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Abstract. In this paper, we introduce the notion of g−atomic submodule for an adjointable operator and resolution

of the identity operator on Hilbert C∗−modules, also we give some properties. Finally, we study the concept of

frame operator for a pair of g−fusion Bessel sequences.
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1. INTRODUCTION

Basis is one of the most important concepts in Vector Spaces study. However, Frames gen-

eralise orthonormal bases and were introduced by Duffin and Schaefer [6] in 1952 to analyse

some deep problems in nonharmonic Fourier series by abstracting the fundamental notion of

Gabor [9] for signal processing. In 2000, Frank-larson [8] introduced the concept of frames in

Hilbet C∗−modules as a generalization of frames in Hilbert spaces. The basic idea was to con-

sider modules over C∗−algebras of linear spaces and to allow the inner product to take values
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in the C∗−algebras [12]. Many generalizations of the concept of frame have been defined in

Hilbert C∗-modules [11, 13, 14, 15, 16, 17, 18].

The paper is organized as follows, we continue this introductory section we briefly recall

the definitions and basic properties of C∗−algebra and Hilbert C∗−modules. In section 2, we

introduce the concept of g−fusion frame and K−g−fusion frame. In section 3, we introduce the

concept of resolution of the identity operator on Hilbert C∗−modules and gives some properties.

In section 4, we introduce the concept of g−atomic submodule for an adjointable operator, also

prove some results. Finally in section 5 we study the concept of frame operator for a pair of

g−fusion bessel sequences.

Throughout this paper, H is considered to be a countably generated Hilbert A−module. Let

{Hi}i∈I are the collection of Hilbert A−module and {Wi}i∈I is a collection of closed orthogo-

nally complemented submodules of H, where I be finite or countable index set. End∗A (H,Hi)

is the set of all adjointable operator from H to Hi. In particular End∗A (H) denote the set of all

adjointable operators on H. PWi denote the orthogonal projection onto the closed submodule

orthogonally complemented Wi of H. Define the module

l2({Hi}i∈I) = {{xi}i∈I : xi ∈ Hi,‖∑
i∈I
〈xi,xi〉‖< ∞}

with A−valued inner product 〈x,y〉 = ∑i∈I〈xi,yi〉, where x = {xi}i∈I and y = {yi}i∈I , clearly

l2({Hi}i∈I) is a Hilbert A−module.

In the following we briefly recall the definitions and basic properties of C∗-algebra, Hilbert

A -modules. Our reference for C∗-algebras is [5, 4]. For a C∗-algebra A if a ∈ A is positive

we write a≥ 0 and A + denotes the set of positive elements of A .

Definition 1.1. [4]. If A is a Banach algebra, an involution is a map a→ a∗ of A into itself

such that for all a and b in A and all scalars α the following conditions hold:

(1) (a∗)∗ = a.

(2) (ab)∗ = b∗a∗.

(3) (αa+b)∗ = ᾱa∗+b∗.
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Definition 1.2. [4]. A C∗-algebra A is a Banach algebra with involution such that :

‖a∗a‖= ‖a‖2

for every a in A .

Example 1.3. B = B(H) the algebra of bounded operators on a Hilbert space, is a C∗-algebra,

where for each operator A, A∗ is the adjoint of A.

Definition 1.4. [10]. Let A be a unital C∗-algebra and H be a left A -module, such that the

linear structures of A and U are compatible. H is a pre-Hilbert A -module if H is equipped

with an A -valued inner product 〈., .〉 : H×H →A , such that is sesquilinear, positive definite

and respects the module action. In the other words,

(i) 〈x,x〉 ≥ 0 for all x ∈ H and 〈x,x〉= 0 if and only if x = 0.

(ii) 〈ax+ y,z〉= a〈x,z〉+ 〈y,z〉 for all a ∈A and x,y,z ∈ H.

(iii) 〈x,y〉= 〈y,x〉∗ for all x,y ∈ H.

For x ∈ H, we define ||x|| = ||〈x,x〉|| 12 . If H is complete with ||.||, it is called a Hilbert A -

module or a Hilbert C∗-module over A . For every a in C∗-algebra A , we have |a| = (a∗a)
1
2

and the A -valued norm on H is defined by |x|= 〈x,x〉 1
2 for x ∈ H.

Lemma 1.5. [2]. Let H and K two Hilbert A -modules and T ∈ End∗A (H,K). Then the follow-

ing statements are equivalent:

(i) T is surjective.

