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1. INTRODUCTION 

Let   denote the class of analytic functions ( )f z  of the form 

(1)                              ( )
2

n

n

n

f z z a z


=

= +  

in the unit disk  : 1 .E z z=   Let S  be the class of functions ( )f z   and univalent in .E  

The well-known subclass starlike of   is denoted by 
*.S  Analytically, this class is defined by 
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(2)                      ( )
( )
( )

* : Re 0,  .
zf z

S f z z E
f z

     
=      

    
 

Let P  denote the class of analytic functions ( )p z  of the form 

(3)                              ( )
1

1 n

n

n

p z p z


=

= +  

in E  whose real parts are positive in .E  If ( ) ,p z P  then a Schwarz function ( )z  exists 

with ( )0 0, =  ( ) 1,z   z E  such that [1] 

( )
( )
( )

1
.

1

z
p z

z





+
=

−
 

For two functions ( )F z   and ( )G z   analytic in ,E   we say that the function ( )F z   is 

subordinate to ( )G z  and we write it as ( ) ( )F z G z  if there exists a Schwarz function ( )z  

such that ( ) ( )( ).F z G z=  Further, if ( )G z  is univalent in ,E  then 

( ) ( ) ( ) ( )0 0F z G z F G =  and ( ) ( )F E G E=  (see Miller and Mocanu [2, 3] for details).  

Let ( )* , , ,CS A B    denote the class of analytic functions ( )f z   of the form (1) and 

satisfying the condition 

(4)                   
( )
( )

1 1
sin ,   ,

1

i zf z Az
e i z E

g z t Bz





 
  +

− −  
+ 

 

where ( )
( ) ( )

 ,
2

f z f z
g z

+
=   cos ,t  = −   0 1,    

2


    and 1 1.B A−     

 

Functions in the class ( )* , , ,CS A B   are called tilted starlike functions with respect to conjugate 

points of order ,  introduced and studied by Wahid et al. [4]. 

In particular,  

a) ( )* *0,0,1, 1 ,C CS S−    the class of starlike functions with respect to conjugate points 

introduced by El-Ashwah and Thomas [5]. 
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b) ( ) ( )* *0, ,1, 1 ,C CS S −   the class introduced by Halim [6]. 

c) ( ) ( )* *0,0, , , ,C CS A B S A B  the class introduced by Dahhar and Janteng [7]. 

Obviously, ( )* *0C CS S
 
and ( )* *1, 1 .C CS S−   

For given natural numbers ,n q  and 
1 1,a =  the Hankel determinant ( )qH n  of a function 

( )f z 
 
is defined by means of the following determinant [8,9] 

( )

1 1

1 2

1 2 2

   .

n n n q

n n n q

q

n q n q n q

a a a

a a a
H n

a a a

+ + −

+ + +

+ − + + −

=  

For some specific values of n   and ,q   it is observed that ( ) 2

2 3 21H a a= −   and 

( ) 2

2 2 4 32H a a a= −  are the Fekete-Szegö functional and second Hankel determinant respectively. 

Fekete and Szegö [10] then further generalized the estimate 
2

3 2a a−   where    is real and 

( ) .f z S  The sharp bound on ( )2 2H  was investigated by Janteng et al. [11] for the class 
*S  

and they proved that ( )2 2 1.H   The estimation of ( )3 1H  is much more difficult than ( )2 2H  

and in 2009, Babalola [12] proved that ( )3 1 16H   for the class 
*.S  Zaprawa [13] and Kwon 

et al. [14] improved the result of Babalola [12] by proving that ( )3 1 1H    and ( )3

8
1

9
H   

respectively for the class 
*.S  However, they claimed that the bound is still not sharp.  

