
Available online at http://scik.org

J. Math. Comput. Sci. 11 (2021), No. 6, 8430-8447

https://doi.org/10.28919/jmcs/6773

ISSN: 1927-5307

SOME FIXED POINT THEOREM ON E-METRIC SPACE USING CYCLIC
MAPPINGS

D. DHAMODHARAN1, A. MOHAMED ALI2,∗, P. CHITRA DEVI3

1Department of Mathematics, Jamal Mohamed College (Autonomous)

(Affiliated to Bharathidasan University), Tiruchirapplli-620020, India

2Department of Mathematics, G.T.N. Arts College (Autonomous), Dindigul-624005, India

3PG and Research Department of Mathematics, Mannar Thirumalai Naicker College (Autonomous),

Madurai-625004, India

Copyright © 2021 the author(s). This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this manuscript, the notion of cyclic type contractions on E-metric spaces are introduced and sub-

sequently established the fixed point and common fixed point results for this class of mappings in the setting of

E-metric spaces. The presented results are extended from some well-known fixed point theorems in the literature.
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1. INTRODUCTION AND PRELIMINARIES

In [3] Huang and Zhang introduced the notion of cone metric spaces, replacing the set of

real numbers by an ordered Banach space, they have defined the cone metric spaces and also

they discussed some properties of the convergence of sequences and proved the fixed point

theorems of a contraction mapping for cone metric spaces. W.A. Kirk, P.S. Srinivasan and P.
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Veeramani [6] studied cyclic contraction of metric space and obtained some fixed point the-

orems. Al-Rawashdeh et al. [2] introduced E-metric space. W.A. Kirk [7] introduced fixed

points of asymptotic contraction. Achille Basile et al.[1] defined cone with semi-interior points

and equilibrium. Some recent works on cone metric space and E-metric space can be found in

[4, 5, 8, 9, 10]. In this paper, the cyclic contraction on E-metric space is defined and subse-

quently establish some fixed point and common fixed point results for this class of mappings

in the setting of E-metric spaces. The presented results extend some well known fixed point

theorems in the literature.

Definition 1.1. Let E be a real ordered vector space, E+ be a non-empty closed and convex

subset of E, and 0E be a zero element in E. Then E+ is called a positive cone if it satisfies

i. for all x ∈ E+ and α ≥ 0 imply αx ∈ E+

ii. for all x ∈ E+ and −x ∈ E+ imply x = 0E .

Definition 1.2. An ordered space E is a vector space over the real numbers, with a partial order

relation � such that

i. for all x,y, and z ∈ E, x� y implies x+ z� y+ z,

ii. for all a ∈ R+ and x ∈ E with x� 0E ,ax� 0E .

Definition 1.3. The positive cone E+ of a normed ordered space X is called

(a) normal, if there exists a constant M > 0, such that 0� x� y implies ||x|| ≤M||y||;

(b) solid, if intE+ 6= φ ;

(c) reflexive⇔ E+∩U is weakly compact, where U is the unit ball in X ;

(d) strongly reflexive⇔ E+∩U is compact.

Definition 1.4. Let X be a non-empty set and let E be a real ordered vector space. An E-metric

function dE : X×X → E such that for all x,y and z ∈ X , we have

(1) dE(x,y)� 0E and dE(x,y) = 0E if and only if x = y;

(2) dE(x,y)
e
= dE(y,x);

(3) dE(x,y)� dE(x,z)+dE(y,z).

Then the pair (X ,dE) is called an E− metric space.
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Let E be an real ordered vector space by the positive cone E+, we say that U = {x ∈ E :

||x|| ≤ 1} be the closed unit ball of E, and by U+ we mean the positive part of unit ball defined

by the set U+ =U ∩E+.

Definition 1.5. The point x0 ∈ E+ is a semi-interior point of E+, if there exists a real number

ρ > 0 such that x0−ρU+ ⊆ E+.