(ii) T ∗ is bounded below with respect to norm, i.e., there is m > 0 such that ‖T ∗x‖ ≥ m‖x‖

for all x ∈ K.

(iii) T ∗ is bounded below with respect to the inner product, i.e., there is m′ > 0 such that

〈T ∗x,T ∗x〉 ≥ m′〈x,x〉 for all x ∈ K.

Lemma 1.6. [1]. Let U and H two Hilbert A -modules and T ∈ End∗A (U,H). Then:

(i) If T is injective and T has closed range, then the adjointable map T ∗T is invertible and

‖(T ∗T )−1‖−1 ≤ T ∗T ≤ ‖T‖2.
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(ii) If T is surjective, then the adjointable map T T ∗ is invertible and

‖(T T ∗)−1‖−1 ≤ T T ∗ ≤ ‖T‖2.

Lemma 1.7. [2] Let H be a Hilbert A -module over a C∗-algebra A , and T ∈ End∗A (H) such

that T ∗ = T . The following statements are equivalent:

(i) T is surjective.

(ii) There are m,M > 0 such that m‖x‖ ≤ ‖T x‖ ≤M‖x‖, for all x ∈ H.

(iii) There are m′,M′ > 0 such that m′〈x,x〉 ≤ 〈T x,T x〉 ≤M′〈x,x〉 for all x ∈ H.

Lemma 1.8. [7] Let A be a C∗−algebra, U, H and L be Hilbert A−modules. Let T ∈

End∗A (U,L) and T
′ ∈ End∗A (H,L) be such that R(T ∗) is orthogonally complemented. Then

the following statements are equivalent:

(1) T
′
(T
′
)∗ ≤ µT T ∗ for some µ > 0;

(2) There exists µ > 0 such that ||(T ′)∗z|| ≤ µ||T ∗z||, for any z ∈ L;

(3) There exists a solution X ∈ End∗A (H,U) of the so-called Douglas equation T
′
= T X;

(3) R(T
′
)⊆R(T ).

2. K−g−FUSION FRAME IN HILBERT C∗−MODULES

Definition 2.1. Let {Wi}i∈I be a sequence of closed orthogonally complemented submodules

of H, {vi}i∈I be a familly of positive weights in A , i.e., each vi is a positive invertible element

from the center of the C∗−algebra A and Λi ∈ End∗A (H,Hi) for all i ∈ I. We say that Λ =

{Wi,Λi,vi}i∈I is a g−fusion frame for H if and only if there exists two constants 0 < A≤ B < ∞

such that

(2.1) A〈x,x〉 ≤∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉 ≤ B〈x,x〉, ∀x ∈ H.

The constants A and B are called the lower and upper bounds of g−fusion frame, respectively.

If A = B then Λ is called tight g-fusion frame and if A = B = 1 then we say Λ is a Parseval

g−fusion frame. If Λ satisfies the inequality

∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉 ≤ B〈x,x〉, ∀x ∈ H.

then it is called a g−fusion bessel sequence with bound B in H.
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Lemma 2.2. let Λ = {Wi,Λi,vi}i∈I be a g−fusion bessel sequence for H with bound B. Then

for each sequence {xi}i∈I ∈ l2({Hi}i∈I), the series ∑i∈I viPWiΛ
∗
i xi is converge unconditionally.

Proof. let J be a finite subset of I, then

||∑
i∈J

viPWiΛ
∗
i xi||= sup

||y||=1
||〈∑

i∈J
viPWiΛ

∗
i xi,y〉||

≤ ||∑
i∈J
〈xi,xi〉||

1
2 sup
||y||=1

||∑
i∈J

v2
i 〈ΛiPWiy,ΛiPWiy〉||

1
2

≤
√

B||∑
i∈J
〈xi,xi〉||

1
2 .

And it follows that ∑ j∈I v jPW jΛ
∗
j f j is unconditionally convergent in H. �

Now, we can define the synthesis operator by lemma 2.2

Definition 2.3. let Λ = {Wi,Λi,vi}i∈I be a g−fusion bessel sequence for H. Then the operator

TΛ : l2({Hi}i∈I)→ H defined by

TΛ({xi}i∈I) = ∑
i∈I

viPWiΛ
∗
i xi, ∀{xi}i∈I ∈ l2({Hi}i∈I).

Is called synthesis operator. We say the adjoint T ∗
Λ

of the synthesis operator the analysis operator

and it is defined by T ∗
Λ

: H → l2({Hi}i∈I) such that

T ∗Λ(x) = {viΛiPWi(x)}i∈I, ∀x ∈ H.