The finding of the upper bounds of ( )qH n  over different subclasses of S  is still an open 

problem and a subject of interest. In fact, the bounds of ( )2 2H  and ( )3 1H  for the whole class 

S  are still unknown and the estimation of ( )3 1H  is more difficult. In addition, there are very 

few papers on investigating the bounds of ( )2 3H  and ( )3 1H  for functions belonging to the 
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class of starlike functions with respect to conjugate points. For more works on ( )2 2 ,H  ( )2 3 ,H  

and ( )3 1H   especially on the subclasses of S   related to other points, i.e., symmetric points, 

conjugate points and symmetric conjugate points, see the references [15-27].  

In this paper, we consider the Hankel determinant in the case of 3,n =  2q =  and 1,n =  

3q =  given by 

(5)                          
( ) 3 4

2

4 5

2

3 5 4

3
a a

H
a a

a a a

=

= −

                                     

and 

(6)                       
( )

( ) ( ) ( )

1 2 3

3 2 3 4

3 4 5

2 2

5 3 2 3 2 4 3 4 2 3 4

1

a a a

H a a a

a a a

a a a a a a a a a a a

=

= − + − + −

     

 respectively for functions in the class ( )* , , ,CS A B   which is defined in (4). 

 The following lemmas will be required to derive our main results. 

 

2. PRELIMINARIES 

Lemma 2.1. [28] For a function ( )p z P  of the form (3), the sharp inequality 2np   holds 

for each 1.n   Equality holds for the function ( )
1

.
1

z
p z

z

+
=

−
 
 

Lemma 2.2. [29] Let ( )p z P  of the form (3) and .  Then 

 2max 1, 2 1 ,  1 1.n k n kp p p k n −−  −   −  

If 2 1 1, −    then the inequality is sharp for the function ( )
1

1

z
p z

z

+
=

−
  or its rotations. If  

2 1 1, −   then the inequality is sharp for the function ( )
1

1

n

n

z
p z

z

+
=

−
 or its rotations. 
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3. MAIN RESULTS 

Theorem 3.1. If the function ( )f z  given by (1) belongs to the class ( )* , , , ,CS A B   then 

( ) ( )

( ) ( ) ( )

( )

( ) ( ) 

2
2 2

2

4 2 3 3 2 2

4 3 2 4 3

2 2 2

3 1024 4 288 144 288 8 72 24 192 64 224
9216

32 24 2 88 42 6 96 58 68

32 38 162 36 80

8 192 64 128 288 144 160 144

T
H   

  



 

 +  − − + + −  + −  − 

+ −  + +  +  + + −  +  + 

+  +  −  −  + 

+ −  − +  +  − −  + 

 

where ,iTe  −=  ( ) ,T A B t= −  cost  = −  and 1 .B = +   

Proof. If ( ) ( )* , , ,Cf z S A B 
 
of the form (1), then according to subordination relationship, 

there exists a Schwarz function ( )z  such that 

(7)                   
( )
( )

( )
( )

11
sin ,

1

i zf z A z
e i

g z t B z






 



  +
− − = 

+ 
  

where ( )
( ) ( )

 
2

f z f z
g z

+
=  and cos .t  = −  

 

Define a function 

   ( )
( )
( ) 1

1
1 .

1

n

n

n

z
h z k z

z







=

+
= = +

−
  

We have ( )h z P  and 

(8)                               ( )
( )
( )

1
.

1

h z
z

h z


−
=

+
 

Using (8), from (7), we have  

(9)                    
( )
( )

( ) ( ) ( )

( )( )

1 1

1 1

i i

i
e B T h z e B Tzf z

e
g z B h z B

 


   − − + + +    =

− + +
        

where ( ) .T A B t= −      

Using the series representation for ( )f z  and ( )h z  in (9), we get 
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( )( )

( )( )( )

( ) ( )

( ) ( )

2 3 4 5 6

2 3 4 5 6

2 3 4 5 6 2 3 4 5

2 3 4 5 6 1 2 3 4 5

2 3 4 5 6

2 3 4 5 6

2 3 4 5 6

2 3 4 5 6 1 2

1 2 3 4 5 6

  1 2 3 4 5 6 1

1

  1 1

i

i

i

i

e B z a z a z a z a z a z

e B z a z a z a z a z a z k z k z k z k z k z

e B T z a z a z a z a z a z

e B T z a z a z a z a z a z k z k









− + + + + + +

+ + + + + + + + + + + + + +

 = − − + + + + + + 

 + + + + + + + + + + +  ( )2 3 4 5

3 4 5 .z k z k z k z+ + + +

 