The set of all semi-interior points of E+ is denoted by (E+)0 , and for x,y ∈ E+, x� y if and

only if y− x ∈ (E+)0.

Remark 1.6. Any interior point of E+ is a semi-interior point.

Definition 1.7. Let E be a real ordered vector space with E+ 6= /0 and (X ,dE) be an E− metric

space. Let (xn) be a sequence in X and x ∈ X .

(1) (xn) is e-converges to x whenever for every e� 0E , there exists a positive integer n0

such that if n≥ n0 then dE(xn,x)� e. We denote this by limn→∞ xn
e
= x or xn

e−→ x.

(2) (xn) is an e-Cauchy sequence whenever for every e� 0E , there exists a positive integer

n0 such that if n,m≥ n0 then dE(xn,xm)� e.

(3) (X ,dE) is e− complete if every e− Cauchy sequence is e− convergent.

Proposition 1.8. If E is a complete real ordered vector space with closed cone E+ and gener-

ating then any semi-interior point of E+ is an interior point of E+.

Definition 1.9. Let (X ,dE) be a e−complete E−metric space. A mapping T : X → X is said to

be an e− asymptotic contraction if for each integer n≥ 1, such that

(1.1) dE(T nx,T ny)4 η
ndE(x,y)

for all x,y ∈ X and if η ∈ [0,1).

If η = 1, then T is non-expansive mapping such that

dE(T nx,T ny)4 dE(x,y)
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2. FIXED POINT THEOREMS

Definition 2.1. Let (X ,dE) be a E− metric space and let P and Q be two non-empty subsets of

X . A mapping T : P∪Q→ P∪Q is called an e− cyclic map if T (P)⊂ Q and T (Q)⊂ P.

Definition 2.2. Let (X ,dE) be a E− metric space and let P and Q be two non-empty subsets of

X . An cyclic map T : P∪Q→ P∪Q is said to be Zamfirescu contraction such that at least one

of the following is true.

For all x ∈ P and y ∈ Q and some θ1 ∈ (0,1),θ2,θ3 ∈ (0, 1
2).

(1) dE(T x,Ty)4 θ1dE(x,y)

(2) dE(T x,Ty)4 θ2[dE(T x,x)+dE(Ty,y)]

(3) dE(T x,Ty)4 θ3[dE(T x,y)+dE(x,Ty)], ∀ x ∈ P and ∀ y ∈ Q

Theorem 2.3. Let P and Q be non-empty closed subsets of a complete E−metric space (X ,dE)

and T : P∪Q→ P∪Q be a Zamfirescu contraction. Then T has a unique fixed point in P∩Q.

Proof. According to Zamfirescu contraction, we want to divide the proof into three parts

Part 1:

Fix x ∈ P and y = T x ∈ Q, we have

dE(T 2x,T x)4 θ1dE(T x,x)(2.1)

In general, dE(T n+1x,T nx)4 θ n
1 (dE(T x,x)).

Now for n > m, consider

dE(T mx,T nx)4 dE(T mx,T m+1x)+dE(T m+1x,T m+2x)+ · · ·dE(T n−1x,T nx)

4 (θ m
1 +θ

m+1
1 + · · ·+θ

n−1
1 )dE(T x,x)

4 θ
m
1 (

1−θ
n−m
1

1−θ1
)dE(T x,x).

Let e� 0E be given, choose ρ > 0 such that e−ρU+⊆E+ and there is a positive integer n0 such

that θ m
1 (

1−θ
n−m
1

1−θ1
)dE(T x,x) ∈ ρ

2U+, for every m,n ≥ n0, therefore e− θ m
1 (

1−θ
n−m
1

1−θ1
)dE(T x,x)−

ρ

2U+ ⊆ e−ρU+ ⊆ E+, hence

dE(T mx,T nx)4 θ
m
1 (

1−θ
n−m
1

1−θ1
)dE(T x,x)� e∀n,m≥ n0.
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Therefore, {T nx} is Cauchy sequence. Then, there exist z ∈ P∩Q such that T nx e−→ z. Notice

that {T 2nx} is a sequence in P and {T 2n−1x} is a sequence in Q having the same limit z. As P

and Q are closed z ∈ P∩Q. Therefore P∩Q is non empty.

