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Abstract. The rational distance from the vertex u to the vertex v in a graph G, denoted by d(v/u), is defined as
the average distances from the vertex u to the closed neighbors of v if u # v, else it is 0. A subset S of vertices of
G is called rational resolving set of G if for every pair u, v of distinct vertices in V — S, there is a w € S such that
d(u/w) #d(v/w) in G. In this paper powerful and maximal rational resolving sets are introduced and minimum
cardinality of such sets are computed for the wheel graphs.
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1. INTRODUCTION

Let G(V,E) be a connected simple finite graph. A path P,; from the vertex a to b is an
alternating sequence of distinct vertices and edges starting with a and ending with b in such a
way each edge lies between its end vertices. The number of edges in a path F,, is called the
length of the path and is denoted by /(P, ;). The distance between two vertices a and b in G,
denoted by dg(a,b) (or simply d(a,b)), is the minimum length of a path between a and b. That

is, dg(a,b) = min{l(P, ) }. The number of edges incident with a vertex v of G is the degree of
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the vertex v in G and is denoted by deg(v) or simply deg(v). Further, the closed neighborhood
set of a vertex v € V, denoted by N|v], is defined as N[v] = {w : d(v,w) < 1}.

The notion of rational distance is introduced in [12]. The rational distance from the vertex u
to the vertex v € V, denoted by d(v/u), is defined as

0, ifv=u.

d =
e y %, otherwise.
eny) “EC

Let S = {s1,52,...,5¢} CV be an arbitrary ordered set. Then, for each vertex v of G, we can

always associate a vector (called rational code of v) with respect to S, denoted by I'(v/S), as

L(v/S)=(d(v/s1),d(v/s2),....,d(v/sk)).

A subset S C V is called a rational resolving set if T'(u/S) # I'(v/S) for each pair u,v of
distinct vertices in V. By the definition it follows that the rational resolving property is super
hereditary. That is, if S is a rational resolving set of G then so as every super set of S. The
minimum cardinality of a rational resolving set is called the rational metric dimension of G and
is denoted by rmd(G). Further, each rational resolving set with cardinality rmd(G) is called an
rmd-set of G.

The rational resolving sets are defined in [11] and studied by various authors in [6, 7, 8, 9,
10, 12]. We recall that a subset S C V is a resolving set of G if for each pair u,v € V there exists
a vertex w € S such that d(v,w) # d(u,w). The metric dimension of G, denoted by dim(G), is
the minimum cardinality of a resolving set of G. A resolving set with minimum cardinality is
called a metric basis. The concept of metric dimension was introduced by F. Harary and R. A.
Melter [5] and independently by P. J. Slater [16] under the term locating set. For more works
on metric dimension, we refer to [3, 4, 7, 13, 14, 15, 17, 18, 19, 21].

The complement of a minimum dominating set is also a dominating set. But, the complement
of a rational resolving set of minimum cardinality need not be a rational resolving set. For
example every rational resolving set of a triangle should include at least 2 vertices of it and
hence its complement is not.

Recently, In 2021, an attempt is made by B. Sooryanarayana, Suma A. S and Chandrakala

S. B in [22] to study some special classes of resolving sets as an extension to the earlier work
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of B. Sooryanarayana and Suma A. S [20]. In this paper, we obtain similar results on rational
resolving sets of a wheel.

Throughout this paper, C,, denotes a cycle on m vertices with the vertex set V ={v; : 0 <i <
m — 1} and the edge set E = {ViVi| (mod m) : 0 < i < m—1}; K, denotes the complete graph
on m vertices with the vertex set V = {v; : 1 <i <m} and the edge set E = {vjv; :i # j,1 <
i,j <m}; and Wi, denotes wheel graph on m + 1 vertices with vertex set V = {vi:0<i<
m—1}U{co} and edge set E = {covi,ViVit1 (mod m) : 0 <i<m—1}. The vertex ¢y is called the
central vertex and each v;, 0 <i <m— 1, is called a rim vertex of W; ,,. The terms not defined

here may be found in [1, 4].