(10) 

Equating the coefficients of like powers of 
2,z  

3,z  4z  and 5z  respectively in the expansion 

of (10) and for simplicity, we denote 
iTe  −=  and 1 B = +  give us 

(11)                                1
2 ,

2

k
a


=  

(12)                         2 2 2

3 2 1 1

1
2 ,

8
a k k k   = + −    

(13)              2 3 3 3 2 3 2

4 3 1 2 1 2 1 1 1

1
8 6 8 3 2

48
a k k k k k k k k      = + −  + −  +    

and 

(14)  

2 2 2 2 4 4 4 3 4 2 2 4 3

5 4 1 3 1 3 2 2 1 1 1 1

2 3 2 2 2 2

1 2 1 2 1 2

1
48 32 48 12 24 6 11 6

384

12 44 36 .

a k k k k k k k k k k k

k k k k k k

        

  

= + −  + −  + −  +  − 

+ −  +  

 

In view of (5) and (12)-(14), we have 

(15)

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

2
3

2 4 2 1 2 3 2

4 3 2 2 3 2 2 2 2

1 2 1 2

2 3 2 2

1 4 1 3

6 4 3 2 2 3 4 2 2 2 2

1 1 2

6

1

3 288 192 288 72 144
9216

42 204 306 144 108 372 288

144 144 96 240 144

3 21 51 51 18 144 384 256

12

H k k k k k k

k k k k

k k k k

k k k

k


 

    

  

     

= + −  + − 

+ −  +  −  + −  + 

+ −  + −  + 

+ −  +  −  +  + − +  − 

+  −( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) 

( ) ( ) ( ) ( )

4 2 3 2 3 2 4

2 3 2 2 2

3 1 2 3 1 3

4 3 2 2 2 3 3

1 2

2
6 4 2 3 3 2 2 4 3

1

4 44 12 8 48 16

256 512 384 96 64 64 96 64

24 48 144 136 144 64 64

12 1 44 9 48 43 16 51 18
9216

k k k k k k

k k

k

   

  

  


   

 + −  +  + −  +  − 
 

 − +  − +  − + −  +  − 
 

 + −  − + −  +  + −  +  + 
 

=  − + −  −  +  +  + −  −  +
( ) ( )

( ) ( )

( ) ( )

( ) ( ) ( ) 

4

2 2

2 4 1 4 3 1 2 3

3 2 2 2 2

2 1 2

3 2 2 2

1 3

4 3 2 2 3 2 3

1 2

288 144 144 256 224 192

72 144 36 12 32

96 32 64 144 80

24 6 144 68 64 162 80 .

k k k k k k k k

k k k

k k

k k

 

  

 

  

 
 

+ + −  − +  −

+ −  + − +  + 

 +  + + −  −  + 
 

 + −  − + −  −  +  +  − 
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Further, by suitably arranging the terms and taking modulus on both sides of (15) gives us 

( )

( )

( )
( ) ( )

( )

2

2 2

2 3 2 4 2

2 2

1 2 3 1 2

2 2 2

2

1 4 1 3

4 3 2

1

144 72
3 256 288

9216 288

36 12 32
224 192

224 192

96 32 64 144 80
144 144

144 144

24 6 144

H k k k k

k k k k k

k k k k

k

 

 




 






  − 
= − + −   

  

  −  − 
+  − −  

 −  

  −  − +  +  − 
  + −  + −

 −  + 
  

+ −  − + −  −( ) ( )( )

( ) ( ) ( ) ( )
( ) ( ) ( )

( )

( )

2 3 2 3

2

4 2 3 3 2 2 4 3 4

2

1 3 2 2 3 2 3

2

2 * 2 *

3 2 4 2 1 2 3 1 2

4 3

1

68 64 162 80

12 1 44 9 48 43 16 51 18

24 6 144 68 64 162 80

256 288 224 192
9216

24 6 14

k

k

k k k k k k k k k

k

 

