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Abstract. The main aim of this paper is to develop the study of hyperrings in real algebra. By introducing the
notions of real hyperrings and semireal hyperrings, we obtain some necessary and sufficient conditions for real

(semireal) hyperrings. Also, we characterize the minimal prime hyperideals in hyperrings.
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1. INTRODUCTION

In 1934, FMarty [3] introduced the concept of hyperoperation at the Eighth Congress of
Scandinavian Mathematicians, and then defined an algebraic hyperstructure called hypergroup.
Hyperoperation is a generalization of binary operation. Specifically, for a non-empty set H,
(a,b) € H x H no longer maps to an element but a non-empty subset of H under a hyperopera-
tion. In 1956, M.Krasner [4](or [5]) introduced a kind of hyperrings, called Krasner hyperring.
Krasner hyperrings have two operations, where addition is a hyperoperation, and multiplication

is an operation. This type of hyperring is widely studied [7,8].
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In 2006, M.Marshall [6] introduced the concept of multirings and established partial Artin-
Schreier theory in this category. The concept of multirings is similar to the concept of Krasner
hyperrings, and the only difference between them is about the distributive property. In view of
the importance of the study on the reality of rings(fields) in real algebraic geometry [9,10], we
introduce the concept of realities in hyperring category and obtain some necessary and sufficient
conditions for real(semireal) hyperrings.
Throughout this paper, given two sets A and B, the relative complement of A in B, denoted

by B\ A, is the set that contains exactly those elements belonging to B but not to A.

2. HYPERRINGS

In this section we review some basic definitions and properties of hyperrings which will be

used in the sequel.

Definition 2.1. A Krasner hyperring (R, +,-,0, 1) is an nonempty set R equipped with a hyper-
operation + and a usual operation - which satisfy the following conditions:
(1)(R,+,0) is a canonical hypergroup,that is,
()Vx,y,z € R,x+ (y+2z) = (x+y) +zthat is,+ is associative,
(i1)Vx,y € R,x+y = y+ x,that is,+is commutative,
(iii)there exists O € R such that 0+x = {x},Vx € R,
(iv)for every x € R there exists a unique element y € R such that 0 € x+y,we denote y = —x
and call it the inverse of x,
(v)z€x+yimpliesy € —x+zandx € z—y;
(2)(R, -, 1)is a commutative monoid having zero as a bilaterally absorbing element,i.e.,vx €
Rx-0=0-x=0;

(3)- is distributive with respect with +,i.e.,¥x,y,z € R,x(y+2z) = xy+xz, (x +y)z = xz+yz.

By convention,we write 0+ x = x instead of 0+ x = {x}.
Throughout the paper,all hyperrings are assumed to be Krasner hyperrings unless otherwise

stated.

Proposition 2.2. Let R be a hyperring,Vx,y,z,w € R,
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(1) 0 is unique;
(2) —(—x) =x;
(3) —(x+y) = —x—y,where—A = {—ala € A} for a subset A in R;
(4) x(=y) = (=x)y = —xy;
(5) (=x)(=y) = xy;
(6)0 € x—yimplies x =Yy;
(7) (x+y)(z+w) Cxz+xw+yz+yw.

Remark 2.3. In general,the doubly distributive property is not hold for hypering,i.e., the (7) in

the above Proposition cannot be rewritten as (x+y)(z+w) = xz+xw + yz+ yw.

Example 2.4. ([8])Let R ={0,1,a} and A = {0,a}. Define a hyperoperation + and a operation

- on R as in the following tables.

+10|1]|a O|1]|a

010|1]a 0/0|0]|0

111]A]1 1101 ]a
alalilo alolalo]

Then R is a hyperring.Notice that(1 +1)(1+1) =AA ={0}and 1-14+1-14+1-1+1-1=
1+14+14+1=A+A={0,a}.It’s clear that they are not equal,so the doubly distributive property

does not hold in general.

Lemma 2.5. (Proposition 3.12, [8])Let R be a hyperring. For a,b € R ,we have (a+ b)" C
n
£ (yarbr.

r=0

Definition 2.6. Let R be a hyperring. A nonempty subset / of R is a hyperideal if:
(1)Vx>y S Iax_y Cr
)Vxel,reR,xrel.