2. RATIONAL DISTANCES IN A WHEEL

Since the diameter of the graph W, is 2, it follows that d(u,v) € {0,1,2} for all u,v €
V(Wi ). Hence it is easy to see that each component of the rational vertex code I'(v;/S) €
{0,1, %, I} for 0 <i<m—1, and each component of I'(Cy/S) is % (Note that ¢ ¢ S C
V(Wi ) whenever m > 5. If m = 3, then the components of I'(co/S) and I'(v;/S) are in {0, 3 }
for0<i<2.If m=4,thenT(v;/S) € {0,1,2} for0 <i<3.

We recall the following results in [11] for immediate reference.

Theorem 2.1 ([11]). For any integer n > 3,

3, ifn=3.
2, if4<m<0.
rmd(Wy ;) = <
[%1—1, ifn>10andn=1 (mod 8).
| (41, otherwise.

Throughout this paper, let 23(G) be the collection of all rational resolving sets of the graph G.
Then PR(G) is super hereditary, that is for every S € RR(G), the set T € 53(G) whenever S C T.

3. GAPIN A WHEEL

We first define the gap between two vertices in G with respect to a set S € R(G).

Definition 3.1. Let G be a graph and S € R(G). Let x,y €V and S =V(G) —S. An S path

between x and y in G is an xy-path of G containing all its internal vertices in S. The gap between
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FIGURE 1. Rational code of each vertex of Wjo4 corresponding to the set
99999 9)

S = {vi,v7,v10,v15,vi8,v23} With T(co/S) = (3,2, 2,2, 2,2
x and y with respect to S, denoted by g,(x,y), is defined as the minimum number of vertices of S

in an S path (if it exists) between x and y, else it is 0.

Example: Consider the graph G of Figure 2. Let S = {co,v1,Vg,V13,V14, V18, V19,20 }. Then S
path between vy and vgis P:vi —vo —v3 —---—v7—vg. g&(v1,v8) = [V (P) NS| = 6. Also, taking
S1 = {v1,v8,v13,v14,V18,V19,V20}, We see that P : vi —co— vg is an Si path between v and vg
with minimum length. Hence, g (vi,vg) = L. Similarly, g {vig,vio} =0, g4(vis,v20) = 0.

We now begin with the following lemma which we often use in the proof of next theorems.

Lemma 3.2. Let m € Z" and m > 9. Then a set S containing at least 3 rim vertices is in

R(W1 ) if and only if the following hold.

i) gSU{CO}(a,b) <5foralla,beSandgy,, (a,b) =5 for at most one pair a,b € S.
i) If 3 < gSU{CO}(a,b) <5 forany a,b € S, then gSU{CO}(b,c) <2 and gSU{CO}(a,c) <2, for

every c € §.
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FIGURE 2. The graph between the vertices with respect to the set S =

{c0,v1,V8,V13,V14,V18,V19,V20 }.

Proof. Let S € R(W; ) and |S| =k. Let T = SU{co}. Let us suppose to the contrary that the
condition (i) fails. Then either g, (a,b) > 6 for some a,b € S or there are vertices a,b,c,d € S
with [{a,b} U{c,d}| > 3 such that g, (a,b) =5 and g, (c,d) = 5.

Case 1: g, (a,b) > 6.

In this case, there are at least six consecutive rim vertices, say vi, Vv, V3, V4, Vs, Vg, in S with v,
adjacent to a. But then, I'(v3/S) =T'(v4/S) = (a1, az,...,ar), where a; =7/4 for 1 <i<k,a
contradiction to the fact that S € SR(W) ).

Case 2: g, (a,b) =5and g,(c,d) = 5.

In this case, there are five consecutive rim vertices, say vy, Vv2,V3,V4,Vs, In S with v; adjacent
to a, and there are five consecutive rim vertices w1, us, u3, u4,us in S — {v1,v2,v3,v4,vs5} with
uy adjacent to ¢. But then, I'(u3/S) = I'(v3/S) = (aj,az,as,...,a;) where a; = 7/4 for all
1 < i<k, a contradiction to the fact that S € %(Wl,m)-

In case if the condition (if) fails, then there are three vertices a,b,c in S such that g, (a,b) €
{3,4,5} and, g,(b,c) > 3 or g,(a,c) > 3. Without loss of generality, we take g,.(b,c) > 3.
Then there are three consecutive rim vertices vi,v2,v3 in Wy, with v adjacent to b. Also
there are three consecutive rim vertices uy,uy,us with u; adjacent to b. But then, I'(v;/S) =

['(uy/S) = (ay,ay,...,a;) where a; = 7/4 for all 1 <i <k, except for one i for which a; = 1
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(which corresponds to the vertex b), a contradiction to the fact that § € :3(W) ,,). Hence the
conditions (i) and (if) hold.

