
                

*Corresponding author 

E-mail address: gurpreet20794@gmail.com 

Received September 24, 2020 

2943 

 

     Available online at http://scik.org 

     J. Math. Comput. Sci. 10 (2020), No. 6, 2943-2954 

https://doi.org/10.28919/jmcs/5052 

ISSN: 1927-5307 

 

 

NEW LAPLACE VARIATIONAL ITERATIVE METHOD FOR SOLVING  

TWO-DIMENSIONAL TELEGRAPH EQUATIONS 

GURPREET SINGH*, INDERDEEP SINGH 

Department of Mathematics, SBBSU, Jalandhar-144030, Punjab, India 

Copyright © 2020 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits 

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Abstract: In this paper, we present a new semi analytical technique based on Laplace transform and modified 

variational iterative method for solving two- dimensional telegraph equation arising in many applications of sciences 

and engineering. Some numerical examples have been presented to illustrate the accuracy of the proposed technique. 

Keywords: Laplace transform; modified variational iterative method; 2D telegraph equation; numerical examples. 

2010 AMS Subject Classification: 44A10, 35E15, 47J30. 

 

1. INTRODUCTION 

There are many initial and boundary value problems which involve partial differential equations. 

Only a few of these equations can be solved by analytical methods. In most cases, we depend on 

the numerical solution of such partial differential equations such as finite difference methods, finite 

element methods, wavelet methods and decomposition methods. There are many semi analytical 

or analytical methods which play a significant role in computational mathematics such as 

Homotopy perturbation method (HPM), Adomian decomposition method (ADM), Variational 



2944 

GURPREET SINGH, INDERDEEP SINGH 

iteration methods (VIM) and Homotopy analysis methods (HAM). Two- dimensional partial 

differential equations have many applications in sciences and engineering. In mathematics, 

Laplace transform based numerical methods plays a major role in the field of computational and 

applied mathematics. To make it iterative, variational methods have attracts the attention of various 

researchers and scientists.  Combination of these two methods gives numerical results with 

significant convergence. Variational iteration method has been developed for solving delay 

differential equations in [1]. Variational iteration technique for nonlinear equations has been 

presented in [2]. Laplace-variational iteration method has been used for solving the homogeneous 

Smoluchowski coagulation equation in [3]. New modified variational iteration transform method 

has presented for solving eighth order boundary value problems in [4]. In [5], reconstruction of 

variational iteration algorithms with the aid of the Laplace transform is presented. Numerical 

solutions of time-fractional diffusion equation in porous medium have presented in [6], by using 

variational iteration method. Some limitations of the variation iteration method and how Laplace 

transform method overcome these, have been discussed in [7]. A semi- analytical method is 

presented for solving a family of Kuramoto- Shivshinsky equations in [8]. Laplace variational 

method is presented for modified fractional derivatives with non-singular kernel in [9]. New 

Laplace variational iteration method has been developed for solving nonlinear partial differential 

equations in [10]. Efficient numerical technique based on wavelets has been developed for solving 

three-dimensional partial differential equations in [11]. 

     Consider the second-order linear two-dimensional hyperbolic telegraph equation in the 

region {(𝑥, 𝑦): 𝑎 ≤ 𝑥 ≤ 𝑏, 𝑎 ≤ 𝑦 ≤ 𝑏}, 

𝜕2𝑢

𝜕𝑡2
(𝑥, 𝑦, 𝑡) + 2𝜌

𝜕𝑢

𝜕𝑡
(𝑥, 𝑦, 𝑡) + 𝜎. 𝑢(𝑥, 𝑦, 𝑡) = 𝜉 (

𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
) + 𝑞(𝑥, 𝑦, 𝑡),    0 ≤ 𝑡 ≤ 𝑇 

with initial conditions 

𝑢(𝑥, 𝑦, 0) = 𝑓(𝑥, 𝑦),        
𝜕𝑢

𝜕𝑡
(𝑥, 𝑦, 0) = 𝑔(𝑥, 𝑦) 

where 𝜌, 𝜎, 𝜉 are constants and 𝑓, 𝑔 are known functions. 

