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Abstract: An analytic solution to a problem of MHD heat and mass transfer flow of an incompressible, viscous, 

electrically conducting, partially ionized, heat absorbing and chemically reacting fluid in the presence of thermal 

radiation and Hall current with ramped temperature and concentration has been presented. In the entire investigation, 

only the externally applied magnetic field is taken into consideration and the induced magnetic field is neglected. 

Laplace Transform technique in closed form is adopted to solve the governing equations of the motion describing the 

velocity, temperature and concentration profiles. The effects of the relevant physical parameters on these fields and 

also on skin friction, Nusselt number and Sherwood number are displayed and discussed through graphs. 
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1. INTRODUCTION 

MHD fluid flow model has been a field of great attraction among researchers over the past decades 

due to its wide range of applications in Astrophysics, Geophysics, Aerodynamics, Plasma Physics 

etc. Later, many researchers started considering the Hall effect in the MHD convective flow 
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problems. Generally, Hall effect is not considered in the Ohm’s law. But a strong applied magnetic 

field induces a considerable current in the direction perpendicular to both the fluid velocity and 

the applied magnetic field. So a secondary flow is induced in such cases which cannot be neglected. 

This was first reported by Cowling [1]. Later Pop [2] analyzed the effect of Hall currents on 

hydromagnetic flow near an accelerated plate. Its importance in the Hartmann channel flows was 

discussed by Cramer and Pai [3]. Due to the practical applications of Hall effects in MHD 

generators and Hall accelerators, researchers are continuously being attracted towards the 

investigation of Hall effects on MHD convective flows. Takhar et al. [4], Malique and Sattar [5] 

are some names in this regard. As rotation (Coriolis force) also induces secondary flow, authors 

including Ahmed and Sarma [6], Ghosh et al. [7], Seth et al. [8], Seth et al. [9] have also considered 

the rotation effect along with the Hall effect to study the combined and comparative effects of both 

the factors on MHD fluid flows. 

Generally, the study of MHD fluid flow models also includes the heat and mass transfer 

characteristics along with the flow characteristics. In case of heat transfer, apart from convective 

heat transfer, heat transfer by radiation is also a matter of great interest among researchers. 

Radiation is encountered in various industrial and physical processes. Processes such as cooling 

of nuclear reactors, fossil fuel combustion, astrophysical flows, heating and cooling of chambers 

etc. and in general all the processes concerning with high temperature involve the phenomenon of 

radiation. Ali et al. [10], Mansour [11], Makinde [12], Mbeledogu [13], Ahmed [14], Ahmed [15], 

Choudhury and Ahmed [16] are some of the authors among many who have included heat transfer 

by radiation in their work. The phenomenon of mass transfer by free convection can be observed 

in processes such as evaporation of alcohol and the principles of mass transfer are applied in 

various fields of geophysics, astrophysics, metallurgy, home humidifiers, MHD pumps etc. Again 

rate of chemical reaction and species concentration affect each other. Consequently, chemical 

reaction affects the mass transfer process as well. Jena et al. [17] studied the chemical reaction 

effect on MHD flow of viscoelastic fluid. Gurram et al. [18] studied the chemical reaction effect 

and radiation effect on MHD casson fluid flow. 
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This paper generalizes the work of Seth et al. [9] to study the effects of radiation and chemical 

reaction which were not included in their study. Further in their work, after the start of the motion 

concentration at the plate was assumed to remain constant. But in the present work, both the 

temperature and concentration at the plate are set to be ramped. As chemical reaction can affect 

the species concentration, a ramped concentration is more justified than a throughout constant 

concentration at the plate. 

 

2. MATHEMATICAL ANALYSIS 

We consider the natural convective motion of an incompressible, viscous, electrically conducting, 

partially ionized, heat absorbing, radiating and chemically reacting fluid past a semi-infinite plate 

through a uniformly porous medium. A rectangular Cartesian co-ordinate system is introduced so 

that the two mutually perpendicular edges of the rectangular plate become the X  and Z   axes, 

with the one in the vertically upward direction being the X  axis, and perpendicular to the plate 

and directed towards the fluid region is chosen to be the Y  axis. 

The fluid as well as the plate is assumed to be rotating about the Y   axis with constant angular 

speed . It is assumed that an external strong magnetic field B  of intensity 0B acts along the 

positive Y  direction. At time 0t = , the system is at rest and the temperature and the concentration 

at the plate are same with the free stream fluid temperature T
    and the free stream fluid 

concentrationC


 
respectively. At time 0t  , the plate starts moving in its own plane with initial 

velocity 0U  in the vertically upward direction. Also, the plate temperature and concentration at 

the plate start varying till time 0t t =  and after time 0 ,t t   the temperature and concentration 

at the plate become unchanged. Thus attained constant temperature and concentration are assumed 

to be wT   and wC  respectively. 