Now

dE(T z,z) = lim
n→∞

(dE(T z,T 2nz))

4 θ1 lim
n→∞

dE(z,T 2n−1x)

= θ1dE(z,z)

⇒ dE(T z,z) e
= 0E .

Therefore z is a fixed point of T in P∩Q.

Uniqueness

Suppose w and z are two fixed points of T in P∩Q and T is a cyclic, we get w,z ∈ P∩Q

dE(z,w) = dE(T z,Tw)

4 θ1(dE(z,w))

⇒ dE(z,w)
e
= 0E

Hence z is an unique fixed point of T.

Part 2:

Fix x ∈ P and y = T x ∈ Q, we have

dE(T n+1x,T nx)4
θ2

1−θ2
dE(T nx,T n−1x)

= ηdE(T nx,T n−1x).

Where η = θ2
1−θ2

and clearly η ∈ (0,1) since θ2 ∈ (0,1/2), we have

dE(T n+1x,T nx)4 η
ndE(T x,x)

Now for n > m, consider

dE(T mx,T nx)4 dE(T mx,T m+1x)+dE(T m+1x,T m+2x)+ · · ·dE(T n−1x,T nx)

4 (ηm +η
m+1 + · · ·+η

n−1)dE(T x,x)

4 η
m(

1−ηn−m

1−η
)dE(T x,x).
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Let e� 0E be given, choose ρ > 0 such that e−ρU+⊆E+ and there is a positive integer n1 such

that ηm(1−ηn−m

1−η
)dE(T x,x) ∈ ρ

2U+, for every m,n ≥ n1, therefore e−ηm(1−ηn−m

1−η
)dE(T x,x)−

ρ

2U+ ⊆ e−ρU+ ⊆ E+, hence

dE(T mx,T nx)4 η
m(

1−ηn−m

1−η
)dE(T x,x)� e∀n,m≥ n1.

Therefore, {T nx} is Cauchy sequence. Then, there exist z ∈ P∩Q such that T nx e−→ z. Notice

that {T 2nx} is a sequence in P and {T 2n−1x} is a sequence in Q having the same limit z. As P

and Q are closed z ∈ P∩Q. Therefore P∩Q is non empty.

Now

dE(T z,z) = lim
n→∞

dE(T z,T 2nx)

4 θ2 lim
n→∞

[dE(T z,z)+dE(T 2nx,T 2n−1x)]

θ2[dE(T z,z)+dE(z,z)]

e
= dE(T z,z)

4 θ2dE(T z,z)

⇒ dE(T z,z)� 0E , z is a fixed point of T in P∩Q.

Uniqueness

Suppose w is an another fixed point of T in P∩Q T is a cyclic, we get w ∈ P∩Q

dE(z,w) = dE(T z,Tw)

4 θ2[dE(T z,z)+dE(Tw,w)

= θ2[dE(z,z)+dE(w,w)]

dE(z,w)4 0E

⇒ dE(z,w)
e
= 0E since θ2 ∈ (0,1/2)

⇒ z = w

Hence z is an unique fixed point of T.

Part 3:
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Fix x ∈ P and y = T x ∈ Q, we have

dE(T n+1x,T nx)4
θ3

1−θ3
dE(T nx,T n−1x)

= ηdE(T nx,T n−1x)

Where η = θ3
1−θ3

and clearly η ∈ (0,1) since θ3 ∈ (0,1/2), we have

dE(T n+1x,T nx)4 η
ndE(T x,x)

Now for n > m, consider

dE(T mx,T nx)4 dE(T mx,T m+1x)+dE(T m+1x,T m+2x)+ · · ·dE(T n−1x,T nx)

4 (ηm +η
m+1 + · · ·+η

n−1)dE(T x,x)

4 η
m(

1−ηn−m

1−η
)dE(T x,x).

