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1. INTRODUCTION 

Fractional order Differential equations have recently proved to be valuable tools in the modeling 

of many phenomena in various fields of science and engineering. Applications can be found in 

fields of control, porous media, eletromagnetic, etc. (see [9] [11] [12]). Some theoretical aspects 

on the existence and uniqueness of solutions of differential equations involving the fractional 
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derivative have been considered by some authors [2,5 ,6, 8, 10, 13].  In [14] the authors study 

the boundary value problem for the nonlinear fractional differential equations involving Caputo 

fractional derivative by means Banach fixed point theorem and the Schauder fixed point theorem. 

M. Benchohra et al [1]  deals with the existence of solutions for fractional differential equations 

with integral integral boundary conditions. For instance, the authors explored the existence and 

uniqueness of solution to the fractional differential equations in the frame of generalized Caputo 

fractional derivatives [3]. In this article, we are interesting in the solutions for integro-differential 

equations  

𝐷𝑐 𝛼𝑦(𝑡) = 𝑓 (𝑡, 𝑦(𝑡), ∫ 𝑘(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0
) ,    𝑡 ∈ 𝐽 = [0, 𝑇], 2 < 𝛼 ≤ 3 ,       (1.1) 

With boundary conditions 

𝛽𝑦(0) + 𝛾𝑦(𝑇) =  𝛿     

 𝜆𝑦′(0) + 𝜈𝑦′(𝑇) =  𝜇                   (1.2)                                                                             

𝑎 𝑦′′(0) + 𝑏𝑦′′(𝑇) =  𝑑  

where 𝐷𝛼  is Caputo fractional derivative with 2 < 𝛼 ≤ 3 , 𝛽, 𝛾, 𝛿, 𝜆, 𝜈, 𝜇, 𝑎, 𝑏 and 𝑑  are 

constants and  𝑓: 𝐽 × 𝑋 × 𝑋 → 𝑋  and 𝑘: ∆ × 𝑋 → 𝑋, ∆= {(𝑡, 𝑠): 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇}.  Here 𝐶 =

𝐶(𝐽, 𝑋)  denotes the Banach space of continuous functions from 𝐽  into   𝑋  equipped the 

norm  ‖. ‖∞  , where ‖𝑦‖∞ = 𝑠𝑢𝑝{|𝑦|: 𝑡 ∈ 𝐽}.  By  the Banach fixed point theorem and 

Schauder fixed point theorem, we state and prove  some existence  and uniqueness  results of 

the solution. An example is given to demonstrate the application of our main results. 

 

2. PRELIMINARIES 

The basic definitions, lemmas and theorem are given in the following 

Definition 2.1 [12] The  Riemann-Liouville fractional integral of order 𝛼 > 0 for a function 

𝑓: (0,∞) → 𝑅 is defined  

  𝐼0+ 
𝛼 𝑓 =

1

𝛤(𝛼)
∫ (𝑡 − 𝑠)𝛼−1𝑓(𝑠)𝑑𝑠
𝑡

0
 

Provided that this integral exists, where  is gamma function. 
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Definition 2.2 [7] The Caputo derivative of order 𝛼 > 0 for a function  𝑓: (0,∞) → 𝑅  is 

written as  

dssfst
n

thD n

t

nc )()(
)(

1
)( )(

0

1


−−−

−
= 


 

where n= ][ +1 and ][ denotes the integer part of   . 

Lemma 2.3[1] Let 𝛼 > 0. Then the differential equation 0)( =tfDc  has solution  

𝑓(𝑡) = 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡
2 +⋯+ 𝑐𝑛−1𝑡

𝑛−1 ,𝑐𝑖 ∈ 𝑅, 𝑖 = 0,1,2, . . 𝑛 − 1, 

and  𝐼𝛼𝐷𝛼𝑓(𝑡) = 𝑓(𝑡) + 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡
2 +⋯+ 𝑐𝑛−1𝑡

𝑛−1  

for some  𝑐𝑖 ∈ 𝑅, 𝑖 = 0,1,2, . . 𝑛 − 1,  n=[𝛼]+1. 

Theorem 2.4[4]  (Schauder’s Fixed point theorem).  If K is closed , bounded and convex 

subset of a Banach space and the mapping T: K → K  Is completely continuous, then T has a 

fixed point in K. 