   

  


  



 +  +  − 

 −  + +  +  + −  −  +  +  − 
 −

 −  − + −  −  +  +  −  
 

   = − + − +  − −   

+ −  − + −( ) ( )( )
( )

2 2 3 2 3 * 2

2 1

2 *

1 4 1 3

4 68 64 162 80

144 144

k k

k k k k

  

 

  −  +  +  −  − 

 + −  + − 
 

(16) 

where 

* 144 72
,

288




 −
=  

2 2
* 36 12 32

,
224 192

 




−  − 
=

 −
 

( ) ( )2 2 2

*
96 32 64 144 80

144 144

 




−  − +  +  − 
=

−  +
 

and 

( ) ( ) ( ) ( )
( ) ( ) ( )

4 2 3 3 2 2 4 3 4

*

3 2 2 3 2 3

12 1 44 9 48 43 16 51 18
.

24 6 144 68 64 162 80

   


  

−  + +  +  + −  −  +  +  − 
=

−  − + −  −  +  +  − 
 

Hence, by the triangle inequality, from (16), we get 

( ) 
( ) ( ) ( )



2

2 * 2 *

2 3 2 4 2 1 2 3 1 2

4 3 2 2 3 2 3 * 2

1 2 1

2 *

1 4 1 3

3 256 288 224 192
9216

24 6 144 68 64 162 80

144 144 .

H k k k k k k k k k

k k k

k k k k


  

   

 

 + − +  − −

+ −  − + −  −  +  +  −  −

+ −  + −

 

(17) 
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Now, applying Lemmas 2.1 and 2.2, we see that 

(18)                                
2

3256 1024,k   

(19)                      * 2

2 4 2288 4 288 144 288 ,k k k −   − −  

(20)            ( )* 2 2

1 2 3 1 2224 192 8 72 24 192 64 224 ,k k k k k    − −  + −  + −  −   

( ) ( ) ( )

( ) ( ) ( )

( )

4 3 2 2 3 2 3 * 2

1 2 1

4 2 3 3 2 2

4 3 2 4 3

24 6 144 68 64 162 80

32 24 2 88 42 6 96 58 68

32 38 162 36 80

k k k   

  



−  − + −  −  +  +  −  −

 −  + +  +  + + −  +  + 

+  +  −  −  + 

 

(21) 

and 

( ) ( )
2 * 2 2 2

1 4 1 3144 144 8 192 64 128 288 144 160 144 .k k k k   −  + −  −  − +  +  − −  +   

(22) 

Hence, (17) yields 

( ) ( )

( ) ( ) ( )

( )

( ) ( ) 

2
2 2

2

4 2 3 3 2 2

4 3 2 4 3

2 2 2

3 1024 4 288 144 288 8 72 24 192 64 224
9216

32 24 2 88 42 6 96 58 68

32 38 162 36 80

8 192 64 128 288 144 160 144 .

T
H   

  



 

 +  − − + + −  + −  − 

+ −  + +  +  + + −  +  + 

+  +  −  −  + 

+ −  − +  +  − −  + 
 

This completes the proof of Theorem 3.1. 

Theorem 3.2. If the function ( )f z  given by (1) belongs to the class ( )* , , , ,CS A B   then 

( ) 

( )

( ) ( ) 

2

3

2 2 4 3 2 2 3 4

3 2 2 3 2

1 4 288 288 288 4 448 384 256
9216

8 72 24 72 64 144 64 3 3 2

16 12 8 32 36 48 32 16

T
H  

     

  

  + − +  + −

+ +  + −  +  + − −  −  +  + 

+ − + −  − +  −  +  − 

 

where ,iTe  −=  ( ) ,T A B t= −  cost  = −  and 1 .B = +   

Proof. Making use of (11)-(14) and (6) give us 
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( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