Now to prove the converse part, let S be a k-element subset of the vertex set of Wy ,,, containing
at least three rim vertices such that every pair of vertices in it satisfies the conditions (i) and
(if) of the theorem. We now show that S € R(W, ,,) by the method of contradiction. If S does
not belong to RR(W; ,,,), then there are two vertices u,v € V — S such that d(u/w) = d(v/w) for
every w € §S.

Case 1: d(u/w) =d(v/w) =1 for some w € S.

In this case u and v are the rim vertices of W; ,,, and w is adjacent to u and v (. m # 4).

Subcase la: d(u/wy) =d(v/wy) =1 for some w € S.

In this case, wy is also adjacent to u and v, and wy is the rim vertex, and hence m =4, a
contradiction.

Subcase 1b: d(u/wy) =d(v/wy) =3/2 for some w; € S.

This case is possible only if m =6 (. d(u,w) =d(v,w) =1 and d(wy,u) = d(wi,v) =2 on
the cycle C,, of G), a contradiction to the fact that m > 9.

From the above two sub cases we see that only possibility is d(u/w;) = d(v/w;) = 7/4 for
every w; € S other than w whenever d(u/w) = d(v/w) = 1. But then, for the vertices s;,s, in S
nearer to w in the cycle C,, of W; ,, we see that g, (s;,w) > 3 and g, (w,s2) > 3, a contradiction
to the assumption of the condition (if).

Case 2: d(u/w) =d(v/w) # 1 forany w € S.

In this case neither u nor v is non-adjacent to w, for every w € S. We first show that d(u/w) =
d(v/w) = I for all w € S. For this, let us assume to the contrary that d(u/w') = d(v/w') = 3/2
for some w' € S.

Claim: d(u/w) =d(v/w) #3/2 forany w € S — {w'}.

If possible, suppose to contrary that d(u/wy) =d(v/wy) = 3/2 for some w; € S— {w'}. Then
w1 can not be in a shortest uw’-path or vw’-path. Hence w; should be in a uv-path of C,, not
containing w'. So, d¢, (u,w1) = dc, (v,w1) =dc, (u,w') = dc,, (v,w') = 2. This is possible only

if m = 8, a contradiction to the fact that m > 9. Hence the claim.
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By the above claim, d(u/w) =d(v/w) =7/4 for all w € S — {w'}. So, dc, (u,w;) > 3 for

all w; € S —{w'}. Since S contains at least 3 rim vertices, |S — {w'}| > 3. Let s; and s, be the

two rim vertices in § — {w’} which are nearer to w' in C,,. Then s; as well as s, can not be in
a shortest w'v path or w'u path (else d(u/s|) # d(v/sy), a contradiction to the assumption of u
and v). Without loss of generality, let u be in the shortest w's; path and v be in the shortest w’s,
path. Then, as dc,,(s1,u) > 3 and dc,, (s2,v) > 3, we get 8suteo) (s1,w') >4 and 8suteo) (w,s2) >4,
which is a contradiction to the assumption of condition (i) of the lemma.

Thus, we have arrived at the conclusion that d(u/w) = d(v/w) = 7/4 for all w € S. That is
['(u/S)=T(v/S) = (ay,as,...a;) where a; = 7/4, for all 1 <i < k. This is possible only if one
of the following hold.

(1) Both u and v lie in a m path between some wy,wy € S with 850ieo) (wy,wp) > 6.
(2) The vertex u is in the center of the m path between w; and w; for some wy,w; € S,
and, v is in the center of m path between w3 and wy for some w3, w4 € S with
[ {wi,w2} N{ws, w4} |[< 1. Butthen, g\, (wi,w2) >5and g\ (w2,w3) > 5.
In either of the above possibilities we arrive at a contradiction to the assumption of condition

(i). Hence the lemma. O
Remark 3.3. The conditions in the above lemma holds for all a,b € V.