In the present investigation, induced magnetic field is neglected as the magnetic Reynolds number 

is assumed to be very small. But, as the intensity of the applied magnetic field B  is assumed to 
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be very strong, the Lorentz force arising due to the interactions of the partially ionized moving 

fluid and the magnetic field B  induces a considerable current in the transverse direction known 

as the Hall current. Considering the Hall current, the electric current density vector  

( ), ,x y zJ J J J  =  for the problem is given by, 

( ) ( )

( )

( ) ( )

1 0 1 0

1 0 1 0

0 the plateconsidered is electrically non-conducting (1)

x x z

y

z z x

J E B W E B U

J

J E B U E B W

  

  

  



  

  = − + + 


= 


  = + − −     

( ) ( )
1 12 2

1
where, ,

1 1

e

e e


 

 
= =

+ +
 

With J  given by (1), together with the infinite plate assumption, the momentum conservation 

equations for the problem are given as: 

2

02 *

2

02 *

2 (2)

2 (3)

z

x

U U p U
W J B g

t xy Kp

W W p W
U J B

t yy Kp


   


  





     
+ = − − − −    

     
− = − + −      

Far away from the plate, in the free stream, it is assumed that 0,U W  
 = = =  . With this 

assumption, Equations (2) and (3) in the free stream take the form: 

( )1 1 0 (4)z x

p
E E B g

x
     


= − + −
  

( )1 1 0 (5)z x

p
E E B

y
   


= +


 

It is recalled the equation of state based on the classical Bousinnesq approximation: 

( ) ( )* (6)T T C C     
   = + − + −  

On implementation of Equations (4), (5) and (6), Equations (2) and (3) become: 
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( ) ( ) ( )

( )

22
*0

1 12 *

22

0

1 12 *

2 (7)

2 (8)

BU U U
W W U g T T g C C
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BW W W
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      + = − + − + − + −

  

   
  − = + − −

    

With the assumption that viscous and Ohmic dissipations of energy are negligible, the energy 

equation for the heat absorbing and radiating moving fluid is given by: 

( )
2

2

1
(9)r

p p p

qT T Q
T T

t C y C y C



  


   
 = − − −

    

 

The radiation heat flux is considered only along the direction of normal to the plate. Approximation 

on the basis of Rossland model gives, 

* 4

*

4
(10)

3
r

T
q

a y

 
= −

  

Assuming the quantity ( )T T
 −   to be very small, the Taylor series expansion of 4T    about 

( )T T
 −  is approximated as, 

4 3 34 3 (11)T T T T 
   = −

 

Due to (10) and (11), Equation (9) takes the form: 

( ) ( )
* 32 2

2 * 2

16
12

3
p

TT T T
C Q T T

t y a y


  



    
  = + − −

      

The species continuity equation for the chemically reacting moving fluid is found as: 

( )
2

12
(13)M

C C
D K C C

t y


  
 = − −

  
 

The initial and boundary conditions of the flow model are assumed to be: 
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( ) ( )
0

0
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0
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        → → → → →   

Following non- dimensional quantities are defined: 

( ) ( )
0 0 0 0 0

*

3 3

0 0

2 * 2 2 *
2 2 0 0 0 0

2 2 2 * 3

0 0

1

2 2

0 0

, , , ,

,Gr= ,Gm=

, , = , = , ,
4

Pr= , ,Sc= ,

w

w w

w

p

M p

T TU W t y
U W t y

U U t U t T T

g T T g C CC C

C C U U

B Kp U U t a
Er M Kp Ra N

U U T

C K Q
K Q

DU C U



  


 

  

   

 





 





     − 
= = = = =  −


   − − −

= 
 − 


= = =



 
= =



(15)


 

Due to (15), Equations (7), (8), (12) and (13) take the non-dimensional form as: 

( )

( )

2
2 2

1 12

2
2 2
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1
2 (Gr Gm ) (16)

1
2 (17)
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2

2

2

2

1 4
1 (18)

Pr Ra 3
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QRa
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= + − 

  

 
= −

   

With the introduction of the variable ,q U iW= +  Equations (16) and (17) are combined to 

transform into the Equation (20). 