The operator SΛ : H→ H defined by

SΛx = TΛT ∗Λx = ∑
j∈I

v2
i PWiΛ

∗
i ΛiPWi(x), ∀x ∈ H.

Is called g−fusion frame operator. It can be easily verify that

(2.2) 〈SΛx,x〉= ∑
i∈I

v2
i 〈ΛiPWi(x),ΛiPWi(x)〉, ∀x ∈ H.

Furthermore, if Λ is a g−fusion frame with bounds A and B, then

A〈x,x〉 ≤ 〈SΛx,x〉 ≤ B〈x,x〉, ∀x ∈ H.
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It easy to see that the operator SΛ is bounded, self-adjoint, positive, now we proof the inversibil-

ity of SΛ. Let x ∈ H we have

||T ∗Λ(x)||= ||{viΛiPWi(x)}i∈I||= ||∑
i∈I

v2
i 〈ΛiPWi(x),ΛiPWi(x)〉||

1
2 .

Since Λ is g−fusion frame then

√
A||〈x,x〉||

1
2 ≤ ||T ∗Λx||.

Then
√

A||x|| ≤ ||T ∗Λx||.

Frome lemma 1.5, TΛ is surjective and by lemma 1.6, TΛT ∗
Λ
= SΛ is invertible. We now, AIH ≤

SΛ ≤ BIH and this gives B−1IH ≤ S−1
Λ
≤ A−1IH

Theorem 2.4. Let H be a Hilbert A−module over C∗−algebra. Then Λ = {Wi,Λi,vi}i∈I is a

g−fusion frame for H if and only if there exist two constants 0 < A ≤ B < ∞ such that for all

x ∈ H

A||〈x,x〉|| ≤ ||∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉|| ≤ B||〈x,x〉||.

Proof. Suppose Λ is g−fusion frame for H, since there is 〈x,x〉 ≥ 0 then for all x ∈ H,

A||〈x,x〉|| ≤ ||∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉|| ≤ B||〈x,x〉||

Conversely, for each x ∈ H we have

||∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉||= ||∑

i∈I
〈viΛiPWix,viΛiPWix〉||

= ||〈{viΛiPWix}i∈I,{viΛiPWix}i∈I〉||

= ||{viΛiPWix}i∈I||2.

We define the operator L : H → l2({Hi}i∈I) by L(x) = {viΛiPWix}i∈I , then

||L(x)||2 = ||(viΛiPWix)i∈I||2 ≤ B||x||2.

L is A−linear bounded operator, then there exist C > 0 sutch that

〈L(x),L(x)〉 ≤C〈x,x〉, ∀x ∈H .
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So

∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉 ≤C〈x,x〉, ∀x ∈ H.

Therefore Λ is a g−fusion bessel sequence for H . Now we cant define the g−fusion frame

operator SΛ on H . So

∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉= 〈SΛx,x〉, ∀x ∈ H.

Since SΛ is positive, self-adjoint, then

〈S
1
2
Λ

x,S
1
2
Λ

x〉= 〈SΛx,x〉, ∀x ∈ H.

That implies

A||〈x,x〉|| ≤ ||〈S
1
2
Λ

x,S
1
2
Λ

x〉|| ≤ B||〈x,x〉||, ∀x ∈ H.

Frome lemma 1.7 there exist two canstants A
′
,B
′
> 0 such that

A
′
〈x,x〉 ≤ 〈S

1
2
Λ

x,S
1
2
Λ

x〉 ≤ B
′
〈x,x〉, ∀ f ∈ H.

So

A
′
〈x,x〉 ≤∑

i∈I
v2

i 〈ΛiPWix,ΛiPWix〉 ≤ B
′
〈x,x〉, ∀x ∈ H.

Hence Λ is a g−fusion frame for H. �

Definition 2.5. Let K ∈End∗A (H), {Wi}i∈I be a sequence of closed orthogonally complemented

submodules of H, {vi}i∈I be a familly of positive weights in A , i.e., each vi is a positive

invertible element from the center of the C∗−algebra A and Λi ∈ End∗A (H,Hi) for all i ∈ I.

We say that Λ = {Wi,Λi,vi}i∈I is a K− g−fusion frame for H if and only if there exists two

constants 0 < A≤ B < ∞ such that

(2.3) A〈K∗x,K∗x〉 ≤∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉 ≤ B〈x,x〉, ∀x ∈ H.

