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1. INTRODUCTION AND PRELIMINARIES 

             The Banach Contraction Principle is popularly known as the Banach fixed point theorem 

which states that every contraction map on a complete metric space has a unique fixed point, i.e., 

Let (X, d) be a complete metric space. Let  𝑇: 𝑋 → 𝑋  be a map satisfying 𝑑(𝑇(𝑥), 𝑇(𝑦)) ≤

 𝑘(𝑑(𝑥, 𝑦)), 0 ≤ 𝑘 <  1 ,  for all 𝑥, 𝑦 ∈ 𝑋. Then T has a unique fixed point. This principle is 

widely used as a basic tool in solving existence problems in pure and applied sciences that 
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include various areas such as numerical analysis, approximation theory, game theory, economics, 

physics, chemistry and computer science etc. It plays a very crucial role in nonlinear analysis. 

There has been significant interest of researchers to generalize this result for a pair/pairs of 

mappings satisfying various types of contractive/contraction conditions in various abstract metric 

spaces. Moreover, this fixed point can be explicitly obtained as a limit of repeated iteration of the 

mapping, initiating at any point of the underlying space. Obviously, every contraction is a 

continuous function but not conversely. Many mathematicians proved several fixed point 

theorems to explore some new contraction-type mappings in order to generalize the classical 

Banach Contraction Principle. 

 In 1969, Boyd and Wong [1] replaced the constant 𝑘 in Banach contractive condition by 

an upper semi-continuous function as follows: 

             Let (𝑋, 𝑑)  be a complete metric space and 𝜓 ∶  [0 ,∞)  →  [0,∞)  be upper semi 

continuous from the right such that 0 ≤  𝜓(𝑡)  < 𝑡  for all 𝑡 > 0 . If 𝑇 ∶  𝑋 →

 𝑋 satisfies 𝑑(𝑇(𝑥), 𝑇(𝑦))  ≤  𝜓(𝑑(𝑥, 𝑦)) for all 𝑥, 𝑦 ∈  𝑋, then it has a unique fixed point 𝑥 ∈

 𝑋 and {𝑇𝑛𝑥} converges to 𝑥 for all 𝑥 ∈  𝑋.  

Fixed point theorems basically involve sufficient conditions for the existence of fixed 

points. Therefore, the central concerns in fixed point theory are to find a minimal set of sufficient 

conditions which ensures the guarantee of fixed points or common fixed points. It was a turning 

point in the fixed point theory literature when the notion of commutativity mappings was used by 

Jungck [2] to obtain a common fixed point theorem for a pair of mappings. 

A common fixed point result generally involves conditions on commutativity, continuity, 

and contraction along with a suitable condition on the containment of range of one mapping into 

the range of the other. One is always required to improve one or more of these conditions in 

order to prove a new common fixed point theorem. 

            The first ever attempt to relax the commutativity of mappings to a smaller subset of the 

domain of mappings was initiated by Sessa [11] who in 1982 gave the notion of weak 

commutativity. One can notice that the notion of weak commutativity is a point property, while 
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the notion of compatibility is an iterate of sequence. Two self mappings f and g of a metric space 

(𝑋, 𝑑) are said to be weakly commuting if 𝑑(𝑓𝑔𝑥, 𝑔𝑓𝑥)  ≤  𝑑(𝑔𝑥, 𝑓𝑥) for all 𝑥 in 𝑋.      

            In 1986, Jungck [3] introduced the notion of compatible mappings as follows: 

Definition 1.1. Two self maps 𝑓  and 𝑔  of a metric space (X, d) are called compatible 

if  lim
n→∞

𝑑(𝑓𝑔𝑥𝑛 , 𝑔𝑓𝑥𝑛) = 0  , whenever {𝑥𝑛}  is a sequence in X such that  lim
n→∞

𝑓𝑥𝑛 =

lim
n→∞

𝑔𝑥𝑛 = 𝑡 for some t ∈ X. 

           In 1993, Jungck et al. [5] introduced the concept of compatible mappings of type (A) as 

follows: 

Definition 1.2. Two self mappings f and 𝑔 on a metric space (X, d) are called compatible of type 

(A) if 

                         lim
n→∞

𝑑(𝑓𝑓𝑥𝑛 , 𝑔𝑓𝑥𝑛) = 0 and lim
n→∞

𝑑(𝑔𝑔𝑥𝑛 , 𝑓𝑔𝑥𝑛) = 0, 

whenever {𝑥𝑛} is a sequence in X such that lim
n→∞

𝑓𝑥𝑛 = lim
n→∞

𝑔𝑥𝑛 = 𝑡 for some t ∈ X. 

       In 1995, Pathak and Khan [7] introduced the notion of compatible mappings of type (B) as 

follows: 

Definition 1.3. Two self mappings f and 𝑔 on a metric space (X, d) are called compatible of 

type (B) if 

lim
𝑛→∞

𝑑( 𝑓𝑔𝑥𝑛, 𝑔𝑔𝑥𝑛) ≤
1

2
[ lim
𝑛→∞

𝑑( 𝑓𝑔𝑥𝑛, 𝑓𝑡) + lim
𝑛→∞

𝑑( 𝑓𝑡, 𝑓𝑓𝑥𝑛)] 

and 

lim
𝑛→∞

𝑑(𝑔𝑓𝑥𝑛, 𝑔𝑔𝑥𝑛) ≤
1

2
[ lim
𝑛→∞

𝑑(𝑔𝑓𝑥𝑛, 𝑔𝑡) + lim
𝑛→∞

𝑑(𝑔𝑡, 𝑔𝑔𝑥𝑛)] 

whenever {𝑥𝑛} is a sequence in X such that lim
n→∞

𝑓𝑥𝑛 = lim
n→∞

𝑔𝑥𝑛 = 𝑡 for some t ∈ X. 

        In 1998, Pathak et al. [9] introduced the notion of compatible mappings of type (C) as 

follows: 

Definition 1.4. Two self mappings 𝑓 and 𝑔 on a metric space (X, d) are called compatible of 

type (C) if 

lim
n→∞

𝑑( 𝑓𝑔𝑥𝑛, 𝑔𝑔𝑥𝑛) ≤
1

3
[ lim
n→∞

𝑑( 𝑓𝑔𝑥𝑛, 𝑓𝑡) + lim
n→∞

𝑑( 𝑓𝑡, 𝑓𝑓𝑥𝑛) + lim
n→∞

𝑑( 𝑓𝑡, 𝑔𝑔𝑥𝑛)] 
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and 

lim
n→∞

𝑑(𝑔𝑓𝑥𝑛, 𝑓𝑓𝑥𝑛) ≤
1

3
[ lim
n→∞

d( 𝑔𝑓𝑥𝑛, 𝑔𝑡) + lim
n→∞

d( 𝑔𝑡, 𝑔𝑔𝑥𝑛) + lim
n→∞

d( 𝑔𝑡, 𝑓𝑓𝑥𝑛)], 

whenever {𝑥𝑛}  is a sequence in X such that lim
n→∞

𝑓𝑥𝑛 = lim
n→∞

𝑔𝑥𝑛 = 𝑡 for some t ∈ X. 

       In 1995, Pathak et al. [8] introduced the notion of compatible mappings of type (P) as 

follows: 

Definition 1.5. Two self mappings 𝑓 and 𝑔 on a metric space (X, d) are called compatible of 

type (P) if 

lim
n→∞

𝑑( 𝑓𝑓𝑥𝑛, 𝑔𝑔𝑥𝑛) = 0, 

whenever {𝑥𝑛} is a sequence in X such that lim
n→∞

𝑓𝑥𝑛 = lim
n→∞

𝑔𝑥𝑛 = 𝑡 for some t ∈ X. 

        Now we highlight the properties of compatible mappings and its variants. 

Proposition 1.6. [3] Let S and T be compatible mappings of a metric space (X, d) into itself. If 

𝑆𝑡 = 𝑇𝑡 for some t ∈ X, then 𝑆𝑇𝑡 = 𝑆𝑆𝑡 = 𝑇𝑇𝑡 = 𝑇𝑆𝑡. 

 Proposition 1.7. [3] Let S and T be compatible mappings of a metric space (X, d) into itself. 

Suppose that lim
n→∞

𝑆𝑥𝑛 = lim
n→∞

𝑇𝑥𝑛 = 𝑡 for some t ∈ X. Then 

          (i) lim
n→∞

𝑇𝑆𝑥𝑛 = 𝑆𝑡 if S is continuous at t. 

         (ii) lim
n→∞

𝑆𝑇𝑥𝑛 = 𝑇𝑡 if T is continuous at t. 

         (iii) 𝑆𝑇𝑡 = 𝑇𝑆𝑡 and 𝑆𝑡 = 𝑇𝑡 if S and T are continuous at t. 

Proposition 1.8. [5] Let S and T be compatible mappings of type (A) of a metric space (X, d) 

into itself. If one of S and T is continuous, then S and T are compatible. 

Proposition 1.9.[7] Let S and T be compatible mappings of type (B) of a metric space (X, d) 

into itself. If St = Tt for some t ∈ X, then 𝑆𝑇𝑡 = 𝑆𝑆𝑡 = 𝑇𝑇𝑡 = 𝑇𝑆𝑡. 

Proposition 1.10. [7] Let S and T be compatible mappings of type (B) of a metric space  (X, d) 

into itself.  Suppose that lim
n→∞

𝑆𝑥𝑛 = lim
n→∞

𝑇𝑥𝑛 = 𝑡 for some t ∈ X. Then 

(i) lim
n→∞

𝑇𝑇𝑥𝑛 = 𝑆𝑡 if S is continuous at t; 

(ii) lim
n→∞

𝑆𝑆𝑥𝑛 = 𝑇𝑡 if T is continuous at t; 
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(iii) 𝑆𝑇𝑡 = 𝑇𝑆𝑡 and 𝑆𝑡 = 𝑇𝑡 if S and T are continuous at t. 

Remark 1.11. In Proposition 1.9, if one assumes that S and T be compatible mappings of type 

(C) or of type (P) instead of type (B), the conclusion of the Proposition 1.9 remains true. 

Remark 1.12. In Proposition 1.10, if one assumes that S and T be compatible mappings of type 

(C) or of type (P) instead of type (B), the conclusion of the proposition 1.10 remains true. 

         Let (X, d) be a metric space. A self map T on X is said to be weak contraction if for each                  

x, y ∈ X, there exists a function ϕ: [0, ∞) → [0, ∞) such that 

                         d(Tx, Ty) ≤ d(x, y) – ϕ(d(x, y)) with ϕ(t) > 0 and ϕ(0) = 0. 