 

3. MAIN RESULTS 

This section is devoted to study the existence of solutions for the boundary value problem 

(1.1)-(2.1). 

Lemma 3.1 Let  2 < 𝛼 ≤ 3, 𝑦(𝑡) ∈ 𝐶(𝐽, 𝑋). Then the boundary problem (1.1)-(2.1) has a 

unique solution, given by 

𝑦(𝑡) = 𝑐 + 𝑝𝑡 +
𝑑 𝑡2

2(𝑎+𝑏)
+

1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏  

     + 
1

𝛤(𝛼−2)
(𝑤1𝑇

2 + 𝑤2(
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)) ∫ (𝑇 − 𝜏)𝛼−3

𝑇

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏  

     + (
𝛾𝑇

(𝛽+𝛾)
− 𝑡)

𝑤3

𝛤(𝛼−1)
  ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏  

     −
𝛾

(𝛽+𝛾)𝛤(𝛼)
∫ (𝑇 − 𝜏)𝛼−1
𝑇

0
  𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏        (3.1)  

Where  𝑤1 =
𝜈𝑏((𝜆+𝜈)−2𝛾)

2(𝑎+𝑏)(𝛽+𝛾)(𝜆+𝑣)
 , 𝑤2 =

𝑏

(𝑎+𝑏)
  and   𝑤3 =

𝜈

(𝜆+𝜈)
 , 

  𝑐 =
𝛿

(𝛽+𝛾)
−

𝛾𝜇𝑇

(𝛽+𝛾)(𝜆+𝜈)
+

𝛾𝜈𝑇2𝑑

(𝑎+𝑏)(𝛽+𝛾)(𝜆+𝜈)
−

𝛾𝑑𝑇2

2(𝑎+𝑏)(𝛽+𝛾)
   and    𝑝 =

𝜇

(𝜆+𝜈)
−

𝜈𝑇𝑑

(𝑎+𝑏)(𝜆+𝜈)
 .  
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Proof: Assume that 𝑦(𝑡) is a solution of boundary value problem (1.1)-(1.2), then by using 

lemma 2.3, we get  

  𝑦(𝑡) =
1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏 + 𝑐0 + 𝑐1𝑡 + 𝑐2𝑡

2    (3.2)                            

From  first boundary condition of  (1.2), we have 

𝑐0 =
𝛿

(𝛽+𝛾)
−

𝛾

(𝛽+𝛾)
𝑐1𝑇 −

𝛾

(𝛽+𝛾)
𝑐2𝑇

2 −  

         𝛾
1

𝛤(𝛼)
∫ (𝑇 − 𝜏)𝛼−1
𝑇

0
𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏                   (3.3)  

Applying the second boundary condition of (1.2), we get 

𝑐1 =
𝜇

(𝜆+𝜈)
−
2𝜈𝑐2𝑇

(𝜆+𝜈)
−

𝜈

(𝜆+𝜈)𝛤(𝛼−1)
∫ (𝑇 − 𝜏)𝛼−2
𝑇

0
  𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏      (3.4)  

Then from the last boundary condition of (1.2), we obtain 

𝑐2 =
𝑑

2(𝑎+𝑏)
−

𝑏

2(𝑎+𝑏)𝛤(𝛼−2)
∫ (𝑇 − 𝜏)𝛼−3
𝑇

0
𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏           (3.5)  

By substituting equation (3.5) into (3.4), we get 

 𝑐1 =
𝜇

(𝜆+𝜈)
−

2𝜈𝑇𝑑

2(𝑎+𝑏)(𝜆+𝜈)
+

2𝜈𝑇𝑏

2(𝑎+𝑏)(𝜆+𝜈)𝛤(𝛼−2)
∫ (𝑇 − 𝜏)𝛼−3
𝑇

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏 

         −
𝜈

(𝜆+𝜈)𝛤(𝛼=1)
 ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏          (3.6)  

By substituting equation (3.5) and (3.6) into (3.3), we get 

𝑐0 =
𝛿

(𝛽+𝛾)
−

𝛾𝜇𝑇

(𝛽+𝛾)(𝜆+𝜈)
+

𝛾𝜈𝑇2𝑑

(𝑎+𝑏)(𝛽+𝛾)(𝜆+𝜈)
–

𝛾𝜈𝑇2𝑏

(𝑎+𝑏)(𝛽+𝛾)(𝜆+𝜈)𝛤(𝛼−2)
×  

       ∫ (𝑇 − 𝜏)𝛼−3
𝑇

0
 𝑓(𝑠, 𝑦(𝑠), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏  

     +
𝛾𝜈𝑇

(𝛽+𝛾)(𝜆+𝜈)𝛤(𝛼−1)
∫ (𝑇 − 𝜏)𝛼−2
𝑇

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏 −

𝛾𝑑𝑇2

2(𝑎+𝑏)(𝛽+𝛾)
  