     The hyperbolic partial differential equations play an important role in formulating 
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fundamental equations arising in atomic physics. These equations are very useful to understanding 

the various phenomena in many branches of applied sciences such as in engineering, industry, 

aerospace as well as in chemistry and biology too. There are many numerical techniques have been 

developed for solving two- dimensional telegraph equations and play a significant role to 

understand the behavior of the solutions of telegraph equations. In the literature, we found that 

many attempts have been taken for solving one-and two-dimensional telegraph equations. Many 

numerical techniques have been developed to find the numerical solutions of telegraph equation. 

In [12], Taylor matrix method has been developed for solving two- dimensional linear hyperbolic 

equation. Dual reciprocity boundary integral method has been developed for the solution of 

second-order one dimensional hyperbolic telegraph equations in [13]. In [14], unconditionally 

stable finite difference scheme has been presented to find the solution of one- dimensional linear 

hyperbolic equations. Haar wavelet method has been presented for solving two- dimensional 

telegraph equation in [15]. Interpolating scaling functions have been used to find the solution of 

telegraph equations in [16]. Cubic B-spline collocation method has presented for solving one- 

dimensional hyperbolic telegraph equations in [17]. Modified B-spline differential quadrature 

method has developed for solving two- dimensional telegraph equations in [18]. Chebyshev tau 

method is used for solving telegraph equation in [19]. 

 

2. LAPLACE TRANSFORM:  

Suppose 𝑦(𝑡)  be a function of 𝑡  defined for all positive values of 𝑡 . Then the Laplace 

transforms of 𝑦(𝑡), represented as 𝐿{𝑦(𝑡)} and is defined as: 

𝐿{𝑦(𝑡)} = ∫ 𝑒−𝑠𝑡𝑦(𝑡)𝑑𝑡 = �̅�(𝑠)

∞

0

, 

provided the integral exists and ′𝑠′  is a parameter which may be a real or complex number.  

Therefore 

𝐿{𝑦(𝑡)} = �̅�(𝑠), 

that is 
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𝑦(𝑡) = 𝐿−1{�̅�(𝑠)}. 

The term 𝐿−1{�̅�(𝑠)}, is called the inverse Laplace transform of �̅�(𝑠).  

 

3. LINEARITY PROPERTY OF LAPLACE TRANSFORMS: 

Laplace transform has linearity property. Let 𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡) be three functions of 𝑡 defined 

for all positive values of 𝑡. Then 

𝐿{𝑐. 𝑥(𝑡) + 𝑑. 𝑦(𝑡) + 𝑒. 𝑧(𝑡)} = 𝑐. 𝐿{𝑥(𝑡)} + 𝑑. 𝐿{𝑦(𝑡)} + 𝑒. 𝐿{𝑧(𝑡)} 

where 𝑐, 𝑑 and e are arbitrary constants. 

 

4. LAPLACE TRANSFORMS FOR DIFFERENTIATION: 

Laplace transform is very useful to find the nth order differentiation of a function. Suppose that 

𝑥(𝑡) be a function of 𝑡 defined for all positive values of 𝑡. Then, the Laplace transform of 𝑛th 

derivative of function 𝑥(𝑡) is 

𝐿 [
𝑑𝑛(𝑥(𝑡))

𝑑𝑡𝑛
] = 𝑠𝑛�̅�(𝑠) − 𝑠𝑛−1𝑥(0) − 𝑠𝑛−2𝑥′(0) − 𝑠𝑛−3𝑥′′(0) − ⋯ − 𝑠𝑥(𝑛−2)(0) − 𝑥(𝑛−1)(0) 

where �̅�(𝑠) = 𝐿{𝑥(𝑡)}. 

