similar argument on the interval [c2, d2]. 

Remark 

When ( ) 0p t =  and ( )t = , Theorem 3 reduces to Theorem 2.8 of [9] and  

when ( ) 0p t = , Theorem 3 reduces to Theorem 2.1 of [14]. 

 

3. EXAMPLE 

Consider the following impulsive differential equation 

2 2

1 1 5 2 2 1

2 2

sin sin
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),

3 3

( ) ( ), ( ) ( ), , 1,2,...,

k

k k k k k k k

t t
x t p t x t v q t x t v q t x t e t t

x a x x b x t k+ +

     
 + +  − +  − =      

    


  =   =  = =

      (27)   

where  

3

1 2

3

( 8 ) , [8 ,8 3]

( ) ( ) ( ) 27, [8 3,8 5]

(8 8 ) , [8 5,8 8]

t n t n n

p t q t q t t n n

n t t n n

 −  +


= = =  + +
 + −  + +

 

3 3

3 3

[8 ,8 4]( 8 ) ( 8 4) ,
( )

[8 4,8 8]( 8 4) (8 8 ) ,

t n nt n t n
e t

t n nt n n t

 + − − −
= 

 + +− − + −
, 2v  and 2v  are positive constants,  

,1

3
: 8 ,

2
k n n  = +

,2

5
8 ,

2
n

n = +
,3

11
8 ,

2
n

n = +
,4

13
8

2
,

n
n + = 0,

k k
b a  k are constants.  

Here ( ) 1,r t = .
2

1
,

2

5
,1 21 ===   Choose

1 2 0

1 1 1
, then .

3 3 3
 =  =  =  So the conditions of Lemma 

(1) are satisfied. For any 0 0t   , we can choose n large enough such that 
0

8t n  and 

1 1
[ , ] [8 1,8 3],c d n n= + +

2 2
[ , ] [8 5,8 7],c d n n= + +

1
8 2n = + ,

2
8 6.n = +  It is easily verify that zero 

points of interval delay function ( )
k

D t =
2

(sin ) / 3
k

t t−  −   are 
1 1 1

1.709 ( , ]t c    ,

2 1 1
2.709 ( , ],t d  

3 2 2
5.709 ( , ]t c    , 

4 2 2
6.709 ( , ]t d    . The variable delay function 

21
( ) sin

3
t t =  satisfies

1
0 ( ) .

3
t    =  Also conditions ( 1), ( 1), ( 1)C C C and (A5) are satisfied. 

For 1 1
[ , ],t c d  let 2

1 2( , ) ( , ) ( ) .H t s H t s t s= = − 
2 2

1 1 2 1( , ) ( 8 1) , ( , ) (8 3 ) ,H t c t n H d t n t= − − = + −



2463 

INTERVAL OSCILLATION CRITERIA 

1 1 1 2 1 1( , ) ( , ) 1.H c H d =  = 1 2

2
( , ) ( , ) .

( )
h t s h t s

t s
= − =

−
1 1

2
( , ) ,

( 8 1)
h t c

t n
=

− − 2 1

2
( , ) .

(8 3 )
h d t

n t
=

+ −

1/ 3 2 / 3
1/ 3

3 3 1/ 3 1/ 3 2 2

1 1 1 2

1/3 3 2

1 2

1 1
( ) ( , ) ( 8 ) ( 8 4) ( ) ( ) ( 8 ) ( 8 1)

3 3

3( ) ( 8 ) (4 8 )( 8 1)

Q t H t c t n t n v v t n t n

v v t n n t t n

− −

= − − − − − −
    
    

    

= − + − − −

             

 1

1

2
3

8
2

1/ 3 3 2

1 1 1 2

8 1

8 1.709

1/ 3 3 2

1 22

3
8

,12

2

8 2

8 1.709

3 sin
8

2 3( ) ( , ) 3( ) ( 8 ) (4 8 )( 8 1)
3

8
2

3
8

2 3( ) ( 8 ) (4 8 )( 8 1)
3 sin

( 8 )
2 3

3 sin
8

2 3
3

8

n

c

n

n

n
n

n

n

t
t n

Q t H t c v v t n n t t n dt

t n

t n

v v t n n t t n dt
t

b t n

t
t n

t n









+

+

+

+

+

+

− + −

 = − + − − −

− +

− −

+ − + − − −

− − +

− − −

+

− −






1/ 3 3 2

1 23( ) ( 8 ) (4 8 )( 8 1)

2

v v t n n t t n dt− + − − −

 

2
3

3 2
1.7092

1/ 3 3 2

1 2 2

31

,12

3 sin 3
( )( ) (4 )( 1)

2 3 23( ) ( ) (4 )( 1)
3 3 sin

( )
2 2 3

n

u
u u u u u

v v u u u du du
u

u b u





+ − − − −

= − − +

+ − +







                                                          

          

2

2

3 2

1.709

3 sin

2 3 ( ) (4 )( 1)
3

2

u
u

u u u du

u


− −

+ − −

−







  

1/ 3 1/ 3

1 2 1 2

,1 ,1

0.2304 0.2304
3( ) 0.2588 2.3630 3( ) 2.6218

n n

v v v v
b b

= + + = +
   
   
   

 

1

1

28 2

3 2

8 1

1

0 1 1 1 11

22

3 2

1

1 2
0 ( 8 ) ( 8 1)

4 ( 8 1)

( ) ( )
( ) ( , ) ( , )

( 1) ( )

1 2
( 1) 1.3427.

