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Abstract. In this paper, we studied the evaluation of dark energy parameter in the spatial homogeneous and

anisotropic five dimensional Kaluza-Klein space time filled with barotropic fluid and dark energy. To solve the

Einstein field equation by considering a variable deceleration parameter here we consider two cases; first, when

these fluids are assumed to be not interacting each other and second, when they interact with each other. We have

discussed the physical and geometrical importance of the two fluid scenario described in various aspects. We also

discuss the jerk parameter and Statefinder parameter in our derived models which found that the model tends to

the ΛCDM model.

Keywords: Kaluza-Klein space time; two-fluid; dark energy; variable deceleration parameter.

2010 AMS Subject Classification: 93A30.

1. INTRODUCTION

Cosmological observation shows that the universe is undergoing an accelerated expansion[1-

4]. It is generally assumed that the dark energy is responsible for the acceleration of the universe

[5-10]. So, in a late time accelerating and expanding of the universe has been confirmed from

high red shift type Ia Supernovae experiment (SNe.Ia) [11-12], cosmic microwave background
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radiation (CMBR) [13], large scale structure [14], Sloan Digital Sky Survey (SDSS) [15, 16],

First Year Wilkinson Microwave Anisotropy Probe(WMAP) [17] and Chandra X-ray observa-

tory [18] combination strongly suggest the existence of the extra constituent in a universe with

negative pressure called dark energy. Roughly dark energy occupies about 68.3%, dark matter

occupies about 26.8% and baryonic matter occupies about 4.9% of the energy of our Universe

[19].

The Kaluza-Klein[20,21] theories have exposed how the gravity and the electromagnetism

can be unified from Einstein’s field equations generalized to five dimensions. In a certain sense

the Kaluza-Klein theory resembles ordinary gravity, except that it is inscribed in five dimen-

sions instead of four. This theory has been regarded as a candidate of fundamental theory due

to the possible work of unifying the fundamental principle. Different authors study the five

dimensional Kaluza-Klein space-time viz. Chodos et al. [22], Appelquist et al. [23] stud-

ied some cosmological models in five dimensional Kaluza-Klein space-time. D. R. K. Reddy

et al. [24], R. L. Naidu et al. [25], Reddy et al. [26] , T.Ramprasad et al.[27] investigated

five dimensional Kaluza-Klein cosmological model in the framework of Brans-Dicke theory of

gravitation. G. S. Khadekar [28] , Namrata I. Jain et al. [29] investigated viscous cosmological

model in five dimensional Kaluza-Klein space time. G.S. Khadekar et al. [30] and M. Sharif et

al. [31] discussed behavior of gravitational and cosmological term in five dimensional Kaluza-

Klein space time. R.Venkateswarlu, K. P. Kumar [32], G. S. Khadekar et al.[33], G. C. Samanta

and S. N. Dhal [34] investigated about the higher dimensional FRW cosmological models. H.

Amirhashchi et al. [35], B. Saha et al. [36], H. Amirhashchi et al. [37], A. Pradhan et al.

[38], V.B.Raut et al. [39] had studied various aspects in dark energy models in FRW universe.

Many authors works on FRW universe mentioned above are the motivation behind this work on

accelerating and ΛCDM (Lambda cold dark matter) model.

In this paper, we have investigated the evaluation of dark energy parameter in the spatial

homogeneous and anisotropic five dimensional Kaluza-Klein space time filled with barotropic

fluid and dark energy. To solve the Einstein field equation by considering a variable deceleration

parameter q = −aä
ȧ2 = βH +α . In Section 1, we discussed the introduction of Kaluza-Klein

cosmology. The Kaluza-Klein models and its field equations are presented in Section 2 and 3.
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In Section 4 and 5, we discussed the interacting and non-interacting two fluid model. Section 6,

we discussed the jerk parameter and Statefinder parameters in our derived models. In Section

7, we discussed the physical interpretation of our model. Finally, conclusions and summarized

are given in the last section 8.