     +
𝛾𝑇2𝑏

2(𝑎+𝑏)(𝛽+𝛾)𝛤(𝛼−2)
× ∫ (𝑇 − 𝜏)𝛼−3

𝑇

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏)  

      − 
𝛾

(𝛽+𝛾)𝛤(𝛼)
 ∫ (𝑇 − 𝜏)𝛼−1

𝑇

0
𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏           (3.7)  

Then from (3.2), the solution is  

𝑦(𝑡) = 𝑐 + 𝑝𝑡 +
𝑑 𝑡2

2(𝑎+𝑏)
+

1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏  

          + 
1

𝛤(𝛼−2)
(𝑤1𝑇

2 + 𝑤2(
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)) ∫ (𝑇 − 𝜏)𝛼−3

𝑇

0
  𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏  
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         + (
𝛾𝑇

(𝛽+𝛾)
− 𝑡)

𝑤3

𝛤(𝛼−1)
 ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏 

         −
𝛾

(𝛽+𝛾)𝛤(𝛼)
∫ (𝑇 − 𝜏)𝛼−1
𝑇

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏  

Which complete the proof. 

Lemma 3.2 The solution y(t) in equation (3.1) is satisfies the fractional differential equations(1.1) 

and the boundary conditions (1.2). 

Theorem 3.3 Assume that  

(H1) The function 𝑓: 𝐽 × 𝑋 → 𝑋 is a Lipschitz continuous function and there is a constant     

𝐿1 > 0  such that   

 |𝑓(𝑡, 𝑦1, 𝑦1̅̅ ̅) − 𝑓(𝑡, 𝑦2, 𝑦2̅̅ ̅)| ≤ 𝐿1(|𝑦1 − 𝑦2| + |𝑦1̅̅ ̅ − 𝑦2̅̅ ̅|)  

for 𝑡 ∈ 𝐽 and every 𝑦1, 𝑦1̅̅ ̅, 𝑦2, 𝑦2̅̅ ̅ ∈ 𝑋 . 

(H2) The function 𝑘: 𝐷 × 𝑋 → 𝑋 where  𝐷 = {(𝑡, 𝑠) ∈ 𝐽 × 𝐽: 𝑡 ≥ 𝑠} is  continuous mapping 

and there exists a positive constant 𝐿2  such that   

  |∫ [𝑘(𝑡, 𝑠, 𝑦1)
𝑡

0
− 𝑘(𝑡, 𝑠, 𝑦2)] 𝑑𝑠| ≤ 𝐿2|𝑦1 − 𝑦2| ,  for 𝑡 ∈ 𝐽 and every 𝑦1, 𝑦2 ∈ 𝑋. 

Then there exist a unique solution for the boundary value problem (1.1) and (1.2). 

Proof. Consider the operator 𝐻: 𝐶(𝐽, 𝑋) → 𝐶(𝐽, 𝑋), defined by 

𝐻𝑦(𝑡) = 𝑐 + 𝑝𝑡 +
𝑑 𝑡2

2(𝑎+𝑏)
+

1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏  

     + 
1

𝛤(𝛼−2)
(𝑤1𝑇

2 + 𝑤2(
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)) ∫ (𝑇 − 𝜏)𝛼−3

𝑇

0
𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏 

     + (
𝛾𝑇

(𝛽+𝛾)
− 𝑡)

𝑤3

𝛤(𝛼−1)
 ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏  

       −
𝛾

(𝛽+𝛾)𝛤(𝛼)
∫ (𝑇 − 𝜏)𝛼−1
𝑇

0
  𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)𝑑𝜏         (3.8)  

Clearly from Lemma 3.1 the fixed point of H is a solution to (1.1)-(1.2), Now we shall show that 

𝐻 is a contraction. 