Let e� 0E be given, choose ρ > 0 such that e−ρU+⊆E+ and there is a positive integer n2 such

that ηm(1−ηn−m

1−η
)dE(T x,x) ∈ ρ

2U+, for every m,n ≥ n2, therefore e−ηm(1−ηn−m

1−η
)dE(T x,x)−

ρ

2U+ ⊆ e−ρU+ ⊆ E+, hence

dE(T mx,T nx)4 η
m(

1−ηn−m

1−η
)dE(T x,x)� e∀n,m≥ n2.

Hence {T nx} is Cauchy sequence. Then, there exist z ∈ P∩Q such that T nx e−→ z. Notice that

{T 2nx} is a sequence in P and {T 2n−1x} is a sequence in Q having the same limit z. As P and

Q are closed and z ∈ P∩Q. Therefore P∩Q is non empty.

Now

dE(T z,z) = lim
n→∞

dE(T z,T 2nz)

4 θ3 lim
n→∞

[dE(T z,T 2n−1x)+dE(z,T 2nz)]

e
= θ3[dE(T z,z)+dE(z,z)]

dE(T z,z)4 θ3dE(T z,z)

z is a fixed point of T in P∩Q

Uniqueness
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Suppose w is an another fixed point of T in P∩Q and T is a cyclic, we get w ∈ P∩Q.

dE(z,w) = dE(T z,Tw)

4 θ3[dE(T z,w)+dE(z,Tw)

= θ3[dE(z,w)+dE(z,w)]

dE(z,w)4 2θ3dE(z,w)

dE(z,w)
e
= 0E

Hence z = w

�

Theorem 2.4. Let P and Q be non-empty closed subsets of e−complete E− metric space

(X ,dE). Suppose that a map T : P∪Q→ P∪Q is satisfying T (P) ⊂ Q and T (Q) ⊂ P and

there exists θ4 ∈ (0, 1
3) such that

(2.2) dE(T x,Ty)4 θ4[dE(x,y)+dE(T x,y)+dE(x,Ty)]

for all x ∈ P and y ∈ Q. Then T has an unique fixed point in P∩Q.

Proof. Let us take x ∈ P and y = T x ∈ Q. consider the above equation (2.2), we have

dE(T n+1x,T nx)4
2θ4

1−θ4
dE(T nx,T n−1x)

= ηdE(T nx,T n−1x)

where η = 2θ4
1−θ4

and clearly η ∈ (0,1) since θ4 ∈ (0,1/3), we have

dE(T n+1x,T nx)4 η
ndE(T x,x)

Now for n > m, consider

dE(T mx,T nx)4 dE(T mx,T m+1x)+dE(T m+1x,T m+2x)+ · · ·dE(T n−1x,T nx)

4 (ηm +η
m+1 + · · ·+η

n−1)dE(T x,x)

4 η
m(

1−ηn−m

1−η
)dE(T x,x).
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Let e� 0E be given, choose ρ > 0 such that e−ρU+⊆E+ and there is a positive integer n3 such

that ηm(1−ηn−m

1−η
)dE(T x,x) ∈ ρ

2U+, for every m,n ≥ n3, therefore e−ηm(1−ηn−m

1−η
)dE(T x,x)−

ρ

2U+ ⊆ e−ρU+ ⊆ E+, hence

dE(T mx,T nx)4 η
m(

1−ηn−m

1−η
)dE(T x,x)� e∀n,m≥ n3.