         In this paper, we introduce a new weak contraction that involves cubic terms of distance 

function: 

Let 𝑓, 𝑔, S and T be four mappings of a complete metric space (X, d) into itself satisfying the 

following condition: 

  (𝐶1) 𝑑3(𝑓𝑥, 𝑔𝑦) ≤ 𝑝 𝑚𝑎𝑥{[𝑑2(𝑆𝑥, 𝑓𝑥)𝑑(𝑇𝑦, 𝑔𝑦) + 𝑑(𝑆𝑥, 𝑓𝑥)𝑑2(𝑇𝑦, 𝑔𝑦)]/2,                              

                          𝑑(𝑆𝑥, 𝑓𝑥)𝑑(𝑆𝑥, 𝑔𝑦)𝑑(𝑇𝑦, 𝑓𝑥), 𝑑(𝑆𝑥, 𝑔𝑦)𝑑(𝑇𝑦, 𝑓𝑥)𝑑(𝑇𝑦, 𝑔𝑦)}               

−𝜙(𝑚(𝑆𝑥, 𝑇𝑦)),                                                                           

for all 𝑥, 𝑦 ∈ 𝑋, where 

𝑚(𝑆𝑥, 𝑇𝑦) = max {𝑑2(𝑆𝑥, 𝑇𝑦), 𝑑(𝑆𝑥, 𝑓𝑥)𝑑(𝑇𝑦, 𝑔𝑦), 𝑑(𝑆𝑥, 𝑔𝑦)𝑑(𝑇𝑦, 𝑓𝑥),        

[𝑑(𝑆𝑥, 𝑓𝑥)𝑑(𝑆𝑥, 𝑔𝑦) + 𝑑(𝑇𝑦, 𝑓𝑥)𝑑(𝑇𝑦, 𝑔𝑦)]/2} 

and 𝑝 is a real number satisfying 0 < 𝑝 < 1. Further, 𝜙: [0,∞) → [0,∞) is a continuous function 

with 𝜙(𝑡) = 0  iff 𝑡 = 0 and 𝜙(𝑡) > 0 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡 > 0. 

 

2. FIXED POINTS FOR COMPATIBLE MAPPINGS AND ITS VARIANTS 

First we prove the following theorem for compatible mappings. 

Theorem 2.1. Let 𝑓, 𝑔, S and T be four mappings of a complete metric space (X, d) into itself 

satisfying (𝐶1) and the following: 

(𝐶2) 𝑓(𝑋) ⊂ 𝑇(𝑋), 𝑔(𝑋) ⊂ 𝑆(𝑋)  

(𝐶3) One of 𝑓, 𝑔, 𝑆 𝑎𝑛𝑑 𝑇 is continuous. 
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Assume that the pairs (𝑓 , S) and (𝑔 , T) are compatible, then 𝑓 , 𝑔 , 𝑆  and 𝑇  have a unique 

common fixed point in X. 

Proof. Let 𝑥0 ∈ 𝑋 be an arbitrary point and using (𝐶2), we can find 𝑓(𝑥0) = 𝑇(𝑥1) = 𝑦0, for 

this 𝑥1 we can find 𝑥2 ∈ 𝑋 such that 𝑔(𝑥1) = 𝑆(𝑥2) = 𝑦1 . Proceeding in this fashion, we can 

construct a sequence {𝑦𝑛}  in X such that  

            𝑦2𝑛 = 𝑓(𝑥2𝑛) = 𝑇(𝑥2𝑛+1), 𝑦2𝑛+1 = 𝑔(𝑥2𝑛+1) = 𝑆(𝑥2𝑛+2) 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑛 ≥ 0.             (2.1) 

Let 𝛽2𝑛 = 𝑑(𝑦2𝑛, 𝑦2𝑛+1). First, we prove that {𝛽2𝑛} is non increasing sequence and converges to 

zero. 

Case I: If n is even, on putting 𝑥 = 𝑥2𝑛 and 𝑦 = 𝑥2𝑛+1 in (C1), we get 

𝑑3(𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1) ≤ 𝑝 𝑚𝑎𝑥{[𝑑2(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)                          

+𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑
2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2, 

                      𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑥2𝑛), 

                                           𝑑(𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)}               

                                          −𝜙(𝑚(𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1)),                                                                            

 where 

𝑚(𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1) = max {𝑑2(𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1), 

𝑑(𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑥2𝑛),        

                            [𝑑(𝑆𝑥2𝑛 , 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1) + 𝑑(𝑇𝑥2𝑛+1, 𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}. 

Using (2.1), we have 

𝑑3(𝑦2𝑛, 𝑦2𝑛+1) ≤ 𝑝 𝑚𝑎𝑥{[𝑑2(𝑦2𝑛−1, 𝑦2𝑛)𝑑(𝑦2𝑛, 𝑦2𝑛+1)                          

+𝑑(𝑦2𝑛−1, 𝑦2𝑛)𝑑
2(𝑦2𝑛, 𝑦2𝑛+1)]/2, 

                   𝑑(𝑦2𝑛−1, 𝑦2𝑛)𝑑(𝑦2𝑛−1, 𝑦2𝑛+1)𝑑(𝑦2𝑛, 𝑦2𝑛), 

                                𝑑(𝑦2𝑛−1, 𝑦2𝑛+1)𝑑(𝑦2𝑛, 𝑦2𝑛)𝑑(𝑦2𝑛, 𝑦2𝑛+1)}               

                                                      −𝜙(𝑚(𝑦2𝑛−1, 𝑦2𝑛)),                                                                           (2.2) 

where 

𝑚(𝑦2𝑛−1, 𝑦2𝑛) = max {𝑑
2(𝑦2𝑛−1, 𝑦2𝑛), 𝑑(𝑦2𝑛−1, 𝑦2𝑛)𝑑(𝑦2𝑛, 𝑦2𝑛+1), 

𝑑(𝑦2𝑛−1, 𝑦2𝑛+1)𝑑(𝑦2𝑛, 𝑦2𝑛),        
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                            [𝑑(𝑦2𝑛−1, 𝑦2𝑛)𝑑(𝑦2𝑛−1, 𝑦2𝑛+1) + 𝑑(𝑦2𝑛, 𝑦2𝑛)𝑑(𝑦2𝑛, 𝑦2𝑛+1)]/2}. 

On using 𝛽2𝑛 = 𝑑(𝑦2𝑛, 𝑦2𝑛+1) in (2.2), we get 

𝛽2𝑛
3 ≤ 𝑝 max {[𝛽2𝑛−1

2 𝛽2𝑛 + 𝛽2𝑛−1𝛽2𝑛
2 ]/2,0,0} −𝜙(𝑚(𝑦2𝑛−1, 𝑦2𝑛))                                       (2.3) 

where 𝑚(𝑦2𝑛−1, 𝑦2𝑛) = max {𝛽2𝑛−1
2 , 𝛽2𝑛−1𝛽2𝑛, 0, [𝛽2𝑛−1𝑑(𝑦2𝑛−1, 𝑦2𝑛+1) + 0]/2}. 

By using triangular inequality and property of 𝜙, we get 

𝑑(𝑦2𝑛−1, 𝑦2𝑛+1) ≤ 𝑑(𝑦2𝑛−1, 𝑦2𝑛) + 𝑑(𝑦2𝑛, 𝑦2𝑛+1) = 𝛽2𝑛−1 + 𝛽2𝑛 

and 𝑚(𝑦2𝑛−1, 𝑦2𝑛) ≤ max {𝛽2𝑛−1
2 , 𝛽2𝑛−1𝛽2𝑛, 0, [𝛽2𝑛−1(𝛽2𝑛−1 + 𝛽2𝑛)]/2}. 

If 𝛽2𝑛−1 < 𝛽2𝑛, then (2.3) reduces to 

𝛽2𝑛
3 ≤ 𝑝𝛽2𝑛

3 − 𝜙(𝛽2𝑛
2 ), which is a contradiction, since 0< 𝑝 < 1. 

Hence 𝛽2𝑛 ≤ 𝛽2𝑛−1. 

In a similar way, if n is odd, then we can obtain 𝛽2𝑛+1 ≤ 𝛽2𝑛. 

It follows that the sequence {𝛽2𝑛} is decreasing. 

Let lim
𝑛→∞

𝛽2𝑛 = 𝑟, for some 𝑟 ≥ 0. 

Suppose 𝑟 > 0; then from inequality (C1), we have 

𝑑3(𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1) ≤ 𝑝 𝑚𝑎𝑥{[𝑑2(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)                          

+𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑
2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2, 

                      𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑥2𝑛), 

                                           𝑑(𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)}               

                                          −𝜙(𝑚(𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1)),                                                                            

 where 

𝑚(𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1) = max {𝑑2(𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1), 

𝑑(𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑥2𝑛),        

                            [𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1) + 𝑑(𝑇𝑥2𝑛+1, 𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}.                                                             

Now by using (2.1), triangular inequality and property of  𝜙 and proceed limit as 𝑛 → ∞, we get 

                              𝑟3 ≤ 𝑝𝑟3 − 𝜙(𝑟2) < 𝑝𝑟3 , i.e., 𝑝 > 1,                                                                                      

which is a contradiction, therefore, we get 𝑟 = 0. Thus 
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                         lim
𝑛→∞

𝛽2𝑛 = lim
𝑛→∞

𝑑(𝑦2𝑛, 𝑦2𝑛−1) = 𝑟 = 0.                                                                 

Now we show that {𝑦𝑛} is a Cauchy sequence.  

If possible, let {𝑦𝑛} is not a Cauchy sequence. Then there exist 𝜖 > 0, for which we can find two 

sequences of positive integers {𝑚(𝑘)}  and {𝑛(𝑘)}  such that for all positive integers k with 

𝑛(𝑘) > 𝑚(𝑘) ≥ 𝑘, we have 

                                                             𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘)) ≥ 𝜖,       

Further corresponding to 𝑚(𝑘), we can choose 𝑛(𝑘) in such a way that it is the smallest positive 

integer with 𝑛(𝑘) > 𝑚(𝑘) and satisfying  𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘)) ≥ 𝜖, we have 

                                                             𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘)−1) < 𝜖.                                                          

Now,  𝜖 ≤ 𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘)) ≤ 𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘)−1) + 𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑛(𝑘)).                                        

Letting 𝑘 → ∞, we get  lim
𝑘→∞

𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘)) =  𝜖                                                           

Now from the triangular inequality, we have,  

|𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘)+1) − 𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘))| ≤ 𝑑(𝑦𝑚(𝑘), 𝑦𝑚(𝑘)+1).                                             

Taking limits as 𝑘 → ∞ we have  

lim
𝑘→∞

𝑑(𝑦𝑛(𝑘), 𝑦𝑚(𝑘)+1) = 𝜖.                                                                                                 

Again, using triangular inequality, we have  

 |𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘)+1) − 𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘))| ≤ 𝑑(𝑦𝑛(𝑘), 𝑦𝑛(𝑘)+1).                                             

Proceeding limits as 𝑘 → ∞ we get  

lim
𝑘→∞

𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘)+1) = 𝜖.                                                                                                 

Similarly, we have   

|𝑑(𝑦𝑚(𝑘)+1, 𝑦𝑛(𝑘)+1) − 𝑑(𝑦𝑚(𝑘), 𝑦𝑛(𝑘))| ≤ 𝑑(𝑦𝑚(𝑘), 𝑦𝑚(𝑘)+1) + 𝑑(𝑦𝑛(𝑘), 𝑦𝑛(𝑘)+1).  