( )
2

2

1
Gr Gm (20)

q q
Ra q

t Ra y
  

 
= + + −

 
 

The initial and boundary conditions (14) are also made dimensionless with the help of (15) as: 
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0, 0 : 0, 0, 0

0, 0 : 1

, for 0< 1 (21)

1, 1for 1

0, : 0, 0, 0

t y q

t y q

t t t

t

t y q

 

 

 

 

 = = = = 


 = =


= =  
= = 


 →  → → → 

 

 

3. METHOD OF SOLUTION 

Governing equations (20), (18) and (19) are subjected to Laplace transformations. This transforms 

the partial differential equations into ordinary differential equations given by (22), (23) and (24) 

respectively: 

( ) ( )
2

2

2

2

3

2

2

2

5

2

4

Gr Gm (22)

0 (23)

0 (24)

d q
Ra s q Ra
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− + = − +

 +
− = 
 

 +
− = 
 

 

It is to be noted that Laplace transform of any function ( ),f y t   has been denoted by ( ),f y s . 

The Laplace transformations of the initial and boundary conditions (21) are obtained as follow: 

( )2

1 1
0 : , 1

(25)

: 0, 0, 0

sy q e
s s

y q

 

 

− 
= = = = − 


→  → → → 

 

The system of differential equations (22), (23) and (24) are solved subject to (25), which are 

presented in Equations (26), (27) and (28). 
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− +− −
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+
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= −
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Now on imposition of inverse Laplace transformations on (26), (27) and (28), finally get the 
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expressions which describe the velocity distribution, temperature distribution and concentration 

profile of the problem defined in our study.   

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

7 7
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7 7
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4. VELOCITY DISTRIBUTION FOR UNIT SCHMIDT NUMBER 

It is to be noted that the velocity distribution given by (29) is not valid forSc=1. As the Schmidt 

number is the ratio of the momentum diffusivity to mass diffusivity, unit Schmidt number refers 

to the case when velocity and concentration boundary layer thickness are of the same order in 

magnitude. We sometimes practically encounter fluid motions of this category. So, velocity 

distribution valid for Sc=1 is obtained by substituting Sc=1 in the governing equation (19) and 

then solving the differential equations proceeding with the same method applied earlier. Velocity 

distribution for unit Schmidt number is found to be, 
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−

−


= + − − − − − 




+ − − − + − 


+ − − −


 

It is noticed that concentration profile given by Equation (31) is valid for Sc=1 too and obviously 

there arises no question of validity on temperature distribution. 

 



2100 

P. J. PARASHAR, N. AHMED 

5. SKIN FRICTION 

The coefficient of skin friction, fC  obtained to gauge the viscous drag at the plate arising due to 

the fluid motion is found to be as follows: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

7 7
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7 7
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The corresponding fC  for Sc=1 is obtained as:  

( ) ( ) ( ) ( )
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6. NUSSELT NUMBER AND SHERWOOD NUMBER 

The rate of heat transfer from the plate in terms of Nusselt number and mass transfer rate at the 

plate in terms of Sherwood number are found as: 

2 2
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3 3
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=
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7. RESULTS AND DISCUSSION 

Parameters that influence in our investigation at a particular time are Grashof number Gr , solutal 

Grashof number Gm , Ramped parameter Ra , Schmidt number Sc , magnetic parameter M , 

chemical reaction parameter K , permeability parameter Kp , sink of heat Q , Prandtl number 

Pr , Hall parameter e , rotational parameter Er  and radiation parameter N . To analyze the 

outcomes of our investigation, these parameters are assigned admissible and realistic values and 

with the help of the Matlab software, velocity field (29), temperature distribution (30), 

concentration profile (31), skin friction (33), Nusselt number (35) and Sherwood number (36) are 

computed numerically and the results are presented graphically in the following.  

              

                                                

  

           

                                                                    

Fig 1: Primary velocity profile for 

Gr=6;Gm=5;Kp=0.5;Ra=0.5; 

Pr=0.71; Kc=0.2;Sc=0.6;Er=0.02; 

M=5;t=1.2; Q=3;N=5 

 

 

Fig 2: Secondary velocity profile for 

Gr=6;Gm=5;Kp=0.5;Ra=0.5; 

Pr=0.71; Kc=0.2;Sc=0.6;Er=0.02; 

M=5;t=1.2; Q=3;N=5 

 

 

Fig 3: Primary velocity profile for 

Gr=6;Gm=5;Kp=0.5;Ra=0.5; 

Pr=0.71; Kc=0.2;Sc=0.6;Er=0.02; 

M=5;t=1.2; Q=3; e =0.5 

 

 

 