 

5. LINEARITY PROPERTY OF INVERSE LAPLACE TRANSFORMS: 

Linearity property is also applicable in case of inverse Laplace transform. Let 𝑥(𝑡), 𝑦(𝑡), 𝑧(𝑡) 

be any three functions of 𝑡 defined for all positive values of 𝑡. Let �̅�(𝑠), �̅�(𝑠) and 𝑧̅(𝑠) be the 

corresponding functions of 𝑠 such that �̅�(𝑠) = 𝐿{𝑥(𝑡)}, �̅�(𝑠) = 𝐿{𝑦(𝑡)} and 𝑧̅(𝑠) = 𝐿{𝑧(𝑡)}.  

Then 

𝐿−1{𝑐. �̅�(𝑠) + 𝑑. �̅�(𝑠) + 𝑒. 𝑧̅(𝑠)} = 𝑐. 𝐿−1{�̅�(𝑠)} + 𝑑. 𝐿{�̅�(𝑠)} + 𝑒. 𝐿{𝑧̅(𝑠)} 

= 𝑐. 𝑥(𝑡) + 𝑑. 𝑦(𝑡) + 𝑒. 𝑧(𝑡) 

where 𝑐, 𝑑 and e are arbitrary constants. 

 

6. VARIATIONAL ITERATIVE METHOD (VIM) 

Variational iterative method is widely useful to evaluate the exact or approximate solutions of one-
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dimensional problems arising in many applications of sciences and engineering. The variational 

iteration method has fast rate of convergence and gives the solution in a rapidly infinite convergent 

series. 

      The nonlinear terms can be handled with the help of variational iteration method. Consider 

the differential equations, 

                      𝒑𝑢(𝑥, 𝑦, 𝑡) + 𝒒𝑢(𝑥, 𝑦, 𝑡) = 𝒓(𝑥, 𝑦, 𝑡)                                                     (2)                   

with the initial conditions   

                          𝑢(𝑥, 𝑦, 0) = 𝒉(𝑥, 𝑦)                                                   (3)                                      

where p is a linear operator of the first order, q is nonlinear operator and r is a nonhomogeneous 

term. From variational iteration method, construct a correction functional as: 

          𝑢𝑚+1 = 𝑢𝑚 + ∫ 𝜆[𝒑𝑢𝑚(𝑥, 𝑦, 𝑠) + 𝒒�̃�𝑚(𝑥, 𝑦, 𝑠) − 𝒓(𝑥, 𝑦, 𝑠)]𝑑𝑠
𝑡

0
              (4) 

where 𝜆  is a known as Lagrange’s multiplier and 𝒎  denotes the mth approximations, �̃�𝑚  is 

restricted function, i.e. 𝛿�̃�𝑚 = 0.  The successive approximation 𝑢𝑚+1 of the solution 𝑢 will 

be obtained by using 𝜆 and 𝑢0. The solution is 

𝑢 = lim
𝑚→∞

𝑢𝑚 

 

7. NEW LAPLACE VARIATIONAL ITERATIVE METHOD FOR SOLVING TWO-

DIMENSIONAL TELEGRAPH EQUATIONS 

In this section, combination of Laplace transform and modified variational iteration method is 

present to solve three- dimensional Schrodinger equations arising in quantum physics and physical 

chemistry. Approximate solution of this equation has been obtained in terms of convergent series 

with very easily computable components.  