Taking limit as 𝑘 → ∞ in the above inequality, we have 

lim
𝑘→∞

𝑑(𝑦𝑛(𝑘)+1, 𝑦𝑚(𝑘)+1) =  𝜖.                                                                                        

On putting 𝑥 = 𝑥𝑚(𝑘)  and  𝑦 = 𝑥𝑛(𝑘) in (C1), we get  

𝑑3(𝑓𝑥𝑚(𝑘), 𝑔𝑥𝑛(𝑘)) ≤ 𝑝 𝑚𝑎𝑥{[𝑑2(𝑆𝑥𝑚(𝑘), 𝑓𝑥𝑚(𝑘))𝑑(𝑇𝑥𝑛(𝑘), 𝑔𝑥𝑛(𝑘))                          
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+𝑑(𝑆𝑥𝑚(𝑘), 𝑓𝑥𝑚(𝑘))𝑑
2(𝑇𝑥𝑛(𝑘), 𝑔𝑥𝑛(𝑘))]/2, 

                      𝑑(𝑆𝑥𝑚(𝑘), 𝑓𝑥𝑚(𝑘))𝑑(𝑆𝑥𝑚(𝑘), 𝑔𝑥𝑛(𝑘))𝑑(𝑇𝑥𝑛(𝑘), 𝑓𝑥𝑚(𝑘)), 

                                           𝑑(𝑆𝑥𝑚(𝑘), 𝑔𝑥𝑛(𝑘))𝑑(𝑇𝑥𝑛(𝑘), 𝑓𝑥𝑚(𝑘))𝑑(𝑇𝑥𝑛(𝑘), 𝑔𝑥𝑛(𝑘))}               

                                          −𝜙 (𝑚(𝑆𝑥𝑚(𝑘), 𝑇𝑥𝑛(𝑘))),                                                                            

 where 

𝑚(𝑆𝑥𝑚(𝑘), 𝑇𝑥𝑛(𝑘)) = max {𝑑2(𝑆𝑥𝑚(𝑘), 𝑇𝑥𝑛(𝑘)), 𝑑(𝑆𝑥𝑚(𝑘), 𝑓𝑥𝑚(𝑘))𝑑(𝑇𝑥𝑛(𝑘), 𝑔𝑥𝑛(𝑘)), 

𝑑(𝑆𝑥𝑚(𝑘), 𝑔𝑥𝑛(𝑘))𝑑(𝑇𝑥𝑛(𝑘), 𝑓𝑥𝑚(𝑘)),        

                   [𝑑(𝑆𝑥𝑚(𝑘), 𝑓𝑥𝑚(𝑘))𝑑(𝑆𝑥𝑚(𝑘), 𝑔𝑥𝑛(𝑘)) + 𝑑(𝑇𝑥𝑛(𝑘), 𝑓𝑥𝑚(𝑘))𝑑(𝑇𝑥𝑛(𝑘), 𝑔𝑥𝑛(𝑘))]/2}. 

i.e., 

𝑑3(𝑦𝑚(𝑘), 𝑦𝑛(𝑘))    ≤  𝑝 max {[𝑑2(𝑦𝑚(𝑘)−1, 𝑦𝑚(𝑘))𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑛(𝑘)) 

                                                           +𝑑(𝑦𝑚(𝑘)−1, 𝑦𝑚(𝑘))𝑑
2(𝑦𝑛(𝑘)−1, 𝑦𝑛(𝑘))]/2 

                                                         𝑑(𝑦𝑚(𝑘)−1, 𝑦𝑚(𝑘))𝑑(𝑦𝑚(𝑘)−1, 𝑦𝑛(𝑘))𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑚(𝑘)), 

                                                            𝑑(𝑦𝑚(𝑘)−1, 𝑦𝑛(𝑘))𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑚(𝑘))𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑛(𝑘))} 

                                                                  −𝜙(𝑚(𝑆𝑥𝑚(𝑘), 𝑇𝑥𝑛(𝑘))),                                                                                              

where 

𝑚(𝑆𝑥𝑚(𝑘), 𝑇𝑥𝑛(𝑘)) = max {𝑑2(𝑦𝑚(𝑘)−1, 𝑦𝑛(𝑘)−1), 𝑑(𝑦𝑚(𝑘)−1, 𝑦𝑚(𝑘))𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑛(𝑘)), 

𝑑(𝑦𝑚(𝑘)−1, 𝑦𝑛(𝑘))𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑚(𝑘)), 

[𝑑(𝑦𝑚(𝑘)−1, 𝑦𝑚(𝑘))𝑑(𝑦𝑚(𝑘)−1, 𝑦𝑛(𝑘)) + 𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑚(𝑘))𝑑(𝑦𝑛(𝑘)−1, 𝑦𝑛(𝑘))]/2}. 

  Letting 𝑘 → ∞, we get 

 𝜖3 ≤ 𝑝𝑚𝑎𝑥 {
1

2
[0 + 0], 0,0} − 𝜙(𝜖2) 

       = −𝜙(𝜖2), a contradiction.  

Thus {𝑦𝑛} is a Cauchy sequence in  𝑋. Since (X, d) is a complete metric space, {𝑦𝑛} converges to 

a point z as n → ∞. Consequently, the subsequences {𝑓𝑥2𝑛}, {𝑆𝑥2𝑛}, {𝑔𝑥2𝑛+1} 

and {𝑇𝑥2𝑛+1}  of the sequence {𝑦𝑛} also converges to z.  
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          Now suppose that S is continuous. Then {𝑆𝑆𝑥2𝑛}, {𝑆𝑓𝑥2𝑛}  converges to 𝑆𝑧  as 𝑛 → ∞ . 

Since (𝑓, 𝑆) are compatible on X, it follows from Proposition 1.7 that {𝑓𝑆𝑥2𝑛} converges to 𝑆𝑧 

as 𝑛 → ∞. 

We claim that 𝑧 = 𝑆𝑧. For this put 𝑥 = 𝑆𝑥2𝑛 and 𝑦 = 𝑥2𝑛+1 in condition (C1), we have  

𝑑3(𝑓𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1) ≤ 𝑝 max {[𝑑
2(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1) 

                                                      +𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑
2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2, 

                                                      𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛), 

                                                      𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)} 

                                                            −𝜙(𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1)),                                                                                                    

where 

𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1) = max {𝑑
2(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1),    

𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛), 

[𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1) + 𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}. 

Letting 𝑛 → ∞, we get 

𝑑3(𝑆𝑧, 𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧) + 𝑑(𝑆𝑧, 𝑆𝑧)𝑑2(𝑧, 𝑧)]/2, 

                                             𝑑(𝑆𝑧, 𝑆𝑧)𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑆𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧)} 

−𝜙(𝑚(𝑆𝑧, 𝑧)),                                                   

where 

                        𝑚(𝑆𝑧, 𝑧) = max {𝑑2(𝑆𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑆𝑧), 

                                               [𝑑(𝑆𝑧, 𝑆𝑧)𝑑(𝑆𝑧, 𝑧) + 𝑑(𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧)]/2} 

                                            = 𝑑2(𝑆𝑧, 𝑧).                                                                   

Hence, we have 

𝑑3(𝑆𝑧, 𝑧) ≤ 𝑝 max {0,0,0} − 𝜙(𝑑2(𝑆𝑧, 𝑧)). 

Thus, we get 𝑑(𝑆𝑧, 𝑧) = 0 and hence 𝑆𝑧 = 𝑧. 

Next, we will show that 𝑓𝑧 = 𝑧. For this put x = z and 𝑦 = 𝑥2𝑛+1 in (C1), 

𝑑3(𝑓𝑧, 𝑔𝑥2𝑛+1) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1) 

                                                          +𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2, 
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                                                          𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑧), 

                                                         𝑑(𝑆𝑧, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑧)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)} 

                                                              −𝜙(𝑚(𝑆𝑧, 𝑇𝑥2𝑛+1)),                                                                                                    

where 

𝑚(𝑆𝑧, 𝑇𝑥2𝑛+1)  = 𝑚𝑎𝑥{𝑑2(𝑆𝑧, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1), 

𝑑(𝑆𝑧, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑧), 

[𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑥2𝑛+1) + 𝑑(𝑇𝑥2𝑛+1, 𝑓𝑧)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}. 

Letting 𝑛 → ∞, we have 

    𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 𝑚𝑎𝑥 {

[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧) + 𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑧, 𝑧)]/2,

𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧),

𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)

} 

−𝜙(𝑚(𝑆𝑧, 𝑧)),                                                 

where 

𝑚(𝑆𝑧, 𝑧) = max {𝑑2(𝑆𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 

                                               [𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)]/2} = 0. 

Hence, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(0). 

Thus, we get, 𝑑3(𝑓𝑧, 𝑧) = 0.  This implies that 𝑓𝑧 = 𝑧 . Since 𝑓(𝑋) ⊂ 𝑇(𝑋)  and hence there 

exists point 𝑢 ∈ 𝑋 such that 𝑧 = 𝑓𝑧 = 𝑇𝑢. 

We claim that 𝑧 = 𝑔𝑢. For this, we put x = z and y = u in (C1), we get  

    𝑑3(𝑓𝑧, 𝑔𝑢) ≤ 𝑝 𝑚𝑎𝑥 {

[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑢, 𝑔𝑢) + 𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑇𝑢, 𝑔𝑢)]/2,

𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑧),

𝑑(𝑆𝑧, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑧)𝑑(𝑇𝑢, 𝑔𝑢)

}              

                                       −𝜙(𝑚(𝑆𝑧, 𝑇𝑢)),                                                                                                                                  

where 

𝑚(𝑆𝑧, 𝑇𝑢)  = 𝑚𝑎𝑥 {

𝑑2(𝑆𝑧, 𝑇𝑢), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑢, 𝑔𝑢),

𝑑(𝑆𝑧, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑧),
[𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑢) + 𝑑(𝑇𝑢, 𝑓𝑧)𝑑(𝑇𝑢, 𝑔𝑢)]/2

} 

        = max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢), 𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧), 
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                                             [𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢) + 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)]/2} = 0.                            

Hence, we have 

𝑑3(𝑧, 𝑔𝑢) ≤ 𝑝 𝑚𝑎𝑥 {
[𝑑2(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢) + 𝑑(𝑧, 𝑧)𝑑2(𝑧, 𝑔𝑢)]/2,

𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)
} − 𝜙(0), 

which implies that 𝑑3(𝑧, 𝑔𝑢) = 0 and hence 𝑧 = 𝑔𝑢. Since (𝑔, 𝑇) is compatible in X and 𝑇𝑢 =

𝑔𝑢 = 𝑧, by proposition 1.6, we have 𝑇𝑔𝑢 = 𝑔𝑇𝑢 and hence 𝑇𝑧 = 𝑇𝑔𝑢 = 𝑔𝑇𝑢 = 𝑔𝑧. Also, from 

(C1) we have 

𝑑3(𝑧, 𝑇𝑧) = 𝑑3(𝑓𝑧, 𝑔𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧) + 𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑇𝑧, 𝑔𝑧)]/2                   

                                           𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑧), 𝑑(𝑆𝑧, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧)} 

             −𝜙(𝑚(𝑆𝑧, 𝑇𝑧),                                                                       

where 

𝑚(𝑆𝑧, 𝑇𝑧) = max {𝑑2(𝑆𝑧, 𝑇𝑧), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧), 𝑑(𝑆𝑧, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑧), 

[𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑧) + 𝑑(𝑇𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧)]/2} 

 = 𝑑2(𝑧, 𝑇𝑧).                                                                       

Hence, we get 

𝑑3(𝑧, 𝑇𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑧, 𝑇𝑧)), 

which implies that 𝑧 = 𝑇𝑧 . Hence, 𝑧 = 𝑇𝑧 = 𝑔𝑧 = 𝑆𝑧 = 𝑓𝑧. Therefore, z is a common fixed 

point of 𝑓, 𝑔, 𝑆 and 𝑇. 