{T nx} is a Cauchy sequence. Then there exist z ∈ P∩Q such that T nx e−→ z. Notice that {T 2nx}

is a sequence in P and {T 2n−1x} is a sequence in Q having the same limit z. As P and Q are

closed z ∈ P∩Q. Therefore P∩Q 6= /0

Now

dE(T z,z) = lim
n→∞

dE(T z,T 2nz)

4 θ4 lim
n→∞

[dE(z,T 2n−1x)+dE(T z,T 2n−1x)+dE(z,T 2nx)]

= θ4[dE(z,z)+dE(T z,z)+dE(z,z)]

dE(T z,z)4 θ4dE(T z,z)

This is not possible, but θ4 ∈ (0,1/3)

Therefore, dE(T z,z)� 0E , Hence, z is a fixed point of T in P∩Q

Uniqueness

Suppose w is an another fixed point of T in P∩Q and T is a cyclic, we get w ∈ P∩Q.

dE(z,w) = dE(T z,Tw)

4 θ4[dE(z,w)+dE(T z,w)+dE(z,Tw)

= [dE(z,w)+dE(z,w)+dE(z,w)]

dE(z,w)4 3θ4(dE(z,w))

(1−3θ4)dE(z,w)4 0E

⇒ dE(z,w)
e
= 0E since θ4 ∈ (0,1/3)

⇒ z = w

Hence z is an unique fixed point of T . �
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Definition 2.5. Let P and Q be two non-empty subsets of E−metric space (X ,dE). A cyclic

map T : P∪Q→ P∪Q is said to be Hardy and Rogers contraction if there exists θ5 ∈ (0, 1
5)

such that

dE(T x,Ty)4 θ5[dE(x,y)+dE(T x,x)+dE(Ty,y)+dE(T x,y)+dE(x,Ty)]

for all x ∈ P and y ∈ Q

Example 2.6. Consider the E−metric space X = R.

Suppose P = Q = [0,1] defined T : P∪Q→ P∪Q by

T x =

 4/7 if x ∈ [0,1/2]

2/7 if x ∈ (1/2,1].

For x = 1/4, y = 14/15, then T is Hardy and Rogers contraction.

Theorem 2.7. Let P and Q be two non-empty closed subsets of a E-metric space (X ,dE) and

T : P∪Q→ P∪Q be the Hardy and Rogers contraction. Then T has an unique fixed point in

P∩Q.

Proof. Let us assume that x ∈ P and y = T x ∈ Q

From the above definition (2.5)

dE(T n+1x,T nx)4
3θ5

1−2θ5
dE(T nx,T n−1x)

= ηdE(T nx,T n−1x)

Where η = 3θ5
1−2θ5

and clearly η ∈ (0,1) since θ5 ∈ (0,1/5), we have

dE(T n+1x,T nx)4 η
ndE(T x,x)

Now for n > m, consider

dE(T mx,T nx)4 dE(T mx,T m+1x)+dE(T m+1x,T m+2x)+ · · ·dE(T n−1x,T nx)

4 (ηm +η
m+1 + · · ·+η

n−1)dE(T x,x)

4 η
m(

1−ηn−m

1−η
)dE(T x,x).
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Let e� 0E be given, choose ρ > 0 such that e−ρU+⊆E+ and there is a positive integer n4 such

that ηm(1−ηn−m

1−η
)dE(T x,x) ∈ ρ

2U+, for every m,n ≥ n4, therefore e−ηm(1−ηn−m

1−η
)dE(T x,x)−

ρ

2U+ ⊆ e−ρU+ ⊆ E+, hence

dE(T mx,T nx)4 η
m(

1−ηn−m

1−η
)dE(T x,x)� e∀n,m≥ n4.

Hence {T nx} is Cauchy sequence. Then there exist z ∈ P∩Q such that T nx e−→ z. Notice that

{T 2nx} is a sequence in P and {T 2n−1x} is a sequence in Q having the same limit z. As P and

Q are closed z ∈ P∩Q. Therefore, P∩Q is non-empty.