2
3 2 2 2 2

3 2 4 1 2 3 2 1 2

2 3 2 2 2 2 2

1 4 1 3 1 2

4 3 2 2 3 6 4 3 2 2 3 4

1 2 1

4 3

1 2

1 288 192 288 72 144 36 228 288
9216

144 144 96 48 144 72 24

30 60 90 144 3 15 15 15 18

12 24

H k k k k k k k k

k k k k k k

k k k

k k


   

    

      

 

= + −  + −  + −  + 

+ − −  + − +  +  + − + 

+ − +  +  −  + − +  −  −  + 

+ − − ( ) ( )

( ) ( ) ( )

( ) ( )

( )

2 2 3 2 3 2

1 3 1 2 3 2 3

6 4 3 2 2 3 3 2 2

1 1 2 3 1 3

2 2 2 4 3 2 2 3

1 2 1 2

6 4 3 2 2 3 4

1

2

2 4

36 96 96 192 144 256

6 6 6 6 512 192 32 96 128

192 256 48 32 144 128

8 24 8 24 16

288
9216

k k k k k k k

k k k k k k

k k k k

k

k k

    

      

   

   



+  + −  + − −

+ − +  +  −  +  − + +  − 

+  −  + −  −  + 

+ −  +  +  − 

= ( ) ( )

( ) ( ) ( )

( ) ( )

2 2

1 4 3 1 2 3

3 2 2 2 2 3 2 2

2 1 2 1 3

4 3 2 2 3 6 4 3 2 2 3 4

1 2 1

144 144 256 224 192

144 72 36 12 32 32 48 16

6 4 18 16 3 3 2 .

k k k k k k

k k k k k

k k k

 

    

      

+ −  − − +  +

+ −  − + − −  +  + +  + 

+ +  −  −  + − −  −  +  + 

 

(23) 

Further, by suitably arranging the terms and taking modulus on both sides of (23), we obtain 

( )

( )

( )

2
2

3 4 2 1 3 3 1 2

2 2
2 2

2 2 1

3 2 2 3
3 2 2

1 3 1 2 2 2

144 144 224 192
1 288 256

9216 288 256

36 12 32
144 72

144 72

6 4 18 16
32 48 16

32 48 16

H k k k k k k k

k k k

k k k k

  

 




  
 

 

     +  +   
= − − −       

      

  +  − 
+ −  − −  

−  −  

 − −  +  + 
+ +  +  −

+  + 

( )

  ( )

( )  ( )

6 4 3 2 2 3 4

1

2
2 2 2

4 2 1 3 3 1 2 2 2 1

3 2 2 6 4 3 2 2 3 4

1 3 1 2 1

3 3 2

288 256 144 72
9216

32 48 16 3 3 2

k

k k k k k k k k k k

k k k k k

   


   

      

 
  

 

+ − −  −  +  + 

   = − − − + −  − −   

+ +  +  − + − −  −  +  + 

 

(24) 

where 

144 144
,

288




 +
=  

224 192
,

256




 +
=  



3356 

NUR HAZWANI AQILAH ABDUL WAHID, DAUD MOHAMAD 

2 236 12 32

144 72

 




+  − 
=

−  −
 

and 

3 2 2 3

2 2

6 4 18 16
.

32 48 16

  


 

− −  +  + 
=

+  + 
 

Hence, by the triangle inequality, from (24), we get 

( ) 



2

22 2

3 4 2 1 3 3 1 2 2 2 1

6 34 3 2 2 3 4 2 2

1 1 3 1 2

1 288 256 144 72
9216

3 3 2 32 48 16 .