4. POWERFUL RATIONAL METRIC DIMENSION

A rational resolving set S € R(G) is called powerful if S € 93(G). The least cardinality of a
powerful rational resolving set (if it exists) of G is called powerful rational metric dimension of
G and is denoted by rmd,(G).

In this section we determine powerful rational metric dimension of a Wheel.

Lemma 4.1. If S € R(W,,,) and |S| = min{|T|: T € R(Wy )} > 3, then S has no three

consecutive rim vertices whenever m #+ 3.

Proof. Let S € }(W ,,) be of minimum cardinality and m # 3. If possible, let aj,a;,as be
the three consecutive rim vertices in S and |S| > 3. Then, by Theorem 2.1, m > 10. Let §' =

S —{az}. Let a; be the rim vertex at a distance i — 1 from ay, along the circle C,, of Wi m, in
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a shortest path containing the vertex a,. Let a_; be the rim vertex at a distance i 4 1 from ay,
along the circle C,, of Wy ,,, in a shortest path not containing the vertex ap

Claim: S’ € R(wy ).

We prove the claim by contradiction. Suppose that S’ ¢ 93(W) ,,,). Then there are two vertices
uand v € V(W ,,) such that

(1) d(u/a;)) =d(v/a;),fori=1,3
and
2) du/ay) #d(v/ay).

Let d(u/a;) =1;, i = 1,3. Then we have the following possibilities.
Casel: [ =L =1.

In this case, u,v € {az,vo} and hence n = 4, a contradiction to the fact that n > 10.
Case2: [} =13 =3/2.

Since [} = 3/2, either u = a3 or v=as. If u = a3 then v =a_; and hence, d(u/a3) = 0 and
d(v/a3) =7/4 (.- m > 10). Similarly, if v = a3 then u = a_; and hence d(u/a3) = 7/4 and
d(v/az) = 0. In either of the cases I3 = d(u/a3) # 3/2, a contradiction.

Case3: /| =13 =7/4.

Since I} = 7/4, u = a; for some i > 4 or i < —2. Since I3 =7/4, u = a; for some i > 6
or i < 0. These two together imply u = a; for some i > 6 or i < —2. In either of the cases,
d(u/ay) =d(v/ay) = 7/4, a contradiction to equation (2).

Cased: [, =1,13€{3/2,7/4}

Since [} = 1, we have u,v € {ay,ap} butthen d(u/a3) = 1 if u = ay, or, d(v/a3z) = 1 if u = ay.
In either of the cases I3 = d(u/a3) =d(v/az) =1 ¢ {3/2,7/4}, a contradiction.
Case5:/j=3/2and 3 =7/4.

Since I} =3/2, a3 € {u,v}. If a3 = u, then I3 =d(u/a3) =0. Else if a3 = v then d(v/a3) = 0.
Therefore, in either of the cases, /3 # 7/4, a contradiction.

Other cases follows by symmetry. Hence the Claim.

Therefore, by the above Claim, S’ € %(Wlm), a contradiction to the fact that S is of minimum

cardinality in R(W, ,,). Hence the lemma. O
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Theorem 4.2. For each integer m > 4, every rmd-set S € R(W ,,,) is powerful.

Proof. For4 <m <7, itis easy to see that a set S containing exactly two adjacent rim vertices of
Wi is in R(W; ,,,) and is an rmd-set of Wy ,,,. Further, S also contains two adjacent rim vertices
and hence by the super hereditary property of R(G) it follows immediately that S € SR(Wy ).
When m = 8, every rmd-set S of Wy ,, is a 2-element set of its rim vertices v;,v; such that
2 < d, (vi,vj) < 3. For each of such sets, S contains a 2-element subset S’ of rim vertices
vi_1,vi+1 which is again an rmd-set of W, g in 93(W; ,,) implies that S € R(W; ) (by super
hereditary property). Finally, when n > 9, by Lemma 4.1, for each rmd-set S € R(W, ,,) we

have g (a,b) < 2 for every pair of vertices a,b € S and hence S € R(W ,,,) (by Lemma 3.2).

SU{eo}

Hence the theorem. O
Corollary 4.3. For every integer m > 4, rmd,(W} ;) = rmd (W) ).

5. MAXIMAL AND FOUL RATIONAL METRIC DIMENSION

A rational resolving set S € R(G) is called maximal if S ¢ R(G). The least cardinality of
a maximal rational resolving set of G is called maximal rational metric dimension of G and is
denoted by rmd,,(G).