Fig 4: Secondary velocity profile for 

Gr=6;Gm=5;Kp=0.5;Ra=0.5; 

Pr=0.71; Kc=0.2;Sc=0.6;Er=0.02; 

M=5;t=1.2; Q=3; e =0.5 
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Fig 5: Primary velocity profile for 

Gr=6;Gm=5;Kp=0.5;Ra=0.5; 

Pr=0.71; Kc=0.2;Sc=0.6;N=5; 

M=5;t=1.2; Q=3; e =0.5 

 

 

 

 

Fig 6: Secondary velocity profile for 

Gr=6;Gm=5;Kp=0.5;Ra=0.5; 

Pr=0.71; Kc=0.2;Sc=0.6;N=5; 

M=5;t=1.2; Q=3; e =0.5 

 

 

 

 

Fig 7: Temperature distribution for 

Ra=0.5; Pr=0.71; t=0.2; Q=3  

 

 

 

 

 

 

Fig 8: Temperature distribution for 

Ra=0.5; Pr=0.71; t=0.2; N=5  

 

 

 

 

 

 

 

Fig 9: Concentration profile for Ra=0.5; 

Sc=0.6; t=1.2  

 

 

 

 

 

Fig 10: Concentration profile for 

Ra=0.5; K=0.2; t=1.2  
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The velocity is plotted against the normal coordinateY . Primary velocity profile is presented in 

Figures 1, 3 and 5 and Figures 2, 4 and 6 represent the secondary velocity profile. Influence of the 

Hall current parameter on velocity is demonstrated in figures 1 and 2. Both the figures suggest that 

Hall current parameter catalyzes velocity in both directions. Effect of radiation parameter on the 

primary velocity is analyzed in Figure 3 and Figure 4 displays the radiation effect on the secondary 

velocity. As expected, as the system loses more energy in the form of radiation, velocity reduces. 

Coriolis force also has a significant impact on the velocity which is clear from Figures 5 and 6. 

Result of the increase in the rotational parameter is a negative growth of the primary velocity while 

it is a positive growth in the case of secondary velocity. Rotation slightly shifts the motion in the 

Fig 11: Primary skin friction for 

Gr=6;Gm=5;Kp=0.5;Ra=0.5; 

Pr=0.71; Kc=0.2;Sc=0.6;Er=0.02; 

N=5; Q=3; e =0.5 

 

 

 

 

Fig 12: Secondary skin friction for 

Gr=6;Gm=5;Kp=0.5;Ra=0.5; 

Pr=0.71; Kc=0.2;Sc=0.6;Er=0.02; 

N=5; Q=3; e =0.5 

 

 

 

 

 

Fig 13: Nusselt number for Ra=0.5; 

Pr=0.71; Q=3  

 

 

 

 

 

 

 

Fig 14: Sherwood number for Ra=0.5; 

Sc=0.6  
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secondary direction and so these findings are physically justified. One important characteristic 

established in all these six figures is that velocity goes on diminishing on moving further and 

further away from the plate. The exception is that secondary velocity first increases with distance 

up to certain point and then only starts diminishing. Primary velocity attains maximum magnitude 

near the plate because the force of buoyancy is experienced strongly in the neighborhood of the 

plate.   

Figures 7 and 8 represent the temperature distribution of the system with respect to the normal 

coordinate in which influence of two important parameters radiation and heat sink are studied. 

Figure 7 illustrates that radiation lowers the temperature. Radiating fluid loses thermal energy and 

hence temperature in the process of radiation. A heat sink absorbs heat from the surrounding. So, 

the presence of a heat sink or heat absorber reduces the ambient fluid temperature which has been 

reflected in Figure 8. Fluid temperature at the plate is the highest and it decreases gradually away 

from the plate. 

Figures 9 and 10 describe how fluid concentration is distributed. The two figures clearly indicate 

that like temperature, concentration too is highest at the plate and concentration level reduces with 

increasing distance from the plate. Figure 9 states that concentration can be lowered with a faster 

rate of chemical reaction. As mass diffusion increases the concentration of the diffusing medium 

and Schmidt number is inversely proportional to the mass diffusivity, increase in the Schmidt 

number lowers the concentration level as displayed in Figure 10.  

The variation of skin friction at the plate with time both in the primary direction and secondary 

direction is presented in Figures 11 and 12 respectively. After initial variations, skin frictions 

become constant from time 1t = . Variations of the magnetic field parameters in both the figures 

establish that a strong magnetic field significantly increases the viscous drag. This is due to the 

Lorentz force acting in the opposite direction of the velocity. 