Assume that p is an operator of the first order 
𝜕

𝜕𝑡
 . Equation (2) becomes  

      
𝜕

𝜕𝑡
𝑢(𝑥, 𝑦, 𝑡) + 𝒒𝑢(𝑥, 𝑦, 𝑡) = 𝒓(𝑥, 𝑦, 𝑡)                            (5) 

Taking Laplace transform on both sides of (5), we obtain 

                𝐿 {
𝜕

𝜕𝑡
𝑢(𝑥, 𝑦, 𝑡)} + 𝐿{𝒒𝑢(𝑥, 𝑦, 𝑡)} = 𝐿{𝒓(𝑥, 𝑦, 𝑡)}                                             (6) 
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           𝑠𝐿{𝑢(𝑥, 𝑦, 𝑡)} − 𝒉(𝑥, 𝑦) = 𝐿{𝒓(𝑥, 𝑦, 𝑡)} − 𝐿{𝒒𝑢(𝑥, 𝑦, 𝑡)}                                        (7)     

                      

Applying inverse Laplace transform on both sides of (7), we obtain 

𝑢(𝑥, 𝑦, 𝑡) = 𝑹(𝑥, 𝑦, 𝑡) − 𝐿−1 [
1

𝑠
𝐿{𝒒𝑢(𝑥, 𝑦, 𝑡)}]                                              (8) 

where R is the term arising from source term and given initial condition. From the correctional 

functional of the variational iteration method 

𝑢𝑚+1(𝑥, 𝑦, 𝑡) = 𝑹(𝑥, 𝑦, 𝑡) − 𝐿−1 [
1

𝑠
𝐿{𝒒𝑢𝑚(𝑥, 𝑦, 𝑡)}]                                (9) 

Equation (9) represents the new modified correction functional of Laplace transform of variational 

iteration method, the solution is given by 

𝑢(𝑥, 𝑦, 𝑡) = lim
𝑚→∞

𝑢𝑚(𝑥, 𝑦, 𝑡) 

 

8. NUMERICAL EXPERIMENTS 

In this section, some numerical examples have been presented to illustrate the accuracy and 

efficiency of the proposed numerical technique.  

Example 1: Consider the following two- dimensional telegraph equation 

            
𝜕²𝑢(𝑥,𝑦,𝑡)

𝜕𝑡2 + 2
𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑡
+ 𝑢(𝑥, 𝑦, 𝑡) =  

1

2
∇2𝑢(𝑥, 𝑦, 𝑡)                      (10) 

with initial conditions  

𝑢(𝑥, 𝑦, 0) = sinhx sinhy  and 𝑢𝑡(𝑥, 𝑦, 0) = −2 sinhx sinhy 

Applying Laplace transform on both sides of (10), we obtain 

𝐿 {
𝜕²𝑢(𝑥,𝑦,𝑡)

𝜕𝑡2 + 2
𝜕𝑢(𝑥,𝑦,𝑡)

𝜕𝑡
+ 𝑢(𝑥, 𝑦, 𝑡)} =  

1

2
 𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)}                          (11) 

This implies 

𝑠2𝐿{𝑢(𝑥, 𝑦, 𝑡)} − 𝑠𝑢(𝑥, 𝑦, 0) − 𝑢𝑡(𝑥, 𝑦, 0) + 2𝑠𝐿{𝑢(𝑥, 𝑦, 𝑡)} − 2𝑢(𝑥, 𝑦, 0) + 𝐿{𝑢(𝑥, 𝑦, 𝑡)}       

=  
1

2
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)} 

𝑠2𝐿{𝑢(𝑥, 𝑦, 𝑡)} − 𝑠(sinhx sinhy) + 2 sinhx sinhy + 2𝑠𝐿{𝑢(𝑥, 𝑦, 𝑡)} − 2𝑠inhx sinhy

+ 𝐿{𝑢(𝑥, 𝑦, 𝑡)} =  
1

2
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)} 
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Applying initial conditions, we obtain 

(𝑠 + 1)²𝐿{𝑢(𝑥, 𝑦, 𝑡)} = 𝑠(sinhx sinhy) +  
1

2
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)} 

Divide by (𝑠 + 1)², we obtain 

𝐿{𝑢(𝑥, 𝑦, 𝑡)} =
𝑠(sinhx sinhy)

(𝑠 + 1)²
+

1

2

1

(𝑠 + 1)²
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)}                   (12) 