H k k k k k k k k k k

k k k k k


   

      

 − + − + −  − −

+ − −  −  +  +  + +  +  −

 

(25) 

Now, applying Lemmas 2.1 and 2.2 in (25), we see that 

(26)                      2

4 2 1288 4 288 288 288 ,k k k −   + −  

(27)                      
3 3 1 2256 4 448 384 256 ,k k k k −   + −  

(28)             ( )
2 2 2 2

2 2 1144 72 8 72 24 72 64 144 ,k k k   −  − −  +  + −  +   

(29)          
6 4 3 2 2 3 4 4 3 2 2 3 4

1 3 3 2 64 3 3 2k        − −  −  +  +   − −  −  +  +   

and 

(30) ( ) ( )
3 2 2 3 2 2 3 2

1 3 1 232 48 16 16 12 8 32 36 48 32 16 .k k k k     +  +  −  − + −  − +  −  +  −   

Thus, using (26)-(30), we obtain 

( ) 

( )

( ) ( ) 

2

3

2 2 4 3 2 2 3 4

3 2 2 3 2

1 4 288 288 288 4 448 384 256
9216

8 72 24 72 64 144 64 3 3 2

16 12 8 32 36 48 32 16 .

T
H  

     

  

  + − +  + −

+ +  + −  +  + − −  −  +  + 

+ − + −  − +  −  +  − 

 

This completes the proof of Theorem 3.2. 

Setting 0, =   0, =   1A=
  

and 1B = −   in Theorems 3.1 and 3.2, we get the bounds of the 

Hankel determinants for the class introduced by El-Ashwah and Thomas [5] as in Corollary 3.1. 

Corollary 3.1. Let ( ) *.Cf z S
 
Then 

( )2

61
3

9
H   
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and  

( )3

44
1 .

9
H   

Setting 0, =  1A=
 

and 1B = −  in Theorems 3.1 and 3.2, we get the bounds of the Hankel 

determinants for the class introduced by Halim [6] as in Corollary 3.2. 

Corollary 3.2. Let ( ) ( )* .Cf z S   Then  

( )
( )

( ) ( ) ( )
( ) ( ) ( ) ( )

2

2

2

4 3 2

1
3 256 288 1 288 2 288 1 384 1

576

8 32 1 48 1 2 256 1 288 1

H


  

   

−
 + − − − + − + −

+ − + − + − − − −

 

and 

( )
( )

( ) ( ) ( ) ( )
( ) ( ) ( ) 

2

2

3

4 3 2

1
1 576 1 288 768 1 256 2 288 1 144 1

576

16 16 1 4 96 1 128 1 .

H


   

  

−
 − − + − − + − + −

+ − − + − − − −

 

Setting 0 =  and 0 =  in Theorems 3.1 and 3.2, we get the bounds of the Hankel determinants 

for the class introduced by Dahhar and Janteng [7] as in Corollary 3.3. 

Corollary 3.3. Let ( ) ( )* , .Cf z S A B  Then 

( )
( )

( )

( ) ( )( )

( )( ) ( )( ) ( )( )

( )( )

( )( ) ( )( ) 

2

2

2 2

4 3 22 3 2

4 3 2 4 3

2 2 2

3 256 288 144 288
2304

2 72 24 192 64 224

8 24 2 88 42 6 96 58 68

32 38 162 36 80

2 192 64 128 288 144 160 144

A B
H A B

A B A B

A B A B A B

A B

A B A B

−
 +  − − −

+ − + −  + − −  − 

+ −  + − +  +  + − + −  +  +  −

+  +  −  − −  + 

+ −  − − +  +  − − −  + 

 

and 

( )
( )

( ) ( )

( ) ( )( )

( ) ( ) ( ) ( )

( ) ( )( ) ( )( ) 

2

3

2 2

4 3 22 3 4

3 2 2 3 2

1 288 288 288 448 384 256
2304

2 72 24 72 64 144

16 3 3 2

4 12 8 32 36 48 32 16 .

A B
H A B A B

A B A B

A B A B A B A B

A B A B A B

−
  + − − +  + − −

+ − +  + − −  + 

+ − − −  − −  − +  − + 

+ − − + −  − − +  −  − +  − 
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4. CONCLUSION 

Motivated significantly by a number of recent works, we have obtained the bounds of ( )2 3H  

and ( )3 1H  for ( )* , , , .CS A B   We also gave some consequences of our main results which are 

stated in the corollaries. 
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