Definition 2.7. Let R be a hyperring. A hyperideal / C R is prime if for all x,y € R with xy € [,

we havexeloryel.

Definition 2.8. Let R be a hyperring. A prime hyperideal / of R is called minimal if there is no

prime hyperideal of R which is properly contained in /.
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Definition 2.9. A nonempty subset S of hyperring R is called multiplicatively closed if S is
closed under multiplication and does not contain zero element.A multiplicatively closed set S

in R is called maximal if it is not properly contained in any other multiplicatively closed set in

R.

Lemma 2.10. Let R be a hyperring.

(1)If P is a prime hyperideal of R,then R\ P is a multiplicatively closed set of R;

(2)If I is a hyperideal of R such that R\ I is multiplicatively closed set, then I is a prime
hyperideal of R;

(3)Any multiplicatively closed set of R is contained in a maximal multiplicatively closed set.
Proof. The proof is similar to the classical case(Lemma2.2,[2]). 0

Proposition 2.11. Let R be a hyperring and S be a maximal multiplicatively closed set of R.For

each r € R\ S, there exists an element s € S such that rs is nilpotent.
Proof. The proof is similar to the classical case(Theorem 2.3,[2]). [

Theorem 2.12. A subset S of hyperring R is a maximal multiplicatively closed set if and only if

R\ S is a minimal prime hyperideal of R.

Proof. Similar to the classical case(Theorem 2.6,[2]), it is enough to show that p —g C R\ S
for p,q € R\ S when we prove the “only if” part. Let p,q € R\ S. By Proposition 2.11, there
exist p/,¢’ € S, such that (pp’)" =0 and (gq')™ = 0 for positive integers m,n. Assume that
p—q ¢ R\'S. Then there exists € p— g such that r € S. Since ™" € S, (p/)"™ € § and
(¢)™t" € S, we have (tp'q')"*" € S. On the other hand, by Lemma 2.5, one has
(Y € (p=ap'd 1" €T (") i gy = (0},
i=

This means that 0 € S, which is impossible. O

Corollary 2.13. A prime hyperideal P of hyperring R is minimal if and only if for each x € P,

there exists an element r € R\ P such that rx is nilpotent.

Proof. The only if” part follows from Proposition 2.11 and Theorem 2.12 . Now we prove the

”if” part. Assume, instead, that P is not minimal. Then there exist a prime hyperideal Q such
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that Q C P. Hence, there exists x € P\ Q. By assumption, there exists an element r € R\ P such
that rx is nilpotent. This means that we have (rx)" = 0 € Q for some positive integer n. Hence,

rx € Q, since Q is prime. It follows that r € Q or x € Q. This is impossible. [

3. SEMIREAL HYPERRINGS AND REAL HYPERRINGS

In this section, we introduce two notions of reality for hyperrings.
Let R be a hyperring. Then we obtain two multiplicatively closed subsets of R as follows:
n
Y R?:={ Y a?|nis a positive integer, and a; €R fori=1,--- ,n.};

i=1
1+ YR :={1+1|t € L R?}.
Definition 3.1. A hyperring R is called a semireal hyperring if 0 ¢ 1+ Y R>.

Definition 3.2. A hyperring R is called a real hyperring if R satisfies the following property: for

any positive integer n,if 0 € Y., x7,thenx; =x = --- = x, = 0.

In [1], B.Davvaz and A.Salasi constructed a factor hyperring R/I on a hyperring R and a
normal hyperideal / of R. In [7], J. Jun shown that the condition "’ is normal” is redundant. Let
R be a hyperring and / a hyperideal of R. Let ~ be a relation of R as follows:

x~y<x+I=y+1orequivalently x ~y < (x—y) NI # &.
Then ~ is an equivalence relation. Hence, we can obtain the quotient class R/I ={[x||x € R} of
R by ~. By defining a hyperoperation &:
lal@ bl =(a+1)® (b+1):={c+Icca+b}
and an operation ©:
la]© D] :=a-b+1
on R/I, the quotient hyperrings R/I is a hyperring. For specific details, please refer to Reference
[7].

Definition 3.3. Let R be a hyperring. A proper hyperideal I of R is called semireal(resp. real)

if the quotient hyperring R/I is semireal(resp. real).
It’s clear that a hyperring R(resp. hyperideal I) is real implies that R(resp. 1) is semireal.