2. METRIC AND FIELD EQUATIONS

We consider the special homogeneous and anisotropic five-dimensional Kaluza-Klein space

time given by

(1) ds2 = dt2−A2(dx2 +dy2 +dz2)−B2dϕ
2

where A and B are function of cosmic time t only.

Einstein’s field equation (with 8πG = 1 and c = 1) is given by

(2) Ri j−
1
2

Rgi j =−Ti j

where Ri j is the Ricci tensor R is the Ricci scalar gi j is the metric tensor and Ti j is the energy

momentum tensor of a perfect fluid and dark energy respectively.

The energy momentum tensor for two fluid is given by

(3) Ti j = T m
i j +T D

i j

where

(4) T m
i j = (ρm + pm)]µiµ j− pmgi j

(5) T D
i j = (ρD + pD)µiµ j− pDgi j
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here µ iµi = 1,µ iµ j = 0 and ρm and pm are the energy density and pressure of the perfect fluid

and ρD and pD are the energy density and pressure of the dark energy component.

The equation of state parameter (ω) which is consider as an important quantity in describing

the dynamic of the universe in the ratio of the pressure (p) and the energy density (ρ) are given

by

(6) pm = ωmρm

and

(7) pD = ωDρD

The important physical parameter like spatial volume(V ), Hubble parameter(H), expansion

scalar (θ), shear scalar (σ2), anisotropic parameter (∆) and deceleration parameter (q) for the

metric (1) are defined as

(8) V = a4 = A3B

(9) H =
1
4
(
3Ȧ
A

+
Ḃ
B
)

(10) θ = 4H =
3Ȧ
A

+
Ḃ
B

(11) σ
2 =

1
2
[

4

∑
i=1

H2
i −4H2] =

4
2

∆H2

(12) ∆ =
1
4

4

∑
i=1

(
∆Hi

H
)2

where ∆Hi = Hi−H

and
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(13) q =− äa
ȧ2 =

d
dt

1
H
−1

where an overhead dot denote derivative with respect to cosmic time t.

The Einstein field equation (2) and (3) for the metric (1) it follows that

(14) 2
Ä
A
+

B̈
B
+2

ȦḂ
AB

+
Ȧ2

A2 =−(pm + pD)

(15) 3
Ä
A
+3

Ȧ2

A2 =−(pm + pD)

(16) 3
Ȧ2

A2 +3
ȦḂ
AB

= ρm +ρD

An over dot indicate a derivatives with respect to cosmic time t.

The energy conservation equation (T i j
; j = 0) which yields

(17) ρ̇ +4H(ρ + p) = 0

where p = pm + pD and ρ = ρm +ρD.

3. SOLUTION OF THE FIELD EQUATIONS

We consider deceleration parameter (q) as a linear function of hubble parameter[40-42]:

(18) q =−aä
ȧ2 = βH +α

Here α and β arbitrary constants.

we take α =−1 in equation (18)

(19) q =−aä
ȧ2 =−1+βH
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which yields the following differential equation

(20)
aä
ȧ2 +β

ȧ
a
−1 = 0

which on integration gives

a(t) = exp
[

1
β

√
2β t + c

]

(21) = e
1
β

√
2β t+c

where c is an integrating constant.

Subtracting equation (14) from equation (15) we get,

d
dt
(
Ȧ
A
− Ḃ

B
)+(

Ȧ
A
− Ḃ

B
)
V̇
V

= 0

which on integrating gives

(22)
Ȧ
A
− Ḃ

B
=

λ

V

where λ is an integration constant.