Now,

dE(T z,z) = lim
n→∞

dE(T z,T 2nz)

4 θ5 lim
n→∞

[dE(z,T 2n−1x)+dE(T z,z)+dE(T 2nx,T 2n−1x)

+dE(T z,T 2n−1x)+dE(z,T 2nx)]

e
= θ5[dE(z,z)+dE(T z,z)+dE(z,z)+dE(T z,z)+dE(z,z)]

dE(T z,z)4 2θ5dE(T z,z) This is not possible, since θ5 ∈ (0,1/5)

z is a fixed point of T in P∩Q

Uniqueness

Suppose w is an another fixed point of T in P∩Q and T is cyclic, we get w ∈ P∩Q.

dE(z,w) = dE(T z,Tw)

4 θ5[dE(z,w)+dE(T z,z)+dE(Tw,w)+dE(T z,w)+dE(z,Tw)]

= θ5[dE(z,w)+dE(z,z)+dE(w,w)+dE(z,w)+dE(z,w)]

dE(z,w)4 3θ5dE(z,w)

(1−3θ5)dE(z,w)4 0E

⇒ dE(z,w)
e
= 0E since θ5 ∈ (0,1/5)

⇒ z = w

Hence z is an unique fixed point of T. �
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Definition 2.8. Let P and Q be two non-empty subsets of E−metric space (X ,dE). A cyclic

map T : P∪Q→ P∪Q is said to be a Bianchini contraction if there exists θ6 ∈ (0,1) such that

dE(T x,Ty)4 θ6M(x,y), for all x ∈ P and y ∈ Q, where M(x,y) = max{dE(T x,x),dE(Ty,y)}.

Example 2.9. Consider the E−metric space X = R. Suppose P = Q = [0,1] and T : P∪Q→

P∪Q defined by

T x =

 1/4 if x = 1

1/2 if x ∈ [0,1).

For x = 15/16, y = 1, then T is a Bianchini contraction.

Theorem 2.10. Let P and Q be two non-empty closed subsets of a e−complete E−metric space

(X ,dE) and a cyclic map T : P∪Q→ P∪Q be a Bianchini contraction. Then T has an unique

fixed point in P∩Q.

Proof. Consider x ∈ P,y = T x ∈ Q

By definition (2.8), we have

dE(T x,Ty)4 θ6M(x,y)

Case 1: If M(x,y) = dE(T x,x),

dE(T x,Ty)4 θ6dE(T x,x)

Put y = T x

dE(T x,T 2x)4 θ6dE(x,T x)

dE(T 2x,T x)4 θ6dE(x,T x)

dE(T 3x,T 2x)4 θ6dE(T 2x,T x)

dE(T 3x,T 2x)4 θ
2
6 dE(T x,x)

...

dE(T n+1x,T nx)4 θ
n
6 dE(T x,x)
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Now for n > m, consider

dE(T mx,T nx)4 dE(T mx,T m+1x)+dE(T m+1x,T m+2x)+ · · ·dE(T n−1x,T nx)

4 (θ m
6 +θ

m+1
6 + · · ·+θ

n−1
6 )dE(T x,x)

4 θ
m
6 (

1−θ
n−m
6

1−θ6
)dE(T x,x).

Let e� 0E be given, choose ρ > 0 such that e−ρU+⊆E+ and there is a positive integer n5 such

that θ m
6 (

1−θ
n−m
6

1−θ6
)dE(T x,x) ∈ ρ

2U+, for every m,n ≥ n5, therefore e− θ m
1 (

1−θ
n−m
6

1−θ6
)dE(T x,x)−

ρ

2U+ ⊆ e−ρU+ ⊆ E+, hence

dE(T mx,T nx)4 θ
m
6 (

1−θ
n−m
6

1−θ6
)dE(T x,x)� e∀n,m≥ n5.

Hence {T nx} is Cauchy sequence. Then, there exist z ∈ P∩Q such that T nx e−→ z. Notice that

{T 2nx} is a sequence in P and {T 2n−1x} is a sequence in Q having the same limit z. As P and

Q are closed z ∈ P∩Q. Therefore P∩Q is non-empty.