A subset S C V(G) is called foul rational resolving set if S ¢ R(G) and S ¢ R(G). The least
cardinality of a foul rational resolving set of G is called foul rational metric dimension of G and
is denoted by rmdy(G).

Let $3(G) and =93(G) be the set of all maximal and foul rational resolving sets of G, respec-

tively. In this section we determine maximal and foul rational metric dimension of a Wheel.

Lemma 5.1. For any integer 4 <m < 8, a 2-element set S = {v;,v; } of rim vertices is in R(W/ ,,)
if and only if one of the following hold.
(i) mis odd.
(i) m=4,6and j #i+7.
(iii) m=8and j ¢ {i+1,i+4}.

Proof. When m is odd and 4 < m < 8, at most one vertex in V — § is at a distance at least 3

from both the vertices v; and v; in C,,. Hence if I'(u/S) =T'(v/S) for any u,v € V — S, then
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both « and v can not be in a common v;v;-path of C,,. But then, dc,, (vi,u) = dc,,(vi,v) and
dc, (vj,u) =dc, (v;,v) implies that m = 2(d(v;,u) +d(u,v;)) = even, a contradiction. Further,
when m is even, I'(vi 1 (mod m)/S) = T(Vi—1 (mod m)/S) = (1,a) wherea =1, %, % ifm=4,6,8,
respectively. So, j # i+ 5 whenever m is even. Also, when m =8, T'(v;14 (mod 8)/ S) =
C(vi_4 (moa 8)/S) = (ZT’ ZT) whenever j =i+ 1 and hence, j # i+ 1.

On the other hand, suppose that all the conditions in the lemma hold. If S ¢ R(W, ,,) for any
1 < m < 8, then there are two vertices u,v € V — S, such that T'(u/S) = T(v/S). If I'(u/S) =
L(v/S) = (1,1), then u,v € {vi_| (mod m)>Vit+1 (mod m)}> J =i+2=i—2 (mod m) and hence,
m=4and j =i+, a contradiction to condition (ii). If I'(u/S) = T'(v/S) = (2,3), then
U,V € {Vi_2 (mod m)>Vi+2 (mod m)}> J =1+4=i—4 (mod m) and hence m = 8, a contradiction
to condition (iii). If T'(u/S) = T'(v/S) = (1, %), then length of a longest path on C,, between v;
and v; to be at least 7 (so m > 9 by condition (iii) as j # i+ 1), or there are two longest paths
of length 6 between v; and v; in Cp, (so m = 12). In either of the cases m > 9, a contradiction to
m < 8. I T(u/S)=T(v/S) = (1,3). then u,v € {Vi_1 (mod m)>Vit1 (modm)}» J =i+3=i—3
(mod m) and hence m = 6 and j = i+ %, a contradiction to condition (ii). If I'(u/S) =T'(v/S) =
(1, %) then u,v € {Vi_| (mod m)>Vi+1 (mod m)}> J =i+k=i—1 (mod m) for some k,! > 4. So,
m=8 and j =i+4, or m > 9, a contradiction to condition (iii) or m < 8, respectively. If
[(u/S)=T(v/S) = (%,%), then u,v € {Vi_3 (mod m)>Vi+2 (mod m)}» J = i+k=i—1 (mod m)

for some &,/ > 5, and hence m > 10, again a contradiction. O

Lemma 5.2. For any m > 13, let S € R(W) ) be such that |SO{vi,viy1,Vit2,...,Vire}| > 3 for

some v; € S. Then rmdy, (W) ) < |S|+ 3.

FIGURE 3. Possible rmd-sets and the corresponding rmd,,-set as in the proof of Lemma 5.2.
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Proof. Leta=min{j: j >i,v; €S} and b =min{k: k> a,vy € S}. If i+ 3 ¢ {a,b}, then the
set 8" = SU{vis1,viz2 U{viia,viss,visg} € Efi(Wl,m) (by Lemma 3.2, as v; € §') and v,, v, €
S'. Hence, rmdy,(W) ) < |S'| < |S|+3. If i+3 € {a,b}, then the set S’ = (S — {vi;3}) U
{vir1,vieo} U{vita,vivs,viie} € E)A%(lem) (by Lemma 3.2, as v; € ) and |S' N {vg,vp}| = 1.
Hence, rmd, (Wi ) < |S'| < (IS|—1)+4 =S| +3. O

Lemma 5.3. If S is an rmd-set of a wheel Wy ,,, and m > 13, then there exist integers 0 < a < b

such that v,,vy, € S and 851eo) (Va,vp) > 3.