Similarly, we can also complete the proof when T is continuous. 

           Next suppose that 𝑓 is continuous. Then {𝑓𝑓𝑥2𝑛} and {𝑓𝑆𝑥2𝑛} converges to 𝑓𝑧 as 𝑛 → ∞. 

Since the mappings 𝑓 and 𝑆 are compatible on X, it follows from Proposition 1.7 that {𝑆𝑓𝑥2𝑛}  

converges to 𝑓𝑧 as 𝑛 → ∞. 

Now we claim that 𝑧 = 𝑓𝑧. For this we put 𝑥 = 𝑓𝑥2𝑛 and 𝑦 = 𝑥2𝑛+1 in (C1), we get 

𝑑3(𝑓𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)                                                                                                   

≤ 𝑝 max {[𝑑2(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)         

+ 𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑
2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2,                   

                                          𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛), 
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                                         𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)} 

                                       −𝜙(𝑚(𝑆𝑓𝑥2𝑛, 𝑇𝑥2𝑛+1)), 

where 

𝑚(𝑆𝑓𝑥2𝑛, 𝑇𝑥2𝑛+1) = max {𝑑
2(𝑆𝑓𝑥2𝑛, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1), 

𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛),            

                                          [𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1) 

+𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}. 

Letting 𝑛 → ∞, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑚(𝑓𝑧, 𝑧)), 

where  𝑚(𝑓𝑧, 𝑧) = 𝑑2(𝑓𝑧, 𝑧). 

This implies 𝑑3(𝑓𝑧, 𝑧) ≤ −𝜙(𝑑2(𝑓𝑧, 𝑧)). 

Thus, we get 𝑑(𝑓𝑧, 𝑧) = 0, which implies that 𝑓𝑧 = 𝑧. Since 𝑓(𝑋) ⊂ 𝑇(𝑋), there exists a point 

𝑣 ∈ 𝑋 such that 𝑧 = 𝑓𝑧 = 𝑇𝑣. 

We claim that 𝑧 = 𝑔𝑣. For this, we put 𝑥 = 𝑓𝑥2𝑛 and 𝑦 = 𝑣 in (C1), we get 

𝑑3(𝑓𝑓𝑥2𝑛, 𝑔𝑣)

≤ 𝑝 max {[𝑑2(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑣, 𝑔𝑣)         

+ 𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑
2(𝑇𝑣, 𝑔𝑣)]/2,                  

                                                     𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑣)𝑑(𝑇𝑣, 𝑓𝑓𝑥2𝑛), 

 𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑣)𝑑(𝑇𝑣, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑣, 𝑔𝑣)}                                        

                        −𝜙(𝑚(𝑆𝑓𝑥2𝑛, 𝑇𝑣)), 

where 

𝑚(𝑆𝑓𝑥2𝑛, 𝑇𝑣) = max {𝑑2(𝑆𝑓𝑥2𝑛, 𝑇𝑣), 𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑣, 𝑔𝑣), 

𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑣)𝑑(𝑇𝑣, 𝑓𝑓𝑥2𝑛),            

                                                 [𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑣) + 𝑑(𝑇𝑣, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑣, 𝑔𝑣)]/2}. 

Letting 𝑛 → ∞, we get 

𝑑3(𝑧, 𝑔𝑣) ≤ 𝑝 max {[𝑑2(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑣) + 𝑑(𝑧, 𝑧)𝑑2(𝑧, 𝑔𝑣)]/2, 

                                                𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑣)𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑔𝑣)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑣)} − 𝜙(𝑚(𝑧, 𝑇𝑣)), 
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where 

                            𝑚(𝑧, 𝑇𝑣) = max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑣), 𝑑(𝑧, 𝑔𝑣)𝑑(𝑧, 𝑧), 

[𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑣) + 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑣)]/2} = 0. 

which implies that 𝑑3(𝑧, 𝑔𝑣) = 0 and hence 𝑧 = 𝑔𝑣. Since (𝑔, 𝑇) is compatible on X and 𝑇𝑣 =

𝑔𝑣 = 𝑧, by proposition 1.6, we have 𝑇𝑔𝑣 = 𝑔𝑇𝑣  and hence 𝑇𝑧 = 𝑇𝑔𝑣 = 𝑔𝑇𝑣 = 𝑔𝑧.  

We claim that 𝑧 = 𝑔𝑧. For this we put 𝑥 = 𝑥2𝑛 and y = z in (C1). 

 𝑑3(𝑓𝑥2𝑛, 𝑔𝑧) ≤ 𝑝 max {[𝑑
2(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧) + 𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑

2(𝑇𝑧, 𝑔𝑧)]/2,                        

                                                      𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛), 

                                                      𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)}  

                                                      −𝜙(𝑚(𝑆𝑥2𝑛, 𝑇𝑧)), 

where 

𝑚(𝑆𝑥2𝑛, 𝑇𝑧) = max {𝑑2(𝑆𝑥2𝑛, 𝑇𝑧), 𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧), 

𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛),            

                                                     [𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑧) + 𝑑(𝑇𝑧, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)]/2}. 

Letting 𝑛 → ∞, we get 

𝑑3(𝑧, 𝑔𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑚(𝑧, 𝑔𝑧)). 

where 𝑚(𝑧, 𝑇𝑧) = 𝑑2(𝑧, 𝑔𝑧). 

This implies 𝑑3(𝑧, 𝑔𝑧) ≤ −𝜙(𝑑2(𝑧, 𝑔𝑧)). 

This gives 𝑧 = 𝑔𝑧. Since 𝑔(𝑋) ⊂ 𝑆(𝑋), there exists a point 𝑤 ∈ 𝑋 such that 𝑧 = 𝑔𝑧 = 𝑆𝑤. 

We claim that 𝑧 = 𝑓𝑤. For this, we put x = w and y = z in (C1), we get  

𝑑3(𝑓𝑤, 𝑔𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑤, 𝑓𝑤)𝑑(𝑇𝑧, 𝑔𝑧) + 𝑑(𝑆𝑤, 𝑓𝑤)𝑑2(𝑇𝑧, 𝑔𝑧)]/2, 

                                        𝑑(𝑆𝑤, 𝑓𝑤)𝑑(𝑆𝑤, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑤), 𝑑(𝑆𝑤, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑤)𝑑(𝑇𝑧, 𝑔𝑧)} 

−𝜙(𝑚(𝑆𝑤, 𝑇𝑧)),                                                         

where                             

                𝑚(𝑆𝑤, 𝑇𝑧) = max {𝑑2(𝑆𝑤, 𝑇𝑧), 𝑑(𝑆𝑤, 𝑓𝑤)𝑑(𝑇𝑧, 𝑔𝑧), 𝑑(𝑆𝑤, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑤),             

[𝑑(𝑆𝑤, 𝑓𝑤)𝑑(𝑆𝑤, 𝑔𝑧) + 𝑑(𝑇𝑧, 𝑓𝑤)𝑑(𝑇𝑧, 𝑔𝑧)]/2} 

           = max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑓𝑤)𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑤),             
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[𝑑(𝑧, 𝑓𝑤)𝑑(𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑤)𝑑(𝑧, 𝑧)]/2} 

                                          = 0. 

Hence we have, 

𝑑3(𝑓𝑤, 𝑧) ≤ 𝑝 max {[𝑑2(𝑧, 𝑓𝑤)𝑑(𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑤)𝑑2(𝑧, 𝑧)]/2, 

                                        𝑑(𝑧, 𝑓𝑤)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑤), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑤)𝑑(𝑧, 𝑧)} − 𝜙(0). 

which implies that 𝑓𝑤 = 𝑧. Since (𝑓, 𝑆) is compatible on X, 𝑓𝑤 = 𝑆𝑤 = 𝑧, by Proposition 1.6, 

we have 𝑓𝑆𝑤 = 𝑆𝑓𝑤  and hence 𝑆𝑧 = 𝑆𝑓𝑤 = 𝑓𝑆𝑤 = 𝑓𝑧 . That is, 𝑧 = 𝑆𝑧 = 𝑓𝑧 = 𝑇𝑧 = 𝑔𝑧. 

Therefore, z is a fixed point of 𝑓, 𝑔, 𝑆 and 𝑇. 

Similarly, we can complete the proof when 𝑔 is continuous. 

Finally, in order to prove uniqueness, suppose that z and w (𝑧 ≠ 𝑤)  are two common fixed 

points of 𝑓, 𝑔, 𝑆 and 𝑇. 

Put x = z and y = w in (C1), we have 

𝑑3(𝑧, 𝑤) = 𝑑3(𝑓𝑧, 𝑔𝑤) ≤ 𝑝max{0,0,0} − 𝜙(𝑚(𝑆𝑧, 𝑇𝑤)) 

                                                                      = −𝜙(𝑑2(𝑧, 𝑤)). 

Thus, we have 𝑑(𝑧, 𝑤) = 0 and hence z = w. Therefore, 𝑓, 𝑔, 𝑆 and 𝑇 have a unique common 

fixed point in X. This completes the proof. 

       Now we give the following theorem for compatible mappings of type (A). 

Theorem 2.2. Let 𝑓, 𝑔, 𝑆 and 𝑇 be four mappings of a complete metric space (X, d) into itself 

satisfying the conditions (C1)-(C3). 

Assume that the pairs (𝑓, 𝑆) and (𝑔, 𝑇) are compatible of type (A), then 𝑓, 𝑔, 𝑆 and 𝑇 have a 

unique common fixed point in X. 

Proof. Suppose that S is continuous on X. Since 𝑓 and S are compatible of type (A). From 

Proposition 1.8, 𝑓 and S are compatible and so the result easily follows from  Theorem 2.1. 

Similarly, if T is continuous and the pair (𝑔, T) is compatible of type (A), then 𝑔 and T are 

compatible and so the result easily follows from Theorem 2.1. 

Also, we can get the same results when 𝑓 or 𝑔 is continuous. This completes the proof. 
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       Next, we prove the following result for a weak contractive mapping satisfying a 

compatibility of type (B). 

Theorem 2.3. Let 𝑓, 𝑔, 𝑆 and 𝑇 be four mappings of a complete metric space (X, d) into itself 

satisfying the conditions (C1)-(C3). Assume that the pairs (𝑓, 𝑆) and (𝑔, 𝑇) are compatible of 

type (B). Then 𝑓, 𝑔, 𝑆 and 𝑇 have a unique common fixed point in X. 

Proof. Let 𝑥0 ∈ 𝑋 be an arbitrary point and using (𝐶2) we can find 𝑓(𝑥0) = 𝑇(𝑥1) = 𝑦0, for this 

𝑥1 we can find 𝑥2 ∈ 𝑋 such that 𝑔(𝑥1) = 𝑆(𝑥2) = 𝑦1. Proceeding in this way, we can construct a 

sequence {𝑦𝑛}  such that  

𝑦2𝑛 = 𝑓(𝑥2𝑛) = 𝑇(𝑥2𝑛+1), 𝑦2𝑛+1 = 𝑔(𝑥2𝑛+1) = 𝑆(𝑥2𝑛+2) 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑛 ≥ 0. 

From the proof of Theorem 2.1, {𝑦𝑛} is a Cauchy sequence in X. Since (X, d) is a complete metric 

space, {𝑦𝑛} converges to a point 𝑧 as n → ∞. Consequently, the subsequences {𝑓𝑥2𝑛}, {𝑆𝑥2𝑛}, 

{g𝑥2𝑛+1} and {T𝑥2𝑛+1} also converge to the same point z. 

Now suppose that 𝑓 is continuous. Then {ff𝑥2𝑛} and {𝑓S𝑥2𝑛} converges to 𝑓𝑧 as n → ∞. Since 

the mappings 𝑓  and S are compatible of type (B), it follows from the Proposition 1.10 that 

{SS𝑥2𝑛} converges to 𝑓z as n → ∞. 

Now we claim that z = 𝑓z. For this put x = 𝑆𝑥2𝑛 and y = 𝑥2𝑛+1 in (C1), we get 

𝑑3(𝑓𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)

≤ 𝑝 max {[𝑑2(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)    

+ 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑
2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2,                  

                                                   𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛), 

                                                   𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)}  

                                                   −𝜙(𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1)), 

where  

𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1) = max {𝑑
2(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1), 

𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛),  

                                               [𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)           

                                               +𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}. 
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Letting 𝑛 → ∞, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[𝑑2(𝑓𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧) + 𝑑(𝑓𝑧, 𝑓𝑧)𝑑2(𝑧, 𝑧)]/2, 

                                             𝑑(𝑓𝑧, 𝑓𝑧)𝑑(𝑓𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 𝑑(𝑓𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)} − 𝜙(𝑚(𝑓𝑧, 𝑧)). 

where 

                            𝑚(𝑓𝑧, 𝑧) = max {𝑑2(𝑓𝑧, 𝑧), 𝑑(𝑓𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧), 𝑑(𝑓𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 

                                                [𝑑(𝑓𝑧, 𝑓𝑧)𝑑(𝑓𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)]/2} = 𝑑2(𝑓𝑧, 𝑧). 

Hence, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑓𝑧, 𝑧)). 

Thus, we get 𝑑(𝑓𝑧, 𝑧) = 0, which implies that 𝑓𝑧 = 𝑧. Since 𝑓(𝑋) ⊂ 𝑇(𝑋), there exists a point 

𝑢 ∈ 𝑋 such that z = 𝑓z = Tu. 

We claim that z = 𝑔u. For this, we put x = 𝑆𝑥2𝑛 and y = u in (C1), we get 

𝑑3(𝑓𝑆𝑥2𝑛, 𝑔𝑢) ≤ 𝑝 max {[𝑑2(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢)           

                                                      +𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑
2(𝑇𝑢, 𝑔𝑢)]/2,                  

                                                      𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛), 

                                                      𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢)}   

                                                      −𝜙(𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑢)), 

where 

                     𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑢) = max {𝑑2(𝑆𝑆𝑥2𝑛, 𝑇𝑢), 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢),  

 𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛), [𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)  

                                                +𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢)]/2}. 

Letting 𝑛 → ∞, we get 

            𝑑3(𝑓𝑧, 𝑔𝑢) = 𝑑3(𝑧, 𝑔𝑢) ≤ 𝑝 max {[𝑑2(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢) + 𝑑(𝑧, 𝑧)𝑑2(𝑧, 𝑔𝑢)]/2, 

                                             𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)} − 𝜙(𝑚(𝑧, 𝑇𝑢)), 

where 

                            𝑚(𝑧, 𝑇𝑢) = max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢), 𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧), 

                                                [𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢) + 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)]/2} = 0. 

Hence, we get 
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𝑑3(𝑧, 𝑔𝑢) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(0). 

 This implies that 𝑑3(𝑧, 𝑔𝑢) = 0 and hence 𝑧 = 𝑔𝑢 = 𝑓𝑧. Since the pair (𝑔, 𝑇) is compatible of 

type (B) and 𝑔u = Tu = z, by Proposition 1.9, we have  𝑇𝑔 u = 𝑔Tu and hence 𝑇𝑧 = 𝑇𝑔𝑢 =

𝑔𝑇𝑢 = 𝑔𝑧.   

Now we claim that z = 𝑔z. For this we put x = 𝑥2𝑛 and y = z in (C1) 

                       𝑑3(𝑓𝑥2𝑛, 𝑔𝑧) ≤ 𝑝 max {[𝑑
2(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)                                          

                                                      +𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑
2(𝑇𝑧, 𝑔𝑧)]/2,                  

                                                      𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛), 

                                                      𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)}     

                                                      −𝜙(𝑚(𝑆𝑥2𝑛, 𝑇𝑧)), 

where 

                     𝑚(𝑆𝑥2𝑛, 𝑇𝑧) = max {𝑑
2(𝑆𝑥2𝑛, 𝑇𝑧), 𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧),       

                                                  𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛), [𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛 , 𝑔𝑧)  

                                                 +𝑑(𝑇𝑧, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)]/2}. 

Letting 𝑛 → ∞, we get 

                       𝑑3(𝑧, 𝑔𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑧, 𝑔𝑧)).  

This implies that 𝑔𝑧 = 𝑧. Since 𝑔(𝑋) ⊂ 𝑆(𝑋) and hence there exists a point v ∈ X such that  𝑧 =

𝑔𝑧 = 𝑆𝑣. 

We claim that  𝑧 = 𝑓v. For this we put x = v and y = z in (C1) we get 

                       𝑑3(𝑓𝑣, 𝑔𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑣, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧) + 𝑑(𝑆𝑣, 𝑓𝑣)𝑑2(𝑇𝑧, 𝑔𝑧)]/2,             

                  𝑑(𝑆𝑣, 𝑓𝑣)𝑑(𝑆𝑣, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑣), 𝑑(𝑆𝑣, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧)} 

                  −𝜙(𝑚(𝑆𝑣, 𝑇𝑧)), 

where 

                     𝑚(𝑆𝑣, 𝑇𝑧) = max {𝑑2(𝑆𝑣, 𝑇𝑧), 𝑑(𝑆𝑣, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧), 𝑑(𝑆𝑣, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑣), 

                                            [𝑑(𝑆𝑣, 𝑓𝑣)𝑑(𝑆𝑣, 𝑔𝑧) + 𝑑(𝑇𝑧, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧)]/2}  

                                            = max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑣),  

                      [𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧)]/2} = 0. 
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  Hence, we get  

                       𝑑3(𝑓𝑣, 𝑧) ≤ 𝑝 max {[𝑑2(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑣)𝑑2(𝑧, 𝑧)]/2,             

                                        𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑣), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧)} − 𝜙(0).          

This implies that 𝑑3(𝑓𝑣, 𝑧) = 0 and hence 𝑓v = z. Since the pair (𝑓, S) is compatible of type 

(B) and 𝑓𝑣 = 𝑆𝑣 = 𝑧, by Proposition 1.9, we have 𝑓𝑧 = 𝑆𝑓𝑣 = 𝑓𝑆𝑣 = 𝑆𝑧.  Hence 𝑧 = 𝑆𝑧 =

𝑓𝑧 = 𝑇𝑧 = 𝑔𝑧. Therefore, z is a common fixed point of 𝑓, 𝑔, S and  T. 

   Now suppose that S is continuous. Then {𝑆𝑆𝑥2𝑛} and {Sf𝑥2𝑛} converges to Sz as  n → ∞. 

Since the mappings 𝑓 and S are compatible of type (B), it follows from the Proposition 1.10 

that {𝑓𝑓𝑥2𝑛} converges to 𝑆𝑧 as n → ∞. 

Now we prove that 𝑧 = 𝑆𝑧. For this we put x = 𝑓𝑥2𝑛 and y = 𝑥2𝑛+1in (C1) we get 

𝑑3(𝑓𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)

≤ 𝑝 max {[𝑑2(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)    

+ 𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑
2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2,                  

                                               𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛), 

                                               𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)}  

                                              −𝜙(𝑚(𝑆𝑓𝑥2𝑛, 𝑇𝑥2𝑛+1)), 

where 

           𝑚(𝑆𝑓𝑥2𝑛, 𝑇𝑥2𝑛+1) = max {𝑑
2(𝑆𝑓𝑥2𝑛, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1), 

                                               𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛),  

                                                 [𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)           

                                                 +𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}. 

Letting 𝑛 → ∞, we get 

𝑑3(𝑆𝑧, 𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧) + 𝑑(𝑆𝑧, 𝑆𝑧)𝑑2(𝑧, 𝑧)]/2, 

                                             𝑑(𝑆𝑧, 𝑆𝑧)𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑆𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧)} 

−𝜙(𝑚(𝑆𝑧, 𝑧)),                                                        

where 

                            𝑚(𝑆𝑧, 𝑧) = max {𝑑2(𝑆𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑆𝑧), 
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                                                [𝑑(𝑆𝑧, 𝑆𝑧)𝑑(𝑆𝑧, 𝑧) + 𝑑(𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧)]/2} = 𝑑2(𝑆𝑧, 𝑧). 

Hence, we get 

𝑑3(𝑆𝑧, 𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑆𝑧, 𝑧)). 

Thus, we get 𝑑2(𝑆𝑧, 𝑧) = 0, which implies that 𝑆𝑧 = 𝑧.  

Next we claim that 𝑓𝑧 = 𝑧. For this put x = z and y = 𝑥2𝑛+1in (C1) and taking 𝑛 → ∞,  

we get 

                            𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧) + 𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑧, 𝑧)]/2,                                              

                                                  𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)} 

−𝜙(𝑚(𝑆𝑧, 𝑧)),                                               

where 

                            𝑚(𝑆𝑧, 𝑧) = max {𝑑2(𝑆𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 

                                                [𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)]/2} = 0. 

Hence, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(0). 

Thus 𝑑(𝑓𝑧, 𝑧) = 0. This implies that 𝑓z = z. Since 𝑓(X) ⊂ T(X) and hence there exists a point w 

∈ X such that 𝑧 = 𝑓𝑧 = 𝑇𝑤.  

We claim that 𝑧 = 𝑔𝑤. For this we put x = z and y = w in (C1) we get 

                            𝑑3(𝑓𝑧, 𝑔𝑤) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑤, 𝑔𝑤) + 𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑇𝑤, 𝑔𝑤)]/2,                                              

                                                  𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑤)𝑑(𝑇𝑤, 𝑓𝑧), 𝑑(𝑆𝑧, 𝑔𝑤)𝑑(𝑇𝑤, 𝑓𝑧)𝑑(𝑇𝑤, 𝑔𝑤)} 

−𝜙(𝑚(𝑆𝑧, 𝑇𝑤)),                                               

where 

                             𝑚(𝑆𝑧, 𝑇𝑤) = max {𝑑2(𝑆𝑧, 𝑇𝑤), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑤, 𝑔𝑤), 𝑑(𝑆𝑧, 𝑔𝑤)𝑑(𝑇𝑤, 𝑓𝑧), 

                                                   [𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑤) + 𝑑(𝑇𝑤, 𝑓𝑧)𝑑(𝑇𝑤, 𝑔𝑤)]/2} 

                          = max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤), 𝑑(𝑧, 𝑔𝑤)𝑑(𝑧, 𝑧), 

                                                    [𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤) + 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤)]/2} = 0. 