Let  𝑥, 𝑦 ∈ 𝐶(𝐽, 𝑋), then for each 𝑡 ∈ 𝐽, we have 

|𝐻(𝑥)(𝑡) − 𝐻(𝑦)(𝑡)| ≤ [
1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
+

1

𝛤(𝛼−2)
|𝑤1𝑇

2 + 𝑤2(
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)| ∫ (𝑇 − 𝜏)𝛼−3

𝑇

0
 

             +
|(

𝛾𝑇

(𝛽+𝛾)
−𝑡)𝑤3|

𝛤(𝛼−1)
∫ (𝑇 − 𝜏)𝛼−2
𝑇

0
+

1

𝛤(𝛼)
|
𝛾𝑇

(𝛽+𝛾)
| ∫ (𝑇 − 𝜏)𝛼−1

𝑇

0
] × 
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             | 𝑓(𝜏, 𝑥(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑥(𝑠))𝑑𝑠
𝜏

0
) − 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)| 𝑑𝜏 

By the condition (H1), we have  

|𝐻(𝑥)(𝑡) − 𝐻(𝑦)(𝑡)| ≤   [
1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
+

1

𝛤(𝛼−2)
|𝑤1𝑇

2 + 𝑤2 (
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)| ×  

    ∫ (𝑇 − 𝜏)𝛼−3
𝑇

0
+ 

1

𝛤(𝛼−1)
|(

𝛾𝑇

(𝛽+𝛾)
− 𝑡)𝑤3| ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
 +

1

𝛤(𝛼)
|
𝛾𝑇

(𝛽+𝛾)
| ∫ (𝑇 − 𝜏)𝛼−1

𝑇

0
] ×   

    𝐿1(|𝑥(𝜏) − 𝑦(𝜏)| + |∫ [𝑘(𝜏, 𝑠, 𝑥(𝑠)) − 𝑘(𝜏, 𝑠, 𝑦(𝑠))]𝑑𝑠
𝜏

0
|)𝑑𝜏  

By the condition (H2), we get  

|𝐻(𝑥)(𝑡) − 𝐻(𝑦)(𝑡)| ≤   [
1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
+ 

1

𝛤(𝛼−2)
|𝑤1𝑇

2 + 𝑤2 (
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)| ×  

         ∫ (𝑇 − 𝜏)𝛼−3
𝑇

0
 |(

𝛾𝑇

(𝛽+𝛾)
− 𝑡)𝑤3| ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
+

1

𝛤(𝛼)
|
𝛾𝑇

(𝛽+𝛾)
| ∫ (𝑇 − 𝜏)𝛼−1

𝑇

0
] ×  

          𝐿1 (1 + 𝐿2)|𝑥(𝜏) − 𝑦(𝜏)|𝑑𝜏  

Therefore, we have 

‖𝐻(𝑥)(𝑡) − 𝐻(𝑦)(𝑡)‖∞ ≤ 𝐿1 (1 + 𝐿2) [
𝑇𝛼

𝛤(𝛼−1)
(|𝑤|1 + |𝑤2| (

|𝜈|

|𝜆+𝜈|
+
1

2
)) + 

                       
|𝑤3|𝑇

𝛼

𝛤(𝛼)
(

|𝛾|

|𝛽+𝛾|
+ 1) +

𝑇𝛼

𝛤(𝛼+1)
(1 +

|𝛾|

|𝛽+𝛾|
)]   ‖𝑥(𝑡) − 𝑦(𝑡)‖∞   

‖𝐻(𝑥)(𝑡) − 𝐻(𝑦)(𝑡)‖∞ ≤ 𝑄‖𝑥(𝑡) − 𝑦(𝑡)‖∞           (3.9)     

Where 𝑄 < 1, 𝐻 is a contraction operator. As a consequence of the Banach Fixed point 

theorem, H has a fixed point which is the unique solution of the problem (1.1)-(1.2).    

The proof is completed. 

Now, we give an existence result based on the Schauder’s fixed point theorem. 

Theorem 3.4. Assume that 

(H3) The function 𝑓: 𝐽 × 𝑋 × 𝑋 → 𝑋  is continuous. 

(H4) There exist constants  𝑀1, 𝑀2 > 0, such that 𝑀1 = 𝑠𝑢𝑝|𝑓(𝑠, 0,0)|  and 

 𝑀2 = 𝑠𝑢𝑝|𝑘(𝑡, 𝑠, 0)|, for each 𝑡 ∈ 𝐽.  Then the BVP (1.1)-(1.2) has at least one solution on J. 