The effect of radiation on the rate of rate of heat transfer and the effect of chemical reaction on the 

rate of mass transfer with respect to time are explained respectively by Figures 13 and 14. Heat 

transfer takes place through radiation also. So the increase of Nusselt number or acceleration of 
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the rate of heat transfer with radiation is observed in Figure 13. Figure 14 states that Sherwood 

number or rate of mass transfer at the plate enhances with faster rate of chemical reaction. This is 

the reason why we observe in Figure 9 the lowering of concentration level with chemical reaction. 

From time 1t =  onwards, both Nusselt and Sherwood number are constants. 

 

8. CONCLUSIONS 

The following conclusions are summarized based on our investigation: 

• Hall current accelerates and radiation decelerates the velocity of both directions. 

• Due to rotation, primary velocity decreases but secondary velocity increases. 

• Presence of a heat sink decreases the fluid temperature. 

• Increase in the Schmidt number lowers the concentration profile. 

• Transversely applied magnetic field increases the drag force.  

• Radiation accelerates the heat transfer and consequently drops the fluid temperature. 

• Chemical reaction boosts the mass transfer rate and reduces the concentration. 

 

NOMENCLATURE 

*a : Mean absorption coefficient 

B : Magnetic induction vector 

0
B : Magnitude of applied magnetic field 

C : Fluid concentration 

f
C : Skin friction coefficient 

p
C : Specific heat at constant pressure 

M
D : Mass diffusivity 

Er : Rotational parameter 

g : Acceleration due to gravity 
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Gm : Solutal Grashof number 

Gr : Grashof number 

J : Current density vector 

K : Chemical reaction parameter 

1
K : Chemical reaction constant 

Kp : Permeability parameter 

*Kp : Permeability constant 

M  : Magnetic parameter 

N : Radiation parameter 

Nu : Nusselt number 

p : Fluid pressure 

Pr : Prandtl number 

r
q : Radiative heat flux 

Q : Sink of heat 

Q : First order heat sink 

Ra : Ramped parameter 

Sc : Schmidt number 

Sh : Sherwood number 

t : Time 

T  : Fluid temperature 

 : Volume expansion coefficient for heat transfer 

* : Volume expansion coefficient for mass transfer 
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e
  : Hall parameter 

 : Thermal conductivity 

 : Coefficient of viscosity 

 : Kinematic viscosity 

 : Fluid density 

 : Electrical conductivity 

* : Stefen-Boltzman constant 

  : Angular speed 
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( ) ( ) ( ), , , , 1 1f t f t H t    = − −  

( )1 , , ,Ra y t  =  

( )2 7, , ,Ra y t   = +  

( )3 9, , ,Ra y t   = +  

( )4 11 7 3, , ,y t    = +  

( )5 11 3, , ,y t   =  

( )6 10 9 5, , ,y t    = +  

( )7 10 5, , ,y t   =  

( )1 , , ,Ra y t  =  

( )2 7, , ,Ra y t   = +  

( )3 9, , ,Ra y t   = +  

( )4 11 7 3, , ,y t    = +  

( )5 11 3, , ,y t   =  

( )6 10 9 5, , ,y t    = +  

( )7 10 5, , ,y t   =  

( )1 , ,Ra t   =  

( )2 7, ,Ra t    = +  

( )3 9, ,Ra t    = +  

( )4 11 7 3, , t     = +
 

( )5 11 3, , t    =
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( )6 10 9 5, , t     = +
 

( )7 10 5, , t    =
 

( )1 , ,Ra t   =
 

( )2 7, ,Ra t    = +
 

( )3 9, ,Ra t    = +
 

( )4 11 7 3, , t     = +
 

( )5 11 3, , t    =
 

( )6 10 9 5, , t     = +
 

( )7 10 5, , t    =
 

( )1 , , ,f f Ra y t=
 

( )2 11 3, , ,f f y t =
 

( )3 10 5, , ,f f y t =
 

( )4 5, , ,f f Ra y t=
 

( )1 , , ,f f Ra y t=
 

( )2 11 3, , ,f f y t =
 

( )3 10 5, , ,f f y t =
 

( )4 5, , ,f f Ra y t=
 

( )1 , ,f f Ra t =
 

( )2 11 3, ,f f t  =
 

( )3 10 5, ,f f t  =
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( )4 5, ,f f Ra t =
 

( )1 , ,f f Ra t =
 

( )2 11 3, ,f f t  =
 

( )3 10 5, ,f f t  =
 

( )4 5, ,f f Ra t =  
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