Hence, we get 
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                            𝑑3(𝑧, 𝑔𝑤) ≤ 𝑝 max {[𝑑2(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤) + 𝑑(𝑧, 𝑧)𝑑2(𝑧, 𝑔𝑤)]/2,                                              

                                                  𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤)𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑔𝑤)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤)} − 𝜙(0), 

which implies that  𝑑3(𝑧, 𝑔𝑤) = 0 and hence 𝑧 = 𝑔𝑤. Since the pair (𝑔, 𝑇) is compatible of type 

(B) and 𝑇𝑤 = 𝑔𝑤 = 𝑧 , by Proposition 1.9, we have 𝑇𝑔𝑤 = 𝑔𝑇𝑤  and hence 𝑇𝑧 = 𝑇𝑔𝑤 =

𝑔𝑇𝑤 = 𝑔𝑧. Also, from condition (C1) we have 

                            𝑑3(𝑓𝑧, 𝑔𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧) + 𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑇𝑧, 𝑔𝑧)]/2,                                              

                                                  𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑧), 𝑑(𝑆𝑧, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧)} 

−𝜙(𝑚(𝑆𝑧, 𝑇𝑧)),                                             

where 

                            𝑚(𝑆𝑧, 𝑇𝑧) = max {𝑑2(𝑆𝑧, 𝑇𝑧), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧), 𝑑(𝑆𝑧, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑧), 

                                                   [𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑧) + 𝑑(𝑇𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧)]/2} 

                           = 𝑑2(𝑧, 𝑔𝑧)                                                                           

Hence, we get 

𝑑3(𝑧, 𝑔𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑧, 𝑔𝑧)). 

This implies that 𝑧 = 𝑔𝑧 . Hence, 𝑧 = 𝑇𝑧 = 𝑔𝑧 = 𝑆𝑧 = 𝑓𝑧 . Therefore, z is a common fixed 

point of 𝑓, 𝑔, 𝑆. 

Similarly, we can also complete the proof when T or g is continuous. 

 Finally, in order to prove uniqueness, suppose that z and w (z ≠ w) are two common fixed 

points of f, g, S and 𝑇. 

Put x = z and y = w in (C1). 

𝑑3(𝑧, 𝑤) = 𝑑3(𝑓𝑧, 𝑔𝑤) ≤ 𝑝max{0,0,0} − 𝜙(𝑚(𝑆𝑧, 𝑇𝑤)). 

= −𝜙(𝑑2(𝑧, 𝑤)).                                         

Thus, we have 𝑑(𝑧, 𝑤) = 0 and hence z = w. Therefore f, g, S and T have a unique common 

fixed point in X. This completes the proof. 

Next we give the following theorem for compatible mappings of type (C). 

Theorem 2.4. Let 𝑓, 𝑔, 𝑆 and 𝑇 be four mappings of a complete metric space (X, d) into itself 

satisfying the conditions (C1)-(C3). Assume that the pairs (𝑓, 𝑆) and (𝑔, 𝑇) are compatible of 
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type (C). Then 𝑓, 𝑔, 𝑆 and 𝑇 have a unique common fixed point in X. 

Proof. From the proof of Theorem 2.1, {𝑦𝑛} is a Cauchy sequence in X.  Since (X, d) is a 

complete metric space, {𝑦𝑛} converges to a point 𝑧 as n → ∞. Consequently, the subsequences 

{f𝑥2𝑛}, {S𝑥2𝑛}, {𝑔𝑥2𝑛+1} and {T𝑥2𝑛+1} also converge to the same point 𝑧. 

 Now suppose that 𝑓 is continuous. Then {𝑓𝑓x2n} and {𝑓𝑆x2n} converges to 𝑓z as   n → ∞. 

Since the mappings 𝑓 and S are compatible of type (C), it follows from Remark 1.12 that 

{SS𝑥2𝑛} converges to 𝑓z as n → ∞. 

 Now we claim that z = 𝑓z. For this we put x = S𝑥2𝑛 and y = 𝑥2𝑛+1in (C1) we get 

𝑑3(𝑓𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)

≤ 𝑝 max {[𝑑2(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)    

+ 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑
2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2,                  

                                                   𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛), 

                                                   𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)}    

                                                   −𝜙(𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1)), 

where  

      𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1) = max {𝑑
2(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1), 

                                                 𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛),  

                                                 [𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)           

                                                 +𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}. 

Letting 𝑛 → ∞, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[𝑑2(𝑓𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧) + 𝑑(𝑓𝑧, 𝑓𝑧)𝑑2(𝑧, 𝑧)]/2, 

                                             𝑑(𝑓𝑧, 𝑓𝑧)𝑑(𝑓𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 𝑑(𝑓𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)} − 𝜙(𝑚(𝑓𝑧, 𝑧)). 

where 

                            𝑚(𝑓𝑧, 𝑧) = max {𝑑2(𝑓𝑧, 𝑧), 𝑑(𝑓𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧), 𝑑(𝑓𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 

                                                [𝑑(𝑓𝑧, 𝑓𝑧)𝑑(𝑓𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)]/2} = 𝑑2(𝑓𝑧, 𝑧). 

Hence, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑓𝑧, 𝑧)). 
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Thus, we get 𝑑(𝑓𝑧, 𝑧) = 0, which implies that 𝑓z = z. Since 𝑓(𝑋) ⊂ 𝑇(𝑋), there exists a point 

𝑢 ∈ 𝑋 such that z = 𝑓z = Tu.  

We claim that z = 𝑔u. For this, we put x = S𝑥2𝑛 and y = u in (C1), we get 

𝑑3(𝑓𝑆𝑥2𝑛, 𝑔𝑢) ≤ 𝑝 max {[𝑑2(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢)           

                                                      +𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑
2(𝑇𝑢, 𝑔𝑢)]/2,                  

                                                      𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛), 

                                                      𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢)}     

                                                      −𝜙(𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑢)), 

where 

                     𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑢) = max {𝑑2(𝑆𝑆𝑥2𝑛, 𝑇𝑢), 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢),    

                                                 𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛), [𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)  

                                                +𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢)]/2}. 

Letting 𝑛 → ∞, we get 

               𝑑3(𝑓𝑧, 𝑔𝑢) = 𝑑3(𝑧, 𝑔𝑢) ≤ 𝑝 max {[𝑑2(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢) + 𝑑(𝑧, 𝑧)𝑑2(𝑧, 𝑔𝑢)]/2, 

                                             𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)} − 𝜙(𝑚(𝑧, 𝑇𝑢)), 

where 

                            𝑚(𝑧, 𝑇𝑢) = max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢), 𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧), 

                                                [𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢) + 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)]/2} = 0. 

Hence, we get 

𝑑3(𝑧, 𝑔𝑢) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(0). 

This implies that 𝑧 = 𝑔𝑢 = 𝑓𝑧. Since the pair (𝑔, 𝑇) is compatible of type (C) and Tu = 𝑔𝑢 = 𝑧, 

by remark 1.11, we have 𝑇𝑔𝑢 = 𝑔𝑇𝑢 and hence 𝑇𝑧 = 𝑇𝑔𝑢 = 𝑔𝑇𝑢 = 𝑔𝑧.  

Next, we claim that 𝑔z = z. For this we put x = 𝑥2𝑛 and y = z in (C1) 

𝑑3(𝑓𝑥2𝑛, 𝑔𝑧) ≤ 𝑝 max {[𝑑
2(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)           

                                                      +𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑
2(𝑇𝑧, 𝑔𝑧)]/2,                  

                                                      𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛), 
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                                                    𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)}   

                                                    −𝜙(𝑚(𝑆𝑥2𝑛, 𝑇𝑧)), 

where 

                     𝑚(𝑆𝑥2𝑛, 𝑇𝑧) = max {𝑑
2(𝑆𝑥2𝑛, 𝑇𝑧), 𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧),  

                                                𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛), [𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑧)  

                                               +𝑑(𝑇𝑧, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)]/2}. 

Letting 𝑛 → ∞, we get 

                       𝑑3(𝑧, 𝑔𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑧, 𝑔𝑧)).  

This implies that 𝑔𝑧 = 𝑧. Since  𝑔(𝑋) ⊂ 𝑆(𝑋) and hence there exists a point v ∈ X such that 𝑧 =

𝑔𝑧 = 𝑆𝑣. 

We claim that 𝑧 = 𝑓𝑣. For this we put x = v and y = z in (C1) we get 

                       𝑑3(𝑓𝑣, 𝑔𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑣, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧) + 𝑑(𝑆𝑣, 𝑓𝑣)𝑑2(𝑇𝑧, 𝑔𝑧)]/2,                  

                                           𝑑(𝑆𝑣, 𝑓𝑣)𝑑(𝑆𝑣, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑣), 𝑑(𝑆𝑣, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧)} 

                                           −𝜙(𝑚(𝑆𝑣, 𝑇𝑧)), 

where 

                     𝑚(𝑆𝑣, 𝑇𝑧) = max {𝑑2(𝑆𝑣, 𝑇𝑧), 𝑑(𝑆𝑣, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧), 𝑑(𝑆𝑣, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑣), 

      [𝑑(𝑆𝑣, 𝑓𝑣)𝑑(𝑆𝑣, 𝑔𝑧) + 𝑑(𝑇𝑧, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧)]/2}.             

                                         =max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑓𝑣)𝑑(𝑔𝑧, 𝑔𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑣),    

                      [𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑣)𝑑(𝑔𝑧, 𝑔𝑧)]/2} = 0. 

  Hence, we get  

                       𝑑3(𝑓𝑣, 𝑧) ≤ 𝑝 max {[𝑑2(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑣)𝑑2(𝑧, 𝑧)]/2,                   

    𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑣), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧)} − 𝜙(0),          

which implies that 𝑑3(𝑓𝑣, 𝑧) = 0 and hence 𝑓𝑣 = 𝑧. Since the pair (𝑓, 𝑆) is compatible of 

type (C) and  𝑓𝑣 = 𝑆𝑣 = 𝑧, by Remark 1.11 that 𝑓𝑧 = 𝑆𝑓𝑣 = 𝑓𝑆𝑣 = 𝑆𝑧. Hence 𝑧 = 𝑆𝑧 =

𝑓𝑧 = 𝑇𝑧 = 𝑔𝑧. Therefore, z is a common fixed point of 𝑓, 𝑔, S and T. 
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           Now suppose that S is continuous. Then {SS𝑥2𝑛} and {Sf𝑥2𝑛} converges to 𝑆𝑧 as n → ∞. 

Since the mappings 𝑓 and S are compatible of type (C), it follows from the Remark 1.12 that 

{ff𝑥2𝑛} converges to 𝑆𝑧 as n → ∞. 