Proof. Schauder’s Fixed point theorem is used to prove that 𝐻 defined by (3.8) has a fixed point. 

The proof will be given in several steps. 

Step 1:  𝐻 is continuous.  
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Let  {𝑦𝑛} be a sequence such that 𝑦𝑛 → 𝑦 in 𝐶([0, 𝑇], ℝ). Then for each  𝑡 ∈ [0, 𝑇], we have 

|𝐻(𝑦𝑛)(𝑡) − 𝐻(𝑦)(𝑡)| ≤  [
1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
+  

1

𝛤(𝛼−2)
|𝑤1𝑇

2 + 𝑤2(
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)| ∫ (𝑇 − 𝜏)𝛼−3

𝑇

0
  

                    +
1

𝛤(𝛼−1)
|(

𝛾𝑇

(𝛽+𝛾)
− 𝑡)𝑤3| ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
+

1

𝛤(𝛼)
|
𝛾𝑇

(𝛽+𝛾)
| ∫ (𝑇 − 𝜏)𝛼−1

𝑇

0
] ×  

                      𝐿1 (1 + 𝐿2)|𝑦𝑛(𝜏) − 𝑦(𝜏)|𝑑𝜏  

So that, we have 

‖𝐻(𝑦𝑛)(𝑡) − 𝐻(𝑦)(𝑡)‖∞ ≤ [
𝑇𝛼

𝛤(𝛼−1)
(|𝑤|1 + |𝑤2| (

|𝜈|

|𝜆+𝜈|
+
1

2
)) +

|𝑤3|𝑇
𝛼

𝛤(𝛼)
(

|𝛾|

|𝛽+𝛾|
+ 1)  

                      + 
𝑇𝛼

𝛤(𝛼+1)
(1 +

|𝛾|

|𝛽+𝛾|
)] ‖𝑦𝑛(𝑡) − 𝑦(𝑡)‖∞. 

Therefore 

‖𝐻(𝑦𝑛)(𝑡) − 𝐻(𝑦)(𝑡)‖∞  ≤ 𝑊‖𝑦𝑛(𝑡) − 𝑦(𝑡)‖∞        (3.10)  

Then by Lebesgue dominated convergence theorem implies that  ‖𝐻(𝑦𝑛)(𝑡) − 𝐻(𝑦)(𝑡)‖∞ → 0 

as  𝑛 → ∞. 

Step 2: 𝐻 maps the bounded sets into the bounded sets in 𝐶(𝐽, 𝑋). For any 𝑟 > 0, such that 

𝐵𝑟 = {𝑦 ∈ 𝑋: ‖𝑦‖∞ ≤ 𝑟}.  It is clear that 𝐵𝑟 is a closed, convex subset of 𝐶(𝐽, 𝑋). Let  𝑦 ∈ 𝐶, 

then for each  𝑡 ∈ [0, 𝑇], we have 

|𝐻𝑦(𝑡)| ≤   |𝑐| + |𝑝𝑡| + |
𝑑 𝑡2

2(𝑎+𝑏)
| +

1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1| 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)|

𝑡

0
𝑑𝜏 +   

      
1

𝛤(𝛼−2)
|𝑤1𝑇

2 + 𝑤2 (
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)| ∫ (𝑇 − 𝜏)𝛼−3

𝑇

0
 | 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)| 𝑑𝜏 +  

      
1

𝛤(𝛼−1)
|(

𝛾𝑇

(𝛽+𝛾)
− 𝑡)𝑤3| ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
| 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)|𝑑𝜏 +  

     
1

𝛤(𝛼)
|
𝛾𝑇

(𝛽+𝛾)
| ∫ (𝑇 − 𝜏)𝛼−1|𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)|

𝑇

0
𝑑𝜏  

      ≤   |𝑐| + |𝑝𝑡| + |
𝑑 𝑡2

2(𝑎+𝑏)
| + [

1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
+

1

𝛤(𝛼−2)
|𝑤1𝑇

2 + 𝑤2 (
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)| ×  

        ∫ (𝑇 − 𝜏)𝛼−3
𝑇

0
+ 

1

𝛤(𝛼−1)
|(

𝛾𝑇

(𝛽+𝛾)
− 𝑡)𝑤3| ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
+
|
𝛾𝑇

(𝛽+𝛾)
|

𝛤(𝛼)
∫ (𝑇 − 𝜏)𝛼−1
𝑇

0
] ×   

        | 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜏

0
) − 𝑓(𝑠, 0,0) + 𝑓(𝑠, 0,0)| 𝑑𝜏  
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      ≤   |𝑐| + |𝑝𝑡| + |
𝑑 𝑡2