Using equation (21) in equation (22) and then integrating we get the scale factors are

(23) A(t) = e
1
β

√
2β t+cexp[−λβ

64
e
−4
β

√
2β t+c

(
4
β

√
2β t + c+1)]

and

(24) B(t) = e
1
β

√
2β t+cexp[

3λβ

64
e
−4
β

√
2β t+c

(
4
β

√
2β t + c+1)]

Therefore the metric (1) reduce to
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ds2 = dt2− e
1
β

√
2β t+cexp[−λβ

64
e
−4
β

√
2β t+c

(
4
β

√
2β t + c+1)](dx2 +dy2 +dz2)

−e
1
β

√
2β t+cexp[

3λβ

64
e
−4
β

√
2β t+c

(
4
β

√
2β t + c+1)]dφ

2
(25)

The physical parameters of the model are given by

(26) V = e
4
β

√
2β t + c

(27) H =
1√

2β t + c

(28) θ = 4H =
4√

2β t + c

(29) ∴ ∆ =
3λ 2

16
(2β t + c)e

−8
β

√
2β t+c

(30) σ
2 =

3λ 2

32
e
−8
β

√
2β t+c

(31) q =−1+
β√

2β t + c

In the following sections we deal with two cases (i) Non-interacting two fluid model and (ii)

Interacting two fluid model.



7706 PRANJAL KUMAR RAY, RAJSHEKHAR ROY BARUAH

4. NON-INTERECTING TWO-FLUID MODEL

The conservation equation for the dark and barotropic fluid separately

(32) ρ̇m +4H(pm +ρm) = 0

(33) ρ̇D +4H(pD +ρD) = 0

Integrating (32) we get,

(34) ρm = ρ0e
−4(1+ωm)

β

√
2β t+c

where ρ0 is an integrating constant.

Using (23), (24) and (34) in equation (15) and (16) we obtain

(35) PD =−3

2+ λ 2

8 (2β t + c)e
−8
β

√
2β t+c−β (2β t + c)

−1
2

(2β t + c)

−ωmρ0e
−4(1+ωm)

β

√
2β t+c

(36) ρD = 3

2− λ 2

8 (2β t + c)e
−8
β

√
2β t+c

(2β t + c)

−ρ0e
−4(1+ωm)

β

√
2β t+c

Using equations (35) and (36) we can find the expression for EOS of dark filed in terms of

time as

ωD =
PD

ρD

(37)

ωD =−

6+ 3λ 2

8 (2β t + c)e
−8
β

√
2β t+c−3β (2β t + c)

−1
2 +ωmρ0(2β t + c)e

−4(1+ωm)
β

√
2β t+c

6− 3λ 2

8 (2β t + c)e
−8
β

√
2β t+c−ρ0(2β t + c)e

−4(1+ωm)
β

√
2β t+c
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The expressions of matter-energy-density parameter (Ωm) and dark energy density parameter

(ΩD) are given by

(38) Ωm =
ρm

6H2 =
ρ0e

−4(1+ωm)
β

√
2β t+c

6(2β t + c)−1

and

(39) ΩD =
ρD

6H2 = 1− λ 2

16
(2β t + c)e

−8
β

√
2β t+c− 1

6
ρ0(2β t + c)e

−4(1+ωm)
β

√
2β t+c

The total energy density (Ω) is given by

(40) Ω = Ωm +ΩD = 1− λ 2

16
(2β t + c)e

−8
β

√
2β t+c

5. INTERECTING TWO-FLUID MODEL

In this section, we can write the energy conservation equation for the dark and barotropic

fluid as

(41) ρ̇m +4(1+ωm)ρmH = Q

(42) ρ̇D +4(1+ωD)ρDH =−Q

where the quantity Q represents the interecting between the componants of matter and dark

energy.We consider Q > 0, this ensures that the energy is being transferred from dark energy to

the matter component.

We consider

(43) Q = 4Hkρm
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where k is coupling constant.

Using (43) in equation (41) we get

(44) ρm = ρ0e
−4(1+ωm−k)

β

√
2β t+c

Now we again obtain PD and ρD.