Now

dE(T z,z) = lim
n→∞

dE(T z,T 2nz)

4 θ6 lim
n→∞

M(z,T 2n−1x)

= θ6dE(T z,z)

(1−θ6)dE(T z,z)4 0E

⇒ dE(T z,z) e
= 0E

⇒ T z = z

Therefore z is a fixed point of T in P∩Q.

Uniqueness

Suppose w is an another fixed point of T in P∩Q and T is cyclic, we get w ∈ P∩Q

dE(z,w) = dE(T z,Tw)

4 θ6M(z,w)

4 θ6dE(T z,w)



SOME FIXED POINT THEOREM ON E-METRIC SPACE USING CYCLIC MAPPINGS 8443

(1−θ6)dE(z,w)4 0E

⇒ dE(z,w)
e
= 0E since θ6 ∈ (0,1)

⇒ z = w

Hence z is an unique fixed point of T.

Case 2:

M(x,y) = dE(Ty,y)

dE(T x,Ty)4 θ6M(x,y)

= θ6dE(Ty,y)

Put y = T x

dE(T x,T 2x)4 θ6dE(T 2,T x)

dE(T 2x,T x)4 θ6dE(T 2x,T x)

Which is impossible, since θ6 ∈ (0,1).

This completes the proof. �

Corollary 2.11. Let P and Q be two non-empty closed subsets of an e−complete E−metric

space (X ,dE). The cyclic map T : P∪Q→ P∪Q and

dE(T x,Ty)4 θ6dE(T x,x), for some θ6 ∈ (0,1)

. Then T has an unique fixed point in P∩Q.

Proof. The proof is followed by taking M(x,y) = dE(T x,x) in the above theorem �

Theorem 2.12. Let P and Q be two non-empty closed subsets of e−complete E−metric space

(X ,dE). Suppose that T : P∪Q→ P∪Q is a map satisfying T (P)⊂Q and T (Q)⊂ P and there

exists θ7 ∈ (0,1) such that

dE(T x,Ty)4 θ7M(x,y)

where M(x,y) = max{dE(T x,y),dE(Ty,x)} for all x ∈ P and y ∈ Q. Then T has unique fixed

point in P∩Q.
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Proof. Fix x ∈ P

dE(T x,Ty)4 θ7M(x,y) where M(x,y) = max{dE(T x,y),dE(Ty,x)} for all x ∈ P and y ∈ Q

Case (1) M(x,y) = dE(T x,x)

dE(T x,Ty)4 θ7dE(T x,x)

dE(T x,T 2x)4 θ7dE(x,T x)

dE(T 2x,T x)4 θ7dE(x,T x)

dE(T 3x,T 2x)4 θ7dE(T 2x,T x)

dE(T 3x,T 2x)4 θ
2
7 dE(T x,x)

...

dE(T n+1x,T nx)4 θ
n
7 dE(T x,x)

Now for n > m, consider

dE(T mx,T nx)4 dE(T mx,T m+1x)+dE(T m+1x,T m+2x)+ · · ·dE(T n−1x,T nx)

4 (θ m
7 +θ

m+1
7 + · · ·+θ

n−1
7 )dE(T x,x)

4 θ
m
7 (

1−θ
n−m
7

1−θ7
)dE(T x,x).

Let e� 0E be given, choose ρ > 0 such that e−ρU+⊆E+ and there is a positive integer n6 such

that θ m
7 (

1−θ
n−m
7

1−θ7
)dE(T x,x) ∈ ρ

2U+, for every m,n ≥ n6, therefore e− θ m
7 (

1−θ
n−m
7

1−θ7
)dE(T x,x)−

ρ

2U+ ⊆ e−ρU+ ⊆ E+, hence

dE(T mx,T nx)4 θ
m
7 (

1−θ
n−m
7

1−θ7
)dE(T x,x)� e∀n,m≥ n6.