2(𝑎+𝑏)
| + [

1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
+ 

1

𝛤(𝛼−2)
|𝑤1𝑇

2 + 𝑤2 (
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)| ×  

         ∫ (𝑇 − 𝜏)𝛼−3
𝑇

0
+

1

𝛤(𝛼−1)
|(

𝛾𝑇

(𝛽+𝛾)
− 𝑡)𝑤3| ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
+
|
𝛾𝑇

(𝛽+𝛾)
|

𝛤(𝛼)
∫ (𝑇 − 𝜏)𝛼−1
𝑇

0
] ×  

         (𝐿1|𝑦| + 𝐿1 (|∫ (𝑘(𝜏, 𝑠, 𝑦(𝑠)) − 𝑘(𝜏, 0,0)) 𝑑𝑠
𝜏

0
| + ∫ |𝑘(𝜏, 0,0)|𝑑𝑠

𝜏

0
) +𝑀1)  𝑑𝜏  

Therefore, we get 

‖𝐻𝑦(𝑡)‖∞ ≤  |𝑐| + |𝑝|𝑇 + |
𝑑 

2(𝑎+𝑏)
| 𝑇 + (𝐿1(𝑟 + 𝐿2𝑟 +𝑀2𝑇) + 𝑀1 ) ×  

        [
𝑇𝛼

𝛤(𝛼−1)
(|𝑤|1 + |𝑤2| (

|𝜈|

|𝜆+𝜈|
+
1

2
)) +

|𝑤3|𝑇
𝛼

𝛤(𝛼)
 (

|𝛾|

|𝛽+𝛾|
+ 1) +

𝑇𝛼

𝛤(𝛼+1)
(1 +

|𝛾|

|𝛽+𝛾|
)] = ℓ   

Thus, ‖𝐻𝑦(𝑡)‖∞ ≤ ℓ , for some constant ℓ . 

Step 3: 𝐻 maps 𝐶 into an equicontinuous set of 𝐶(𝐽, 𝑋). Let  𝑦 ∈ 𝐶, then for each 𝑡1, 𝑡2 ∈

[0, 𝑇], 𝑡1 < 𝑡2 , then 

|𝐻𝑦(𝑡2) − 𝐻𝑦(𝑡1)| ≤ |𝑝|(𝑡2 − 𝑡1) +
𝑑( 𝑡2

2−𝑡1
2)

2(𝑎+𝑏)
+

1

𝛤(𝛼)
∫ [(𝑡2 − 𝜏)

𝛼−1𝑡1
0

− (𝑡2 − 𝜏)
𝛼−1] ×  

    |𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜏

0
)|𝑑𝜏 + 

1

𝛤(𝛼)
∫ (𝑡2 − 𝜏)

𝛼−1𝑡2
𝑡1

|𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜏

0
)|𝑑𝜏  

   + 
𝑤2

𝛤(𝛼−2)
(
𝜈𝑇(𝑡2−𝑡1)

(𝜆+𝜈)
+
( 𝑡2

2−𝑡1
2)

2
) ∫ (𝑇 − 𝜏)𝛼−3

𝑇

0
| 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)|𝑑𝜏  

    +
𝑤3(𝑡2−𝑡1)

𝛤(𝛼−1)
∫ (𝑇 − 𝜏)𝛼−2
𝑇

0
| 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)|𝑑𝜏  

Since  

| 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜏

0
)| ≤ 𝐿1(|𝑦(𝜏)| + |∫ (𝑘(𝜏, 𝑠, 𝑦(𝑠)) − 𝑘(𝜏, 𝑠, 0) + 𝑘(𝜏, 𝑠, 0)) 𝑑𝑠

𝜏

0
| + 𝑀1  

                    ≤ 𝐿1(|𝑦(𝜏)| + 𝐿2|𝑦(𝜏)| + 𝑀2𝑇) + 𝑀1  

Then, we get 

‖𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠
𝜏

0
)‖

∞
≤ 𝐿1(𝑟 + 𝐿2𝑟 + 𝑀2𝑇) +𝑀1  

Therefore, we have 

‖𝐻𝑦(𝑡2) − 𝐻𝑦(𝑡1)‖∞ ≤ |𝑝|(𝑡2 − 𝑡1) + [
|𝑑|( 𝑡2

2−𝑡1
2)