Proof. If not, then gsu{co}("a»"b) < 2. But then, as rmd(W, ;) > 3 (since m > 13), we get
an integer ¢ > b such that gsu{co}(vb,vc) < 2. Further, by assumption, gSU{CO}(vx,va) < 2 and
850ieo) (Ve,vy) <2 for every vy, vy € S withx < a and y > c. Hence, the set S’ = S — {v;, } satisfies
the conditions of Lemma 3.2. So, §" € R(W, ,,,) with |§'| < |S| = rmd(W ), a contradiction.

0
Corollary 5.4. For every integer m > 13, rmdy, (Wi ;) < rmd(W ,,) +4.

Proof. Let S be an rmd-set of Wy ,,, for m > 13. Then, Theorem 2.1 and Lemma 5.3, there are
suffixes a < b < ¢ such that v,,vp, v, € S with 85ie) (va,vp) > 3. But then, 8suico) (vp,ve) <2and
hence, ve € {vpi1,Vvpi2,vpi3} Let S = (S—{vp ) U{vp_3,Vb-2,Vp_1,Vps1,Vb12,Vps3}. Then,
S’ satisfies all the conditions of Lemma 3.2 and hence S € R(W, ,,). Further, 850te) (Va—1,Vp) >
3, gsu{co}(vb7vb+4) =3 and |§'| < |S]+4. Therefore, by Lemma 3.2, S’ ¢ 93(W; ,,). Hence
S" € R(W1 ). This shows that rmd, (W ) < |S'| = |S| 44 (since v, € S)=rmd(W; ) +4. O

Theorem 5.5. For any integer m > 3,

(

3, ifm=3,4.
4, ifm=35,6.
rmdu(Wim) =< 6, f7<m<I1l.
[G1+4, ifm>12andm=0 (mod 8).
| [Z1+3, fm>12andm#0 (mod 8).

Proof. Let S be an element of minimum cardinality in ifi(WLm). Then S € R(W; ). For m =3,

as3=rmd(Wy3) =min{|T|: T € R(Wi )}, T & R(Wi ) forevery T € R(W;4). Hence |S| =
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rmd(Wy ;) = 3. For m =4, |S| < 1 (else by condition (ii) of Lemma 5.1 and Theorem 2.1, S ¢
R(W1 4)). Also, the set Sy = {vo,vi,v2} is in R(W; 4) and Sy ¢ R(W) 4). Hence rmd,, (W 4) =
3.

When m = 5,7, by Lemma 5.1,

S| <1 (else S € R(W ) and hence |S| > m— 1. Also, for
each odd m,4 <m <8, theset S’ = {vo,v1,...,vm—2} € R(Wi ) being the super set of {vo, v},
which is in R(W ,,,) (by Lemma 5.1) and §” ¢ R(W ,,,). Hence |S| =m — 1 form =5,7.

S| <2 (else S € R(W; ) and hence [S| > m —2. Also, for

For m = 6,8, by Lemma 5.1,
m = 6,8 the set {vo,v2,v4,Vs,...,vm—1} € R(W) »,) being the super set of {vp,v,}, which is in
R(W1 ) (by Lemma 5.1). Hence |S| =m —2 for m = 6,8.

When 9 < m < 12, by Lemma 3.2, at least one of the conditions (i) or (ii) must

fail with respect to the set S (.© S ¢ R(Wim)). Hence, S should contain at least 6 ver-

tices. Therefore, |S| > 6. On the other hand it is easy to see, by Lemma 3.2, that the
set S = {vo,v1,v2,v4,V5,v6} € R(Wy,) for 9 <m < 12 (= ggu{(_o}(vl,\q) = ggu{co}(v%v()) =
33 8501e) (vi,vmq) = 1,gSU{CO}(V(),V6) < 5 and for all other pairs a,b € V — S we get gSU{CO}(a,b) =
0). Therefore, |S| =6 for 9 <m < 12.