(45) PD =−3

2+ λ 2

8 (2β t + c)e
−8
β

√
2β t+c−β (2β t + c)

−1
2

(2β t + c)

−ωmρ0e
−4(1+ωm−k)

β

√
2β t+c

(46) ρD = 3

2− λ 2

8 (2β t + c)e
−8
β

√
2β t+c

(2β t + c)

−ρ0e
−4(1+ωm−k)

β

√
2β t+c

Also the equation of state parameter (ωD) is obtained as

(47)

ωD =−

6+ 3λ 2

8 (2β t + c)e
−8
β

√
2β t+c−3β (2β t + c)

−1
2 +ωmρ0(2β t + c)e

−4(1+ωm−k)
β

√
2β t+c

6− 3λ 2

8 (2β t + c)e
−8
β

√
2β t+c−ρ0(2β t + c)e

−4(1+ωm−k)
β

√
2β t+c


The expression of matter energy density-parameter (Ωm) and dark energy density parameter

(ΩD) are given as

(48) Ωm =
ρm

6H2 =
ρ0e

−4(1+ωm−k)
β

√
2β t+c1

6(2β t + c1)−1

and

(49) ΩD =
ρD

6H2 = 1− λ 2

16
(2β t + c)e

−8
β

√
2β t+c− 1

6
ρ0(2β t + c)e

−4(1+ωm−k)
β

√
2β t+c

The total energy density (Ω) is given by

(50) Ω = Ωm +ΩD = 1− λ 2

16
(2β t + c)e

−8
β

√
2β t+c
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6. THE JERK PARAMETER ( j) AND STATEFINDER PARAMETER (r,s)

The Jerk Parameter in cosmology is defined as the dimensionless third derivative of the scale

factor with respect to cosmic time t [43,44]. It is defined as

(51) j(t) =
...
a

aH3 =
(a2H2)

′′

2H2

where over dots and primes denote derivatives with respect to cosmic time and the scale

factor respectively.

The Jerk Parameter ( j) appears in the fourth term of a Taylor expansion of the scale factor

around a0.

(52)
a(t)
a0

= 1+H0(t− t0)−
1
2

q0H2
0 (t− t0)2 +

1
6

j0H3
0 (t− t0)3 +0

[
(t− t0)4]

in equation (37) we can be written as

(53) j̇(t) = q+2q2− q̇
H

From equation (27) and (31) we reduce to

(54) j(t) = 1− 3β√
2β t + c

+
3β 2

2β t + c

For flat ΛCDM model, the jerk parameter ( j) has the value j = 1.

The Statefinder parameter (r,s) [45] defined as follows

(55) r =
...
a

aH3 = 1+3
Ḣ
H2 +

Ḧ
H3

and

(56) s =
r−1

3(q− 1
2)
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From equations (27),(31),(55) and (56) we obtained

(57) r = 1− 3β√
2β t + c

+
3β 2

2β t + c

and

(58) s =
−2β

√
2β t + c+2β 2

2β
√

2β t + c−3(2β t + c)

From the above result it is observed that as t→ ∞, (r,s)→ (1,0) which gives that the model

tends to the ΛCDM model as in recent observation[45].
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FIGURE 1. The plot of spatial volume

V versus cosmic time t, for β = 1 and c =

1.
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FIGURE 2. The plot of hubble param-

eter H versus cosmic time t, for β = 1 and

c = 1.
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FIGURE 3. The plot of expansion

scalar θ versus cosmic time t,for β = 1

and c = 1.
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FIGURE 4. The plot of anisotropic pa-

rameter ∆ versus cosmic time t,for β = 1,

λ = 1 and c = 1.
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FIGURE 5. The plot of shear scalar

σ2 versus cosmic time t,for β = 1, λ = 1

and c = 1.
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FIGURE 6. The plot of deceleration

parameter q versus cosmic time t,for β = 1

and c = 1.