2|𝑎+𝑏|
+

1

𝛤(𝛼+1)
( 𝑡2

𝛼 − 𝑡2
𝛼) +  

       
|𝑤2|𝑇

𝛼−2

𝛤(𝛼−1)
(
|𝜈|𝑇(𝑡2−𝑡1)

|𝜆+𝜈|
+
( 𝑡2

2−𝑡1
2)

2
) +

|𝑤3|𝑇
𝛼−1(𝑡2−𝑡1)

𝛤(𝛼)
] (𝐿1(𝑟 + 𝐿2𝑟 + 𝑀2𝑇) + 𝑀1 )       (3.12)  
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At  𝑡1 → 𝑡2 , the right hand side of the above inequality tends to zero. By Arzela – Ascoli 

theorem 𝐻 is completely continuous. 

Step 4: A priori bound.  

Let 휀 = {𝑦 ∈ 𝐶(𝐽, 𝑋): 𝑦 = 𝜃𝐻𝑦 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 0 < 𝜃 < 1}, it shall be shown that the set is bounded. 

Let  𝑦 ∈ 휀, then  𝑦 = 𝜃𝐻𝑦 for some 0 < 𝜌 < 1. Thus for each  𝑡 ∈ 𝐽,   𝑦 = 𝜃𝐻𝑦  

|𝐻𝑦(𝑡)| ≤   𝜃|𝑐| + 𝜃|𝑝𝑡| + 𝜃 |
𝑑 𝑡2

2(𝑎+𝑏)
| +

𝜃

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1| 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)|

𝑡

0
𝑑𝜏 +  

              
𝜃

𝛤(𝛼−2)
|𝑤1𝑇

2 +𝑤2(
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)| ∫ (𝑇 − 𝜏)𝛼−3

𝑇

0
 | 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)| 𝑑𝜏 +  

              
𝜃

𝛤(𝛼−1)
|(

𝛾𝑇

(𝛽+𝛾)
− 𝑡)𝑤3| ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
 | 𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)|𝑑𝜏 + 