Proposition 3.4. Let R be a hyperring and I be a hyperideal of R.Then
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(1)I is semireal if and only if IN (1 + Y. R?) = @;
(2)I is real if and only if for any positive integer n,I Y}, xi2 % & implies x; € I for each

i=1,2,,n

Proof. This proposition follows from the definitions of real(semireal) hyperideals and of quo-
tient hyperrings. In more detail,
(1) I is semireal iff [0] & [1] @ L.(R/I)? iff V¢ € 14+ Y. R?,[0] £ [t] iff Vi € 1 + Y. R2 {t} NI =2

iff IN(1+YLR?) = o;
2

(2) I is real iff for any positive integer n, [0] € [x;]2® -+ @ [x,]? = [LL, x?] implies [x;] = [O]
for each i = 1,2,--- ,n iff for any positive integer n,/ N Z?:lxiz # @& implies x; € I for each

i=1,2,--n. O

Theorem 3.5. Let R be a hyperring. Then the following statements are equivalent:
(1)R is semireal;
(2)R has a semireal hyperideal;
(3)R has a semireal prime hyperideal;
(4)R has a real prime hyperideal.

Proof. (1) = (2). If R is semireal, then (0) is a semireal hyperideal. Thus (2) holds;

(2) = (3). Assume R has a semireal hyperideal 1. Set M = 1+ ¥ R?. Set

IT1= {P|P is a hyperideal of R,/ C P and PNM = &}.
The set II is ordered by set inclusion,then by Zorn’s Lemma, II has a maximal element say
Q. We shall show that Q is a prime hyperideal of R. If there exist a,b ¢ Q but ab € Q, then
the hyperideals Q + (a) and Q + (b) strictly contain Q, and so do not belong to IT. Hence
(Q+(a))NM # @ and (Q+ (b)) "M # &. Therefore, there exist my,my € M,q1,q2 € Q,r1,1 €
R such that m| € g1 + ria and my € g2 4+ rpb. It follows that rja € m; — gy and b € my — g.
By multiplying these two, one obtains
(rira)ab € (my —q1)(m2 — q2) € mimy —miga —maq1 +q1 9.

Hence, there exists ¢ € —m1g» —maq1 + q1g2> € Q such that (rirp)ab € mymy + q. It follows

that mymy € (ryrp)ab — g C Q. This implies that M N Q # & since mymy € M, a contradiction.
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(3) = (4). Assume R has a semireal prime hyperideal 1. Let IT be the set of hyperideals J
of R such that I C J and JN (1 + Y R?) = @. Then I1 # @ since we have I € TI. By Zorn’s
Lemma, IT has a Maximal element Q. We shall show that Q is a real prime hyperideal of R. By
the proof of above, Q is a prime hyperideal. Therefore, all that remains is to prove that Q is real.
Assume, instead, that Q is not real. Then there exists a relation (a% +---+a2)NQ # @ ,where
ai,--- ,a, € R, and without loss of generality, a; ¢ Q. Since Q + (a;) strictly contains Q, and
so does not belong to I1. Hence, we have (Q + (a;)) N (1 + Y R?) = @, and, thus, there exist
r,s €R,q € Q,t € Y.R? such that r € g+sa; and r € 1 +1. It follows that sa; € r — ¢ and, thus
we have s?a} € ¢* — rq— rq+r?. By adding s*(a3 + - - +a2) on two sides, one obtains

s?(@t+-+a2) C ¢ —rqg—rqg+r*+s*a;+-- +s5°a.

Since (a2 +---+a2)NQ # @, there exists q; € Q,such that ¢ € s>(a3 +- - - +a2). Furthermore,
notice that g*> — rq — rq C Q and r2+s2a%—|— 522 C (1 —|—t)2+s2a%+---+s2a% Cl+t+1+
12 +s2a% + - —|—s2a,% C 14+ Y R%. Hence, there exist ¢» € Q,w € 1+ Y R?, such that ¢; € ¢ +w.
It follows that w € g1 — ¢. This implies that QN (14 Y. R?) # @, a contradiction.