Applying inverse Laplace transform on both sides of (12), we obtain 

𝑢 = (1 − 𝑡) 𝑒−𝑡(𝑠𝑖𝑛ℎ𝑥 𝑠𝑖𝑛ℎ𝑦) +
1

2
𝐿−1 [

1

(𝑠 + 1)²
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)}]              (13) 

Using iteration method, from (13), we obtain  

              𝑢𝑚+1 = (1 − 𝑡) 𝑒−𝑡(sinhx sinhy) +
1

2
𝐿−1 [

1

(𝑠+1)²
𝐿{∇2𝑢𝑚}]                   (14)  

From (14), we obtain 

𝑢0 = 𝑠inhx sinhy 

𝑢1 = 𝑠inhx sinhy (1 − 2𝑡 𝑒−𝑡) 

𝑢2 = sinhx sinhy (1 − 2𝑡 𝑒−𝑡 −
2𝑡3𝑒−𝑡

3!
−

2𝑡5𝑒−𝑡

5!
) 

𝑢3 = 𝑠inhx sinhy (1 − 2𝑡 𝑒−𝑡 −
2𝑡3𝑒−𝑡

3!
−

2𝑡5𝑒−𝑡

5!
−

2𝑡7𝑒−𝑡

7!
−

2𝑡9𝑒−𝑡

9!
) 

and so on.  The solution is 

𝑢 = lim
𝑛→∞

𝑢𝑚 

After simplification, we obtain 

𝑢 =  sinhx sinhy (1 − 2𝑡 𝑒−𝑡 −
2𝑡3𝑒−𝑡

3!
−

2𝑡5𝑒−𝑡

5!
−

2𝑡7𝑒−𝑡

7!
−

2𝑡9𝑒−𝑡

9!
… … … … ) 

𝑢 =  sinhx sinhy (1 − 𝑒−𝑡 (2𝑡 +
2𝑡3

3!
+

2𝑡5

5!
+

2𝑡7

7!
+

2𝑡9

9!
… … … … )) 

𝑢 =  sinhx sinhy (1 − 𝑒−𝑡(𝑒𝑡 − 𝑒−𝑡)) 

𝑢 =  sinhx sinhy (1 − 1 + 𝑒−2𝑡) 

𝑢 =  𝑠inhx sinhy (𝑒−2𝑡)                            (15) 
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Figure 1: Description of solutions of Example 1 for = 0.5. 

 

Figure 1 shows the physical behaviour of solutions of Example 1 at t=0.5. 

 

Example 2: Consider the two- dimensional telegraph equation 

     
𝜕²𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡2
+ 2

𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡
+ 𝑢(𝑥, 𝑦, 𝑡) =  

1

2
∇2𝑢(𝑥, 𝑦, 𝑡)                                  (16) 

with initial conditions  

𝑢(𝑥, 𝑦, 0) = 𝑒𝑥+𝑦  and 𝑢𝑡(𝑥, 𝑦, 0) = −2 𝑒𝑥+𝑦 

Applying Laplace transform on both sides of (16), we obtain 

𝐿 {
𝜕²𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡2
+ 2

𝜕𝑢(𝑥, 𝑦, 𝑡)

𝜕𝑡
+ 𝑢(𝑥, 𝑦, 𝑡)} =  

1

2
 𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)} 

This implies 

𝑠2𝐿{𝑢(𝑥, 𝑦, 𝑡)} − 𝑠𝑢(𝑥, 𝑦, 0) − 𝑢𝑡(𝑥, 𝑦, 0) + 2𝑠𝐿{𝑢(𝑥, 𝑦, 𝑡)} − 2𝑢(𝑥, 𝑦, 0) + 𝐿{𝑢(𝑥, 𝑦, 𝑡)}