 Now we prove that 𝑧 = 𝑆𝑧. For this we put x = f𝑥2𝑛 and y = 𝑥2𝑛+1 in (C1) we get 

𝑑3(𝑓𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)

≤ 𝑝 max {[𝑑2(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)    

+ 𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑
2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2,                  

                                               𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛), 

                                               𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)}    

                                               −𝜙(𝑚(𝑆𝑓𝑥2𝑛, 𝑇𝑥2𝑛+1)), 

where 

           𝑚(𝑆𝑓𝑥2𝑛, 𝑇𝑥2𝑛+1) = max {𝑑
2(𝑆𝑓𝑥2𝑛, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1), 

                                                𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛),  

                                                 [𝑑(𝑆𝑓𝑥2𝑛, 𝑓𝑓𝑥2𝑛)𝑑(𝑆𝑓𝑥2𝑛, 𝑔𝑥2𝑛+1)           

                                                 +𝑑(𝑇𝑥2𝑛+1, 𝑓𝑓𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}. 

Letting 𝑛 → ∞, we get 

𝑑3(𝑆𝑧, 𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧) + 𝑑(𝑆𝑧, 𝑆𝑧)𝑑2(𝑧, 𝑧)]/2, 

                                             𝑑(𝑆𝑧, 𝑆𝑧)𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑆𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧)} 

−𝜙(𝑚(𝑆𝑧, 𝑧)),                                               

where 

                            𝑚(𝑆𝑧, 𝑧) = max {𝑑2(𝑆𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑆𝑧), 

                                                [𝑑(𝑆𝑧, 𝑆𝑧)𝑑(𝑆𝑧, 𝑧) + 𝑑(𝑧, 𝑆𝑧)𝑑(𝑧, 𝑧)]/2} = 𝑑2(𝑆𝑧, 𝑧). 

Hence, we get 

𝑑3(𝑆𝑧, 𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑆𝑧, 𝑧)). 

Thus, we get 𝑑(𝑆𝑧, 𝑧) = 0, which implies that Sz = z.  

Next, we claim that 𝑓𝑧 = 𝑧. 

For this put x = z and y = 𝑥2𝑛+1in (C1) and taking 𝑛 → ∞, we get 
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                            𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧) + 𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑧, 𝑧)]/2,                                              

                                                  𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)} 

−𝜙(𝑚(𝑆𝑧, 𝑧)).                                               

where 

                            𝑚(𝑆𝑧, 𝑧) = max {𝑑2(𝑆𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧), 𝑑(𝑆𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 

                                                [𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)]/2} = 0. 

Hence, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(0). 

Thus 𝑑3(𝑓𝑧, 𝑧) = 0. This implies that 𝑓z = z. Since 𝑓(X) ⊂ T(X) and hence there exists a point w 

∈ X such that z = 𝑓z = Tw.  

We claim that 𝑧 = 𝑔𝑤. 

For this we put x = z and y = w in (C1) we get 

                            𝑑3(𝑓𝑧, 𝑔𝑤) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑤, 𝑔𝑤) + 𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑇𝑤, 𝑔𝑤)]/2,                                              

                                                  𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑤)𝑑(𝑇𝑤, 𝑓𝑧), 𝑑(𝑆𝑧, 𝑔𝑤)𝑑(𝑇𝑤, 𝑓𝑧)𝑑(𝑇𝑤, 𝑔𝑤)} 

−𝜙(𝑚(𝑆𝑧, 𝑇𝑤)),                                               

where 

                            𝑚(𝑆𝑧, 𝑇𝑤) = max {𝑑2(𝑆𝑧, 𝑇𝑤), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑤, 𝑔𝑤), 𝑑(𝑆𝑧, 𝑔𝑤)𝑑(𝑇𝑤, 𝑓𝑧), 

                                                   [𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑤) + 𝑑(𝑇𝑤, 𝑓𝑧)𝑑(𝑇𝑤, 𝑔𝑤)]/2} 

                          = max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤), 𝑑(𝑧, 𝑔𝑤)𝑑(𝑧, 𝑧), 

                                                   [𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤) + 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤)]/2} = 0. 

Hence, we get 

                            𝑑3(𝑧, 𝑔𝑤) ≤ 𝑝 max {[𝑑2(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤) + 𝑑(𝑧, 𝑧)𝑑2(𝑧, 𝑔𝑤)]/2,                                              

                                                  𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤)𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑔𝑤)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑤)} − 𝜙(0). 

which implies that  𝑑3(𝑧, 𝑔𝑤) = 0 and hence 𝑧 = 𝑔𝑤. Since the pair (𝑔, 𝑇) is compatible of type 

(C) and 𝑇𝑤 = 𝑔𝑤 = 𝑧, by Remark 1.11, we have 𝑇𝑔w = 𝑔𝑇w and hence 𝑇𝑧 = 𝑇𝑔w = 𝑔𝑇𝑤 =

𝑔𝑧.  Also, from condition (C1) we have, 
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                            𝑑3(𝑓𝑧, 𝑔𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧) + 𝑑(𝑆𝑧, 𝑓𝑧)𝑑2(𝑇𝑧, 𝑔𝑧)]/2,                                              

                                                  𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑧), 𝑑(𝑆𝑧, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧)} 

−𝜙(𝑚(𝑆𝑧, 𝑇𝑧)),                                               

where 

                            𝑚(𝑆𝑧, 𝑇𝑧) = max {𝑑2(𝑆𝑧, 𝑇𝑧), 𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧), 𝑑(𝑆𝑧, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑧), 

                                                   [𝑑(𝑆𝑧, 𝑓𝑧)𝑑(𝑆𝑧, 𝑔𝑧) + 𝑑(𝑇𝑧, 𝑓𝑧)𝑑(𝑇𝑧, 𝑔𝑧)]/2} 

                           = 𝑑2(𝑧, 𝑔𝑧)                                                                           

Hence, we get 

𝑑3(𝑧, 𝑔𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑧, 𝑔𝑧)). 

This implies that 𝑧 = 𝑔𝑧. Hence, 𝑧 = 𝑇𝑧 = 𝑔𝑧 = 𝑆𝑧 = 𝑓𝑧. Therefore, z is a common fixed point 

of 𝑓, 𝑔, S and T. 

Similarly, we can also complete the proof when 𝑔 or T is continuous. 

Uniqueness follows easily. This completes the proof. 

       Finally, we give the following theorem for compatible mappings of type (P ). 

Theorem 2.5. Let 𝑓, 𝑔, 𝑆 and 𝑇 be four mappings of a complete metric space (X, d) into itself 

satisfying the conditions (C1)-(C3). Assume that the pairs (𝑓, 𝑆) and (𝑔, 𝑇) are compatible of 

type (P). Then 𝑓, 𝑔, 𝑆 and 𝑇 have a unique common fixed point in X. 

Proof. From the proof of Theorem 2.1, {𝑦𝑛} is a Cauchy sequence  in X.  Since (X, d) is a 

complete metric space, {𝑦𝑛} converges to a point z as n → ∞. Consequently, the subsequences 

{𝑓𝑥2𝑛}, {𝑆𝑥2𝑛}, {𝑔𝑥2𝑛+1} and {𝑇𝑥2𝑛+1} also converge to the same point z. 

 Now suppose that f is continuous. Then {𝑓𝑓𝑥2𝑛} and {𝑓𝑆𝑥2𝑛} converges to 𝑓z as  n → ∞. 

Since the mappings f and S are compatible of type (P), it follows from Remark 1.12 that 

{𝑆𝑆𝑥2𝑛} converges to 𝑓𝑧 as n → ∞. 

Now we claim that 𝑧 = 𝑓𝑧. 

For this put x = S𝑥2𝑛 and y = 𝑥2𝑛+1in (C1) we get 
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𝑑3(𝑓𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)

≤ 𝑝 max{[𝑑2(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)    

+ 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑
2(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2,                  

                                                  𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛), 

                                                  𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)}     

                                                  −𝜙(𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1)), 

where  

      𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1) = max {𝑑
2(𝑆𝑆𝑥2𝑛, 𝑇𝑥2𝑛+1), 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1), 

𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛),  

                                                [𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑥2𝑛+1)           

                                                +𝑑(𝑇𝑥2𝑛+1, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑥2𝑛+1, 𝑔𝑥2𝑛+1)]/2}. 

Letting 𝑛 → ∞, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[𝑑2(𝑓𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧) + 𝑑(𝑓𝑧, 𝑓𝑧)𝑑2(𝑧, 𝑧)]/2, 

                                             𝑑(𝑓𝑧, 𝑓𝑧)𝑑(𝑓𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 𝑑(𝑓𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)} − 𝜙(𝑚(𝑓𝑧, 𝑧)). 

where 

                            𝑚(𝑓𝑧, 𝑧) = max {𝑑2(𝑓𝑧, 𝑧), 𝑑(𝑓𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧), 𝑑(𝑓𝑧, 𝑧)𝑑(𝑧, 𝑓𝑧), 

                                                [𝑑(𝑓𝑧, 𝑓𝑧)𝑑(𝑓𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑧)𝑑(𝑧, 𝑧)]/2} = 𝑑2(𝑓𝑧, 𝑧). 

Hence, we get 

𝑑3(𝑓𝑧, 𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑓𝑧, 𝑧)). 

Thus we get 𝑑(𝑓𝑧, 𝑧) = 0, which implies that 𝑓z = z. Since 𝑓(𝑋) ⊂ 𝑇(𝑋), there exists a point 

𝑢 ∈ 𝑋 such that z = 𝑓z = Tu.  

We claim that z = 𝑔u. For this, we put x = 𝑆𝑥2𝑛 and y = u in (C1), we get 

𝑑3(𝑓𝑆𝑥2𝑛, 𝑔𝑢) ≤ 𝑝 max {[𝑑2(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢)           

                                                      +𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑
2(𝑇𝑢, 𝑔𝑢)]/2,                  

                                                      𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛), 
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                                                      𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢)}    

                                                      −𝜙(𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑢)), 

where 

                     𝑚(𝑆𝑆𝑥2𝑛, 𝑇𝑢) = max {𝑑2(𝑆𝑆𝑥2𝑛, 𝑇𝑢), 𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢),    

                                                𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛), [𝑑(𝑆𝑆𝑥2𝑛, 𝑓𝑆𝑥2𝑛)𝑑(𝑆𝑆𝑥2𝑛, 𝑔𝑢)  

                                               +𝑑(𝑇𝑢, 𝑓𝑆𝑥2𝑛)𝑑(𝑇𝑢, 𝑔𝑢)]/2}. 

Letting 𝑛 → ∞, we get 

𝑑3(𝑧, 𝑔𝑢) ≤ 𝑝 max {[𝑑2(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢) + 𝑑(𝑧, 𝑧)𝑑2(𝑧, 𝑔𝑢)]/2, 

                                             𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧), 𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)} − 𝜙(𝑚(𝑧, 𝑇𝑢)), 

where 

                            𝑚(𝑧, 𝑇𝑢) = max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢), 𝑑(𝑧, 𝑔𝑢)𝑑(𝑧, 𝑧), 

                                                [𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢) + 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑔𝑢)]/2} = 0. 

Hence, we get 

𝑑3(𝑧, 𝑔𝑢) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(0). 