(4) = (1). Assume R has a real prime hyperideal P. If 0 € 1 + Y R?, then we have 0 €
1+ Y r?, where r; € R,i = 1,--- ,n. This implies that 0 € PN (12 +r%—|— ---r2) # @. By the

reality of P, we have 1 € P, a contradiction. O

Corollary 3.6. For any semireal hyperideal I of hyperring R, there exists a maximal semireal

hyperideal containing I.Moreover, any maximal semireal hyperideal is prime.

Corollary 3.7. Any maximal semireal hyperideal of hyperring R is a maximal real hyperideal
of R, that is, the maximal semireal hyperideals coincide with the maximal real hyperideals in a

hyperring.

Lemma 3.8. (Lemma 3.17, [7])Let R be a hyperring and I be a hyperideal of R. Then the
radical of 1
VI={r € R|r" € I for some positive integer n}

is a hyperideal.

Lemma 3.9. (Lemma 3.19, [7])Let R be a hyperring and I be a hyperideal of R. Then
vVi= N P

Pev(I)
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where V (I)is the set of prime hyperideals of R containing I.

The nilradical of a hyperring R, denoted nil(R), is the set of all nilpotent elements in R, i.e.,
nil(R) = {r € R|r* = 0 for some positive integer n}. By Lemma 3.8 and Lemma 3.9 , nil(R) is
a hyperideal of R, and nil(R) is the intersection of all prime hyperideals of R. A hyperring R is

called reduced if its nilradical nil(R) is zero.

Theorem 3.10. Let R be a hyperring. Then the following statements are equivalent:
(1)R is real;
(2)R is reduced and all minimal prime hyperideals of R are real;

(3)The intersection of all real prime hyperideals of R is equal to 0.

Proof. (1) = (2). Let R is a real hyperring. It’s clear that R is reduced. Let P be any minimal
prime hyperideal. If x € (x +--- +x2) N P, then there exist r € R\ P, such that rx is nilpotent
by Corollary 2.13. Hence, rx = 0. It follows that 0 = r?x € rzx% 4 -+ r?x2. By the reality of
R,wehaverx;=0€Pi=1,--- ,n. Thusx; € Pi=1,--- ,n. So P is real.

(2) = (3). If R is reduced and all minimal prime hyperideals of R are real. Let X,X,, and
X, be the set of prime hyperideals, minimal prime hyerideals and real prime hyperideals of R
respectively. Then by Lemma 3.9 ,we have

0=Nil(R)= N P= () P=N P
Pex PEX,, PeX,

(3) = (1). If0 €Y', x7, then Y, x? N P # & for any real hyperideal P. Hence x; € P,i =

1,---,n. This implies that x; € (] P, where X, is the set of real prime hyperideals of R. By

PEX,
assumption, we have x; =0 fori=1,--- ,n. 0

ACKNOWLEDGEMENTS

This research was supported by the Hainan Natural Science Foundation (Grant No. 118MS003),
and the Young Talents’ Science and Technology Innovation Project of Hainan Association for
Science and Technology (Grant No. QCXM201806).

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.



2828 DONGMING HUANG, JINPING LI

REFERENCES

[1] B. Davvaz, A.Salasi, A realization of hyperrings, Commun. Algebra, 34 (12) (2006), 4389-4400.

[2] B. H. Charles, Prime ideals in commutative rings and in Riesz spaces, University of Leiden, 1973.

[3] F. Marty, Sur une generalization de la notion de groupe, 8th Congress Math. Scandenaves, Scandenaves,
Stockholm, 1934, 45-49.

[4] M. Krasner, Approximation des Corps Values Complets de Charactristlque p # 0 par ceux de Characteristique
0, Colloque d’ Algebre Superleure, Bruxelles, 1956.

[5] M. Krasner, A class of hyperrings and hyperfields, Int. J. Math. Math. Sci. 2 (1983), 307-312.

[6] M. Marshall, Real reduced multirings and multifields, J. Pure Appl. Algebra, 205 (2006), 452-468.

[7] J. Jun, Algebraic geometry over hyperrings. Adv. Math. 323 (2018), 142-192.

[8] R. Nadesan, Commutative Hyperalgebra. University of Cincinnati, 2013.

[9] T.Y.Lam, An introduction to real algebra, Rocky Mount. J. Math. 14 (4) (1984), 767-814.

[10] Z.Z. Dai, Introduction to Real Algebra. Jiangxi University Press, NanChang, 1999.