               
𝜃

𝛤(𝛼)
|
𝛾𝑇

(𝛽+𝛾)
| ∫ (𝑇 − 𝜏)𝛼−1|𝑓(𝜏, 𝑦(𝜏), ∫ 𝑘(𝜏, 𝑠, 𝑦(𝑠))𝑑𝑠

𝜏

0
)|

𝑇

0
𝑑𝜏  

By the step 2, we have  

|𝐻𝑦(𝑡)| ≤   |𝑐| + |𝑝𝑡| + |
𝑑 𝑡2

2(𝑎+𝑏)
| + [

1

𝛤(𝛼)
∫ (𝑡 − 𝜏)𝛼−1
𝑡

0
+

1

𝛤(𝛼−2)
|𝑤1𝑇

2 + 𝑤2 (
𝜈𝑇𝑡

(𝜆+𝜈)
−
𝑡2

2
)| ×  

     ∫ (𝑇 − 𝜏)𝛼−3
𝑇

0
+

1

𝛤(𝛼−1)
|(

𝛾𝑇

(𝛽+𝛾)
− 𝑡)𝑤3| ∫ (𝑇 − 𝜏)𝛼−2

𝑇

0
+ 

1

𝛤(𝛼)
|
𝛾𝑇

(𝛽+𝛾)
| ∫ (𝑇 − 𝜏)𝛼−1

𝑇

0
] ×  

     (𝐿1|𝑦| + 𝐿1 (|∫ (𝑘(𝜏, 𝑠, 𝑦(𝑠)) − 𝑘(𝜏, 0,0)) 𝑑𝑠
𝜏

0
| + ∫ |𝑘(𝜏, 0,0)|𝑑𝑠

𝜏

0
) + 𝑀1)  𝑑𝜏  

Thus for every 𝑡 ∈ 𝐽, 

‖𝐻𝑦(𝑡)‖∞ ≤  |𝑐| + |𝑝|𝑇 + |
𝑑 

2(𝑎 + 𝑏)
| 𝑇 + (𝐿1(𝑟 + 𝐿2𝑟 + 𝑀2𝑇) + 𝑀1 ) × 

         [
𝑇𝛼

𝛤(𝛼−1)
(|𝑤|1 + |𝑤2| (

|𝜈|

|𝜆+𝜈|
+
1

2
)) +

|𝑤3|𝑇
𝛼

𝛤(𝛼)
(

|𝛾|

|𝛽+𝛾|
+ 1) +

𝑇𝛼

𝛤(𝛼+1)
(1 +

|𝛾|

|𝛽+𝛾|
)] = 𝐺     

This shows that the set 휀  is bounded. As a consequence of Schauder’s fixed point theorem, H 

has a fixed point which is a solution of the problem (1.1)-(1.2). 

 

4. EXAMPLE 

Consider the fractional differential equation  

𝐷2.5𝑦(𝑡) =
𝑦(𝑡)

3𝑒𝑡
−
1

3
+ ∫ (

𝑦(𝑠)

(𝑡+1)(3+𝑒−𝑠+𝑡)
−
1

2
)𝑑𝑠

   

𝑡

0
, 𝑡 ∈ [0,1]   ,    𝛼 ∈ (2,3]     (4.1)  

With boundary conditions 
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𝑦(0) + 0.2𝑦(1) =  1

2𝑦′(0) + 𝑦′(1) =  0

𝑦′′(0) + 0.1𝑦′′(1) = 0 

                 

}
 
 

 
 

                 (4.2)     

𝑓 (𝑡, 𝑦(𝑡), ∫ 𝑘(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0
) =

𝑦(𝑡)

3𝑒𝑡
−
1

3
+  ∫ (

𝑦(𝑠)

(𝑡+1)(3+𝑒−𝑠+𝑡)
−
1

2
) 𝑑𝑠

   

𝑡

0
 𝑎𝑛𝑑  

|𝑘(𝑡, 𝑠, 𝑥(𝑠)) − 𝑘(𝑡, 𝑠, 𝑦(𝑠))| = |
𝑥(𝑠)

(𝑡+1)(3+𝑒−𝑠+𝑡)
−

𝑦(𝑠)

(𝑡+1)(3+𝑒−𝑠+𝑡)
| ≤

1

4
|𝑥 − 𝑦|  

 |𝑓 (𝑡, 𝑦(𝑡), ∫ 𝑘(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠
𝑡

0
) − 𝑓 (𝑡, 𝑦(𝑡), ∫ 𝑘(𝑡, 𝑠, 𝑦(𝑠))𝑑𝑠

𝑡

0
)| ≤

1

3
|𝑥 − 𝑦| +  

                        ∫ |𝑘(𝑡, 𝑠, 𝑥(𝑠)) − 𝑘(𝑡, 𝑠, 𝑦(𝑠))|𝑑𝑠
𝑡

0
≤

7

12
|𝑥 − 𝑦|  

From equation (4.1) and (4.2), we find 

𝛼 = 2.5 , 𝑇 = 1, 𝛽 = 1 , 𝛾 = 0.2 , 𝛿 = 1 , 𝜆 = 2,   𝜈 = 1 , 𝜇 = 0, 𝑎 = 1 , 𝑏 = 0.1 , 𝑑 = 0           

𝑡ℎ𝑒𝑛 𝑤𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒  

𝐿1 = 0.5833   ,   𝐿2 = 0.25 ,   𝑀1 = 0.3333 ,   𝑀2 = 0.5 ,   𝑤1 = 0.0884  ,   

 𝑤2 = 0.0909  ,   𝑤3 = 0.3333   ,   

 𝑟 = 1.9262,   𝑐 = 0.8333   ,   𝑝 = 0 ,   then we have 

 𝑄 = [
𝑇𝛼

𝛤(𝛼−1)
(|𝑤|1 + |𝑤2|(

|𝜈|

|𝜆+𝜈|
+
1

2
)) +

|𝑤3|𝑇
𝛼

𝛤(𝛼)
(

|𝛾|

|𝛽+𝛾|
+ 1) +

𝑇𝛼

𝛤(𝛼+1)
(1 +

|𝛾|

|𝛽+𝛾|
)] ×     𝐿1 (1 +

𝐿2) = 0.4215 < 1.    

Then by Theorem 3.3 and Theorem 3.4, there exist a unique solution. 
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