 This implies that 𝑧 = 𝑔u = 𝑓𝑧. Since the pair 𝑔, T is compatible of type (P) and 𝑔u = Tu = z, by 

remark 1.11, we have 𝑇𝑔𝑢 = 𝑔𝑇𝑢 and hence 𝑇𝑧 = 𝑇𝑔𝑢 = 𝑔𝑇𝑢 = 𝑔𝑧.  

Now we claim that 𝑔𝑧 = 𝑧. 

For this we put x = 𝑥2𝑛 and y = z in (C1) 

𝑑3(𝑓𝑥2𝑛, 𝑔𝑧) ≤ 𝑝 max {[𝑑
2(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)           

                                                      +𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑
2(𝑇𝑧, 𝑔𝑧)]/2,                  

                                                      𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛), 

                                                      𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)}   

                                                      −𝜙(𝑚(𝑆𝑥2𝑛, 𝑇𝑧)), 

where 

                     𝑚(𝑆𝑥2𝑛, 𝑇𝑧) = max {𝑑
2(𝑆𝑥2𝑛, 𝑇𝑧), 𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧),      
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                                                𝑑(𝑆𝑥2𝑛, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑥2𝑛), [𝑑(𝑆𝑥2𝑛, 𝑓𝑥2𝑛)𝑑(𝑆𝑥2𝑛, 𝑔𝑧)  

                                               +𝑑(𝑇𝑧, 𝑓𝑥2𝑛)𝑑(𝑇𝑧, 𝑔𝑧)]/2}. 

Letting  𝑛 → ∞, we get 

                       𝑑3(𝑧, 𝑔𝑧) ≤ 𝑝 max {[0 + 0]/2,0,0} − 𝜙(𝑑2(𝑧, 𝑔𝑧)).  

This implies that 𝑔𝑧 = 𝑧. Since 𝑔(X) ⊂ S(X) and hence there exists a point 

v ∈ X such that 𝑧 = 𝑔𝑧 = 𝑆𝑣. 

We claim that 𝑧 = 𝑓𝑣. For this we put x = v and y = z in (C1) we get 

                       𝑑3(𝑓𝑣, 𝑔𝑧) ≤ 𝑝 max {[𝑑2(𝑆𝑣, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧) + 𝑑(𝑆𝑣, 𝑓𝑣)𝑑2(𝑇𝑧, 𝑔𝑧)]/2,                

                                           𝑑(𝑆𝑣, 𝑓𝑣)𝑑(𝑆𝑣, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑣), 𝑑(𝑆𝑣, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧)} 

                                            −𝜙(𝑚(𝑆𝑣, 𝑇𝑧)), 

where 

                     𝑚(𝑆𝑣, 𝑇𝑧) = max {𝑑2(𝑆𝑣, 𝑇𝑧), 𝑑(𝑆𝑣, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧), 𝑑(𝑆𝑣, 𝑔𝑧)𝑑(𝑇𝑧, 𝑓𝑣), 

                                           [𝑑(𝑆𝑣, 𝑓𝑣)𝑑(𝑆𝑣, 𝑔𝑧) + 𝑑(𝑇𝑧, 𝑓𝑣)𝑑(𝑇𝑧, 𝑔𝑧)]/2}.       

                                      =max {𝑑2(𝑧, 𝑧), 𝑑(𝑧, 𝑓𝑣)𝑑(𝑔𝑧, 𝑔𝑧), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑣),   

                                          [𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑣)𝑑(𝑔𝑧, 𝑔𝑧)]/2} = 0. 

  Hence, we get  

                       𝑑3(𝑓𝑣, 𝑧) ≤ 𝑝 max {[𝑑2(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧) + 𝑑(𝑧, 𝑓𝑣)𝑑2(𝑧, 𝑧)]/2,                   

                                        𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑣), 𝑑(𝑧, 𝑧)𝑑(𝑧, 𝑓𝑣)𝑑(𝑧, 𝑧)} − 𝜙(0).          

This implies that 𝑓𝑣 = 𝑧. Since the pair f, S is compatible of type (P) and 𝑓𝑣 = 𝑆𝑣 = 𝑧, by 

Remark 1.11, we have 𝑓𝑓𝑣 = 𝑆𝑆𝑣 which implies that 𝑓𝑧 = 𝑆𝑧. Hence 𝑧 = 𝑆𝑧 = 𝑓𝑧 = 𝑇𝑧 =

𝑔𝑧. Therefore, 𝑧 is a common fixed point of 𝑓, 𝑔,  S and T. 

Similarly, we can complete the proof when S or T or 𝑔 is continuous. The uniqueness follows 

easily. This completes the proof. 

Corollary 2.6. Let 𝑓  and 𝑔  be two mappings of a complete metric space (X, d) into itself 

satisfying the following condition: 
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               𝑑3(𝑓𝑥, 𝑔𝑦) ≤ 𝑝 𝑚𝑎𝑥{[𝑑2(𝑥, 𝑓𝑥)𝑑(𝑦, 𝑔𝑦) + 𝑑(𝑥, 𝑓𝑥)𝑑2(𝑦, 𝑔𝑦)]/2,                              

                          𝑑(𝑥, 𝑓𝑥)𝑑(𝑥, 𝑔𝑦)𝑑(𝑦, 𝑓𝑥), 𝑑(𝑥, 𝑔𝑦)𝑑(𝑦, 𝑓𝑥)𝑑(𝑦, 𝑔𝑦)}               

            −𝜙(𝑚(𝑥, 𝑦)),                                                                            

for all 𝑥, 𝑦 ∈ 𝑋, where 

𝑚(𝑥, 𝑦) = max {𝑑2(𝑥, 𝑦), 𝑑(𝑥, 𝑓𝑥)𝑑(𝑦, 𝑔𝑦), 𝑑(𝑥, 𝑔𝑦)𝑑(𝑦, 𝑓𝑥),        

[𝑑(𝑥, 𝑓𝑥)𝑑(𝑥, 𝑔𝑦) + 𝑑(𝑦, 𝑓𝑥)𝑑(𝑦, 𝑔𝑦)]/2} 

and 𝑝 is a real number satisfying 0 < 𝑝 < 1. Further, 𝜙: [0,∞) → [0,∞) is a continuous function 

with 𝜙(𝑡) = 0  iff 𝑡 = 0  and 𝜙(𝑡) > 0 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑡 > 0. Then 𝑓  and 𝑔  have a unique common 

fixed point in X. 

Proof. Taking 𝑆 = 𝑇 = 𝐼 (Identity map) in theorem 2.1, we get the required result. 

Now we give an example in support of our main theorems. 

Example 2.7. Let X = [0, 2] and (X, d) be a metric space defined by 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦|.  We 

define 𝑓, 𝑔, S, T: X→X by 

𝑓𝑥 =
5

4
, ∀𝑥 ∈ [0, 2],               𝑔𝑥 = {

7

4
, 𝑥 ∈ [0, 1]

5

4
, 𝑥 ∈ (1,2]  

 

𝑆𝑥 =

{
 
 

 
 
1, 𝑥 ∈ [0, 1]
5

4
, 𝑥 ∈ (1,2),

7

4
, 𝑥 = 2      

            𝑇𝑥 =

{
 
 

 
 
1

4
, 𝑥 ∈ [0, 1]

5

4
, 𝑥 ∈ (1,2)

3

2
, 𝑥 = 2      

           

(i) Clearly, we get 𝑓(𝑋) ⊂ 𝑇(𝑋)𝑎𝑛𝑑 𝑔(𝑋) ⊂ 𝑆(𝑋). 

(ii) 𝑓 is continuous mapping in X and 𝑔, S and T are not continuous mappings in X. 

(iii) the pairs (𝑓, S) and (𝑔, T) are compatible and they are compatible mappings of type (A), 

of   type (B), of type (C) and of type (P). 

Consider  {𝑥𝑛} ∈ (1,2), we have 
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lim
𝑛→∞

𝑆𝑥𝑛 = lim
𝑛→∞

𝑓𝑥𝑛 = lim
𝑛→∞

𝑇𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 =
5

4
= 𝑡 ∈ 𝑋 

Also, we have  

lim
𝑛→∞

𝑑(𝑆𝑓𝑥𝑛, 𝑓𝑆𝑥𝑛) = 0,  lim
𝑛→∞

𝑑(𝑇𝑔𝑥𝑛, 𝑔𝑇𝑥𝑛) = 0, 

lim
𝑛→∞

𝑑(𝑆𝑓𝑥𝑛, 𝑓𝑓𝑥𝑛) = 0, lim
𝑛→∞

𝑑(𝑓𝑆𝑥𝑛, 𝑆𝑆𝑥𝑛) = 0, 

lim
𝑛→∞

𝑑(𝑇𝑔𝑥𝑛, 𝑔𝑔𝑥𝑛) = 0, lim
𝑛→∞

𝑑(𝑔𝑇𝑥𝑛, 𝑇𝑇𝑥𝑛) = 0, 

 (iv) for 𝑝 =
3

4
 𝑎𝑛𝑑 𝜙(𝑡) =

𝑡

4
, condition (C2) is satisfied. 

Therefore, all conditions of main theorems are satisfied and 
5

4
 is a unique common fixed point of 

𝑓, 𝑔, S and T. 

 

CONFLICT OF INTERESTS 

The author(s) declare that there is no conflict of interests. 

  

REFERENCES 

[1] D.W. Boyd, J.S.W. Wong, On nonlinear contractions, Proc. Amer. Math. Soc. 20 (2) (1969), 458–464. 

[2] G. Jungck, Commuting mappings and fixed points, Amer. Math. Mon. 83 (1976), 261-263. 

[3] G. Jungck, Compatible mappings and common fixed points, Int. J. Math. Math. Sci. 9 (1986), 771-779. 

[4] G. Jungck, Compatible mappings and common fixed points (2), Int. J. Math. Math. Sci. 11 (1988), 285-288. 

[5] G. Jungck, P.P. Murthy, Y.J. Cho, Compatible mappings of type (A) and common fixed points, Math. 

Japonica, 38 (1993), 381-390. 

[6] P.P. Murthy, K.N.V.V.V. Prasad, Weak contraction condition involving cubic terms of d(x, y) under the fixed 

point consideration, J. Math. 2013 (2013), Article ID 967045.  

[7] H.K. Pathak, M.S. Khan, Compatible mappings of type (B) and common fixed point theorems of Greguš type, 

Czechoslovak Math. J. 45 (1995), 685-698. 

[8] H.K. Pathak, Y.J. Cho., S.M. Kang, B.S. Lee, Fixed point theorems for compatible mappings of type (P) and 

applications to dynamic programming, Le Matematiche, 50 (1995), 15-33. 

[9] H.K. Pathak, Y.J. Cho, S.M. Kang, B. Madharia, Compatible mappings of type (C) and common fixed point 

theorems of Gregus type, Demonstr. Math. 31 (1998), 499-518. 



1954 

RAJESH KUMAR, SANJAY KUMAR 

 

[10] B. E. Rhoades, Some theorems on weakly contractive maps, Nonlinear Anal., Theory Meth. Appl. 47 (2001), 

2683-2693. 

[11] S. Sessa, On a weak commutativity conditions of mappings in fixed point consideration, Publ. Inst. Math. 

32(46) (1982), 146-153. 