4 ( 1)

n

n

c

t n t n dt
t n

r t p t
q t h t c H t c dt

r t

u u du
u

+

+

+

+

= − − − − −
− −

 
− − 

 +  

  
  

   

  
= − − − = −  

−   







 

 
1

1

1

1

1

1 1 0 1 1 1 11

1 1

1 ( ) ( )
( ) ( , ) ( ) ( , ) ( , )

( , ) ( 1) ( )
c

l c

r t p t
Q t H t c q t h t c H t c dt

H c r t

+



+

  
   + − − 
   +   
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=
1/ 3

1 2

,1

0.2304
3( ) 2.6218

n

v v
b

+
 
 
 

–1.3427. 

1/3 3 2

2 1 1 2( ) ( , ) 3( ) ( 8 ) (4 8 )(8 3 )Q t H d t v v t n n t n t== − + − + −  

 1

1

2
5

8
2

1/ 3 3 2

2 1 1 2

8 2

3 sin
8

2 3( ) ( , ) 3( ) ( 8 ) (4 8 )(3 8 )
3

8
2

n

d

n

t
t n

Q t H d t v v t n n t n t dt

t n



+

+

− − −

 = − + − + −

− −
  

8 2.709

1/ 3 3 2

1 22

5
8

,22

5
8

2 3( ) ( 8 ) (4 8 )(3 8 )
5 sin

( 8 )
2 3

n

n
n

t n

v v t n n t n t dt
t

b t n


+

+

− −

+ − + − + −

− − +
  

 

2

8 3

1/ 3 3 2

1 2

8 2.709

5 sin
8

2 3 3( ) ( 8 ) (4 8 )(3 8 )
5

8
2

n

n

t
t n

v v t n n t n t dt

t n


+

+

− − −

+ − + − + −

− −
  

2
5

3 2
2.7092

1/3 3 2

1 2 2

52
,22

3 sin 5
( )( ) (4 )(3 )

2 3 23( ) ( ) (4 )(3 )
3 5 sin

( )
2 2 3

n

u
u u u u u

v v u u u du du
u

u b u






− − − − −

= − − +
 − − +


                                              

          

2

3

3 2

2.709

5 sin

2 3 ( ) (4 )(3 )
5

2

u
u

u u u du

u


− −

+ − −

−







  

1/ 3 1/ 3

1 2 1 2

,2 ,2

0.1785 0.1785
3( ) 4.6324 0.1002 3( ) 4.7326

n n

v v v v
b b

= + + = +
   
   
   

 

1

1

1

0 2 1 2 11

28 3

3 2

8 2

( ) ( )
( ) ( , ) ( , )

( 1) ( )

1 2
0 ( 8 ) (8 3 ) .

4 (8 3 )

d

n

n

r t p t
q t h d t H d t dt

r t

t n n t dt
n t

+

+



+

+

− −
 +

= − − − + −
+ −

 
 
  

  
  

   





 

23

3 2

2

1 2
(3 ) 6.6118.

4 3
u u du

u
= − − − = −

−

  
    
  

 
1

1

1

1

1

2 1 0 2 1 2 11

2 1 1

1 ( ) ( )
( ) ( , ) ( ) ( , ) ( , )

( , ) ( 1) ( )

d

d r t p t
Q t H d t q t h d t H d t dt

H d r t

+

 +



  + − −
  +

  
  
    

  



2465 

INTERVAL OSCILLATION CRITERIA 

=  
1/ 3

1 2

,2

0.1785
3( ) 4.7326 6.6118

n

v v
b

+ −
 
 
 

. 

Since 1 1r =  then the right side of the inequality (6) with j =1 is  

   1 1

1 1

1 1

1 1 2 1

1 1 2 1 1

(., ) ( ,.)
( , ) ( , )

d

c

l

r r
H c H d

H c H d




 

 + 
,1 ,1 ,2 ,2

,1 ,2
4 4

n n n n

n n

b a b a

a a

− −
= +
   
   
   

. 

Thus (6) satisfied with j =1 if  

,1 ,1 ,2 ,21/ 3

1 2

,1 ,2 ,1 ,2

0.2304 0.1785
3( ) 7.3544 7.9545

4 4

n n n n

n n n n

b a b a
v v

b b a a

− −
+ +  + +

     
     
     

. 

In a similar way, the inequality (6) satisfied with j =2 if 

,3 ,3 ,4 ,41/ 3

1 2

,3 ,4 ,3 ,4

0.4714 0.0493
3( ) 7.1185 12.8608

4 4

n n n n

n n n n

b a b a
v v

b b a a

− −
+ +  + +

     
     
     

. 

So, if we choose the constants 1 2,v v large enough such that  

,1 ,1 ,2 ,21/ 3

1 2

,1 ,2 ,1 ,2

,3 ,3 ,4 ,41/ 3

1 2

,3 ,4 ,3 ,4

0.2304 0.1785
3( ) 7.3544 7.9545

4 4

0.4714 0.0493
3( ) 7.1185 12.8608

4 4

n n n n

n n n n

n n n n

n n n n

b a b a
v v

b b a a

b a b a
v v

b b a a

− −
+ +  + +

− −
+ +  + +

      
      
      


     
     
     

 

Then by Theorem 3 equation (6) is oscillatory. 
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