Hence {T nx} is Cauchy sequence. Then, there exist z ∈ P∩Q such that T nx e−→ z. Notice that

{T 2nx} is a sequence in P and {T 2n−1x} is a sequence in Q having the same limit z. As P and

Q are closed z ∈ P∩Q. Therefore P∩Q is non empty.
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Now

dE(T z,z) = lim
n→∞

dE(T z,T 2nz)

4 θ7 lim
n→∞

M(z,T 2n−1x)

e
= θ7dE(T z,z)

(1−θ7)dE(T z,z)4 0E

⇒ dE(T z,z) e
= 0E

⇒ T z = z

Therefore z is a fixed point of T in P∩Q.

Uniqueness

Suppose w is an another fixed point of T in P∩Q and T is a cyclic, we get w ∈ P∩Q

dE(z,w) = dE(T z,Tw)

4 θ7M(z,w)

4 θ7dE(T z,w)

(1−θ7)dE(z,w)4 0E

⇒ dE(z,w)
e
= 0E since θ7 ∈ (0,1)

⇒ z = w

Hence z is an unique fixed point of T.

Case (2)

M(x,y) = dE(T x,y)

dE(T x,Ty)4 θ7dE(x,y)

Put y = T x

dE(T x,T 2x)4 θ7dE(T x,T x)

dE(T x,T 2x) = 0E
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T 2x = T x

T (T x) = T x

Ty = y

Ty = T x

x = y

Since T x = x and Ty = y

T has unique fixed point. �

Corollary 2.13. Let P and Q be two non-empty closed subsets of e−complete E−metric space

(X ,dE) with closed positive cone E+ such that non-empty semi-interior points of E+. Let for

some positive integer n, the mapping T : P∪Q→ P∪Q is a map satisfying T (P) ⊂ Q and

T (Q)⊂ P and there exists θ7 ∈ (0,1) such that

dE(T nx,T ny)4 θ7 max{dE(T x,y),dE(Ty,x)}

for all x ∈ P and y ∈ Q. Then T has unique fixed point in P∩Q.

ETHICAL APPROVAL

This article does not contain any studies with human participants or animals performed by any

of the authors.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] A. Basile, M.G. Graziano, M. Papadaki, I.A. Plyrakis, Cone with semi-interior points and equilibrium, J.

Math. Econ. 71 (2017), 366-48.

[2] A. Al-Rawashdeh, W. Shatanawi, M. Khandaqji, Normed ordered and E-metric spaces, Int. J. Math. Math.

Sci. 2012 (2012), 272137.

[3] L.G. Huang, X. Zhang, Cone metric spaces and fixed point theorems of contractive mappings. J. Math. Anal.

Appl. 332 (2007), 1468-1476.



SOME FIXED POINT THEOREM ON E-METRIC SPACE USING CYCLIC MAPPINGS 8447

[4] H. Huang, Topological properties of E− metric spaces with applications to fixed point theory. Mathematics

7(12) (2019), 1222.

[5] R. Krishnakumar, D. Dhamodharan, Fixed point theorems in normal cone metric space, Int. J. Math. Sci.

Eng. Appl. 10(III) (2016), 213-224.

[6] W.A. Kirk, , P.S. Srinavasan, P. Veeramani, Fixed points for mapping satisfying cyclical contractive condi-

tions, Fixed Point Theory, 4 (2003), 79-89.

[7] W.A. Kirk, Fixed points of asymptotic contractions, J. Math. Anal. Appl. 277 (2003), 645–650.

[8] A. Mohamed Ali, G. Ranjithkanna, Intuitionistic fuzzy cone metric space and fixed point theorems. Int. J.

Math. Appl. 5(1-A) (2017), 25–36.

[9] N. Mehmood, A. Al Rawashdeh, Stojan Radenovic, New fixed point results for E-metric spaces. Positivity,

23 (2019), 1101–1111.

[10] K.P.R. Sastry, G.V.R. Babu, S. Ismail, M. Balaiah, A fixed point theorem on asymptotic contractions. Math.

Commun. 12 (2007), 191-194.