Let us now consider the cases m > 13. In these cases, as S ¢ R(W, m), by Lemma 3.2 we see
that S shall contain a 6-element proper subset 7" which is of the form 7' = {v;, vi;1, vit2, Vi3,
Vitd, Vizs}t orf T = {vi,vit1,Vit2,Vitd, Virs,Vire or a 10-element subset 7 = {v;, vii1, Vit2,
Vit3s Vitds Vitks Vidkt1s Vitk+2s Vitki3»> Viskrd4 ) for some k > 6. For the minimality of |S|, we
consider the second option (which selects 6 vertices out of 7). Without loss of generality, we
take T = {vo,vi,v2,va,vs,v6} C S and v3 ¢ S.

Let S = SU{v3} —{vi,v2,v4,vs}. Then § satisfies all the conditions of Lemma 3.2 (".- §
satisfies all the conditions of Lemma 3.2 and by the inclusion of v3) and hence, ' € R(W; ;).
But then, |S'| > rmd(W; ,,) and |S'| = |S| — 3. Thus, |S| > rmd(W; »,) + 3. We now show that
the equality can not be achieved in the cases m = 0,1 (mod 8).

Claim: |S| > rmd(W; ;,,) +4, whenever m = 0,1 (mod 8).
Let a and b be the least and greatest indices (¢ may be b) such that v,, v, € S —{v1,v2,v4,vs5}

(such a vertex exists because m > 13 and by Lemma 3.2, otherwise 8suc, (vo,v6) > 6). Then, by
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FIGURE 4. The subset T of S € R(W; ).

Lemma 3.2, either g, (v6,va) <4orgg o) (vo,vp) < 4. Without loss of generality, due to
symmetry we take 85iey) (ve,va) < 4. Letl = 850ieo) (v6,va) and G = Wy .

Since m > 13 and m = 0,1 (mod 8), we have m = 8k or m = 8k + 1 for some integer k > 7.
When m = 8k, by Theorem 2.1, rmd(G) = rmd(W g;) = [3] = 2k. When m = 8k + 1, by
Theorem 2.1, rmd(G) = rmd (W) gi+1) = [8"4—+'1 —1=2k+1—1=2k. Thus, in either of the
cases, it suffices to show that |S| > 2k +4 whenever m = 8k or 8k + 1.

Case 1: [ =3,4.

In this case, a = 10 or 11 if / =3 or 4 respectively, and g (va,via) <2. Let G = (G —
{vi,v2,...,va}) +Vovar1. Then, G =W _q and S’ = S — {v1,v2,v4,v5,v6,v4} € R(G') (since
S’ satisfies all the conditions of Lemma 3.2 as S fulfilled the conditions and by the construction
of G'). Therefore, |S'| > rmd(G'). But rmd(G') = ["31] = 2k —2 (by Theorem 2.1 as m —a #
1 (mod 8) for m = 8k or 8k+ 1, 10 < a < 11) and |S| = |S'| + 6. Hence, |S| =|5'|+6 >
2k—2+4+6=2k+4.

Case2: [ =2.

In this case, a = 19. Let G' = (G — {v1,v2,...,v6}) +vov7. Then, G' =W, ,,_¢ and §' =
S —{v1,v2,v4,vs5,6} € R(G'). Therefore, |S'| > rmd(G') = [’"T_GW =2k —1 (by Theorem 2.1
asm—6=£1 (mod 8) for m = 8k or 8k+ 1) and hence |S| = |S'| +5 > 2k— 1+5 =2k +4.
Case3:1=0,1.
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In this case, a € {7,8}. Let G’ = (G — {vi,v2,...,vs}) +vove. Then, G’ =W, ,_5 and §' =
S —{vi,v2,v4,5,v6} € R(G'). Therefore, |S'| > rmd(G') = [">] = 2k — 1 (by Theorem 2.1
asm—35%#1 (mod 8) for m = 8k or 8k+ 1) and hence |S| = |S'| +5 > 2k— 1 +5 =2k +4.

Hence the Claim.

By the above Claim, Theorem 2.1, and above explanation, we now conclude that
(Wi ) > (%143 ifm#0 (mod 8).

[Z1+4 ifm=0 (mod 8).