0 2 4 6 8 10

-2.0

-1.5

-1.0

-0.5

Time

P
D

N
o
n
-

in
te

ra
c
ti

v
e

FIGURE 7. The plot of pressure pD

versus cosmic time t for β = 1,c= 1,λ = 1,

ρ0 = 1 and ωm = 0.5 for non-interactive

case.
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FIGURE 8. The plot of energy den-

sity ρD versus cosmic time t for β = 1,c =

1,λ = 1, ρ0 = 1 and ωm = 0.5 for non-

interactive case.
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FIGURE 9. The plot of EoS parame-

ter ωD versus cosmic time t for β = 1,c =

1,λ = 1, ρ0 = 1 and ωm = 0.5 for non-

interactive case.
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FIGURE 10. The plot of total energy

density Ω versus cosmic time t for β =

1,c = 1,λ = 1, ρ0 = 1 and ωm = 0.5 for

non-interactive case.
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FIGURE 11. The plot of pressure pD

versus cosmic time t for β = 1,c = 1,λ =

1, ρ0 = 1 and ωm = 0.5 for interactive

case.
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FIGURE 12. The plot of energy den-

sity ρD versus cosmic time t for β = 1,c =

1,λ = 1, ρ0 = 1 and ωm = 0.5 for interac-

tive case.
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FIGURE 13. The plot of EoS param-

eter ωD versus cosmic time t for β = 1,c =

1,λ = 1, ρ0 = 1 and ωm = 0.5 for interac-

tive case.
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FIGURE 14. The plot of total energy

density Ω versus cosmic time t for β =

1,c = 1,λ = 1, ρ0 = 1 and ωm = 0.5 for

interactive case.

7. PHYSICAL INTERPRETATION

Figure 1 depicts the spatial volume V versus cosmic time t. It is observed that the behavior

of spatial volume V is zero as cosmic time t = 0 and increase as t tends to infinity. In figures

2 and 3 shows that both Hubble parameter H and expansion scalar θ positive, decrease with

cosmic time t and tends to zero as t→ ∞. Figures 4 and 5 shown that the anisotropic parameter

∆ and shear scalar σ2 tends to zero as cosmic time t → ∞. From figure 6 corresponding to the

equation (31) it is shows that the deceleration parameter q is decreasing function of cosmic time

t. It is observed that q > 0 for t < β 2−c
2β

which indicates that the universe is a decelerating phase
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and q < 0 for t > β 2−c
2β

which indicates that the universe is a accelerating phase, which is in the

good agreement with the recent observations.

Figures 7 and 11 shows that the pressure pD for both non-interacting and interacting cases it

is observed that pressure pD is negative, which indicates that the universe is a accelerating of

expansion. The energy density ρD shown in figures 8 and 12 for both cases is divers as t → 0

and becomes zero as t → ∞. From figures 9 and 13 We observed that for both the cases that

during the evolution of the universe the behavior of EoS parameter ωD is a decreasing function

of cosmic time t. From equation 40 and 50 we observed that in non-interacting case the total

energy density parameter has the same properties as in interacting case.

8. CONCLUSIONS

In the present paper, we have studied the system of two fluid scenario for dark energy param-

eter in the spatial homogenous and anisotropic five dimensional Kaluza-Klein space time field

with a barotropic fluid and dark energy by considering a variable deceleration parameter. For

the model the spatial volume increase as t → ∞. The anisotropic parameter ∆ and shear scalar

σ2 tends to zero as cosmic time t → ∞. The pressure pD is negative, which indicates that the

universe is a accelerating of expansion. The energy density ρD is divers as t → 0 and becomes

zero as t→∞. The EoS parameter ωD is a decreasing function of cosmic time t in both the cases

and is always varying in the quintessence region. The total energy density parameter ΩD tends

to one at late time. The value of jerk parameter j = 1, deceleration parameter q = −1 predict

that the universe decelerating expansion to accelerating expansion passes through a transition

phase. This solution gives the model tends to the ΛCDM model at late time.
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