=  
1

2
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)} 

𝑠2𝐿{𝑢(𝑥, 𝑦, 𝑡)} − 𝑠(𝑒𝑥+𝑦) + 2 𝑒𝑥+𝑦 + 2𝑠𝐿{𝑢(𝑥, 𝑦, 𝑡)} − 2 𝑒𝑥+𝑦 + 𝐿{𝑢(𝑥, 𝑦, 𝑡)}

=  
1

2
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)} 

Applying initial conditions, we obtain 

(𝑠 + 1)²𝐿{𝑢(𝑥, 𝑦, 𝑡)} = 𝑠(𝑒𝑥+𝑦) +  
1

2
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)} 
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Divide by (𝑠 + 1)², we obtain 

𝐿{𝑢(𝑥, 𝑦, 𝑡)} =
𝑠(𝑒𝑥+𝑦)

(𝑠 + 1)²
+

1

2

1

(𝑠 + 1)²
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)}                           (17) 

 

Applying inverse Laplace transform on both sides of (17), we obtain 

𝑢 = (1 − 𝑡) 𝑒−𝑡(𝑒𝑥+𝑦) +
1

2
𝐿−1 [

1

(𝑠 + 1)²
𝐿{∇2𝑢(𝑥, 𝑦, 𝑡)}]                       (18) 

Using iteration method, from (18), we obtain 

              𝑢𝑚+1 = (1 − 𝑡) 𝑒𝑥+𝑦−𝑡 +
1

2
𝐿−1 [

1

(𝑠+1)²
𝐿{∇2𝑢𝑚}]                               (19)  

From (19), we obtain 

𝑢0 = 𝑒𝑥+𝑦 

 

𝑢1 = 𝑒𝑥+𝑦(1 − 2𝑡 𝑒−𝑡) 

𝑢2 = 𝑒𝑥+𝑦  (1 − 2𝑡 𝑒−𝑡 −
2𝑡3𝑒−𝑡

3!
−

2𝑡5𝑒−𝑡

5!
) 

𝑢3 = 𝑒𝑥+𝑦  (1 − 2𝑡 𝑒−𝑡 −
2𝑡3𝑒−𝑡

3!
−

2𝑡5𝑒−𝑡

5!
−

2𝑡7𝑒−𝑡

7!
−

2𝑡9𝑒−𝑡

9!
) 

and so on.  The solution is 

𝑢 = lim
𝑛→∞

𝑢𝑚 

After simplification, we obtain 

𝑢 =   𝑒𝑥+𝑦 (1 − 2𝑡 𝑒−𝑡 −
2𝑡3𝑒−𝑡

3!
−

2𝑡5𝑒−𝑡

5!
−

2𝑡7𝑒−𝑡

7!
−

2𝑡9𝑒−𝑡

9!
… … … … ) 

𝑢 =  𝑒𝑥+𝑦  (1 − 𝑒−𝑡 (2𝑡 +
2𝑡3

3!
+

2𝑡5

5!
+

2𝑡7

7!
+

2𝑡9

9!
… … … … )) 

𝑢 =  𝑒𝑥+𝑦 (1 − 𝑒−𝑡(𝑒𝑡 − 𝑒−𝑡)) 

𝑢 =  𝑒𝑥+𝑦 (1 − 1 + 𝑒−2𝑡) 

                                 𝑢 = 𝑒𝑥+𝑦 (𝑒−2𝑡)      

𝑢 = 𝑒𝑥+𝑦−2𝑡  
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Figure 2: Description of solutions of Example 2 for 𝑡 = 0.2  

 

Figure 2 shows the physical behaviour of solutions of Example 2 at t=0.2. 

 

CONCLUSION 

From the above performed experiments, it is concluded that numerical technique based on the 

combination of two well-known classical methods such as Laplace transform method and 

variational iteration method, is a powerful semi analytical technique for solving two- dimensional 

telegraph equations. For future scope, this technique will be used for solving three-dimensional 

telegraph equations.  
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