To prove the reverse inequality we execute rmd,,-sets of Wy ,, in different cases as follows:

Letm =8k+¢q, where 0 < g <7. LetS; = {vgj :0<j<k}and S, = {v5+8j 0<j<k—1}.
Then [S; USy| =2k + 1if m %0 (mod 8) and S; NS, = 0. Let S = S, US,.

Casel: g =0,1.

In this case, by Corollary 5.4, rmd,,(W ) < rmd(W; ,,) +4. Hence, by Theorem 2.1,
rmd(Wy ) < [3]+4if g =0, and rmd(Wy ) < [F] - 14+4=[F]|+3ifg=1.
Case 2: g =2.

By Lemma 3.2, the set S € R(Wy ). Also, {vs g—1),vsk,vo} C S and hence [SN {vg;3,
V8k—2, V8k—1» V8ks V8k+1> V0, V1 }| > 3. Therefore, by Lemma 5.2, rmd,,(W ;) < |S|+3 =2k +
1+3=[%]43.

Case 3: ¢ = 3.

By Lemma 3.2, the set S € R(W ). Also, {vs gx—1),Vs,vo} € S and hence SN {vg;_3,
V8k—2, V8k—1» V8ks V8k+1»> V8k+2, Vo}| = 3. Therefore, by Lemma 5.2, rmd,, (W) ,,) < |S|+3 =
2k+1+3=[91]+3.

Case 4: g =4.

By Lemma 4.1, the set 8" = (S — {vo}) U{vsks3} € R(W1 ). Also, {Vs g—1),Vsk, Vek+3} ©
S" and hence |S" N {vgr_3, V8k_2, V8k—_1> V8k» V8Kt 1> V8k 125 Veki3 }| = 3. Therefore, by Lemma 5.2,
rmdy, (W) <|S'1+3=1[(|S| - 1)+ 1]+3=|S|+3=2k+1+3=[F]+3.

Case 5: ¢ =5,6.

By Lemma 3.2, the set &' = SU {vgt13} € R(Wim). Also, {vs gu_1),vsk,ver+3} € and

hence |S' N {vgr_3, V8k_2> V8k_1> V8k» V8kt1> V8ki2> V8ki3}| > 3. Therefore, by Lemma 5.2,

rmdy, (W) < [S'143 =S|+ 1]+3=[2k+2]+3=[4]+3.
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Case 6: g =1.
By Lemma 3.2, the set §' = (S — {vo}) U {vgir6, v8rt3} € R(Wim). Also, {vs,gu—1)> Vsk»
V8k+3} g S/ and hence |S/ N {ng_3, V8k—2s V8k—15 V8ks V8k+15> V8k+25 V8k+3}| Z 3. Therefore, by

Lemma 5.2, rmdy,(Wi,m) < || +3 = [|S|+1]+3 = [2k+2]+3 = [4]+3. 0

Theorem 5.6. For any integer m > 3,

2, if m=3,4.

6, if m>12.

rmd (W) ) =

Further, for 5 <m <12, =R(W) »,) = 0.

Proof. When m =3, by Theorem 2.1, rmd (W) 3) = 3 and hence the set S = {vo, v } € =R(W, 3)
and is of minimum cardinality. So, rmds(W;3) = 2. When m = 4, by Lemma 5.1, the sets
S={vo,v2} & R(Wy4) and S = {co,v1,v3} & R(W; 4). Further, by Lemma 5.1, every 4-element
subset of vertices of Wy 4 is a super set of an rmd, and hence it is in %(Wm) implies that
rmdy(Wy 4) = |S| = 2. When 5 <m < 11, each subset S of vertices of W ,, shall contain at
least 6 vertices in S to make S & (W) ), but then S € R(W, ,,). Hence =R(W; ) = 0 for
S5<m<1I.

For m > 12, by Lemma 3.2, S shall contain at least 6 rim vertices to make S ¢ 3(W; ;). Thus,
|S| > 6 for every S € =93(W; ,,,). To prove the reverse inequality, let S = {v,v2,...,vs}. Then
gSU{CO}(vl,%) > 6 and gm{co}(vO’W) > 6. So, by Lemma 3.2, S ¢ R(W, ) and S ¢ R(W; )
implies that S € =93(W) ,,,) with |S| = 6. Hence the theorem. O
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