The constants A and B are called a lower and upper bounds of K−g−fusion frame, respectively.

Proposition 2.6. Let K ∈ End∗A (H) and Λ = {Wi,Λi,vi}i∈I be a g−fusion bessel sequence for

H. Then Λ is K− g−fusion frame for H if and only if there exist a constant A > 0 such that

AKK∗ ≤ SΛ, where SΛ is the frame operator for Λ.
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Proof. We have for each x ∈ H,

∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉= 〈SΛx,x〉.

Suppose that Λ is a K−g−fusion frame for H, then there exist A > 0 such that,

A〈K∗x,K∗x〉 ≤ 〈SΛx,x〉,

so,

AKK∗ ≤ SΛ.

Assume that there exist A > 0 such that AKK∗ ≤ SΛ, then

A〈K∗x,K∗x〉 ≤ 〈SΛx,x〉= ∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉,

since, Λ is g−fusion bessel sequence for H, therefore Λ is a K−g−fusion frame for H. �

3. RESOLUTION OF THE IDENTITY OPERATOR IN g−FUSION FRAME

The resolution of the identity operator it was introduced in [3] to study frames of subspaces,

similarly we define the resolution of the identity operator for adjointable operators on Hilbert

C∗−modules.

Definition 3.1. A family of adjointable operators {Ti}i∈I on H is called a resolution of identity

operator on H if for all x ∈ H we have x = ∑i∈I Tix, provided the series converges uncondition-

ally for all x ∈ H.

Theorem 3.2. Let Λ = {Wi,Λi,vi}i∈I be a g−fusion frame for H with frame bounds C,D and

SΛ be its associated g−fusion frame operator. Then the familly {v2
i PWiΛ

∗
i Ti}i∈I is a resolution

of the identity operator on H, where Ti = ΛiPWiS
−1
Λ

, for all i ∈ I. Furthermore, for each x ∈ H,

we have
C
D2 〈x,x〉 ≤∑

i∈I
v2

i 〈Tix,Tix〉 ≤
D
C2 〈x,x〉.

Proof. Since Λ is a g−fusion frame for H, then for all x ∈ H,

x = ∑
i∈I

v2
i PWiΛ

∗
i ΛiPWiS

−1x = ∑
i∈I

v2
i PWiΛ

∗
i Tix,

so, {v2
i PWiΛ

∗
i Ti}i∈I is a resolution of the identity operator on H.
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And we have for each x ∈ H,

∑
i∈I

v2
i 〈Tix,Tix〉= ∑

i∈I
v2

i 〈ΛiPWiS
−1
Λ

x,ΛiPWiS
−1
Λ

x〉

≤ D〈S−1
Λ

x,S−1
Λ

x〉

≤ D‖S−1
Λ
‖2〈x,x〉

≤ D
C2 〈x,x〉.(3.1)

On the other hand, for each x ∈ H,

〈x,x〉= 〈SΛS−1
Λ

x,SΛS−1
Λ

x〉 ≤ ‖SΛ‖2〈S−1
Λ

x,S−1
Λ

x〉,

then,

∑
i∈I

v2
i 〈ΛiPWiS

−1
Λ

x,ΛiPWiS
−1
Λ

x〉 ≥C〈S−1
Λ

x,S−1
Λ

x〉

≥C‖SΛ‖−2〈x,x〉

≥ C
D2 〈x,x〉.(3.2)

From inequality (3.1) and (3.2), we have for each x ∈ H,

C
D2 〈x,x〉 ≤∑

i∈I
v2

i 〈ΛiPWiS
−1
Λ

x,ΛiPWiS
−1
Λ

x〉 ≤ D
C2 〈x,x〉.

�

Theorem 3.3. Let Λ = {Wi,Λi,vi}i∈I be a g−fusion frame for H with frame bounds C,D and

SΛ be its associated g−fusion frame operator and let Ti : H → Hi be a adjointable operator

such that {v2
i PWiΛ

∗
i Ti}i∈I is a resolution of the identity operator on H. Then,

1
D
‖∑

i∈I
v2

i PWiΛ
∗
i Tix‖2 ≤ ‖∑

i∈I
v2

i 〈Tix,Tix〉‖, ∀x ∈ H.
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Proof. Asume J ⊂ I with |J|< ∞, let x ∈ H and set y = ∑i∈I v2
i PWiΛ

∗
i Tix. Then,

‖y‖4 = ‖〈y,y〉‖2

= ‖〈y,∑
i∈J

v2
i PWiΛ

∗
i Tix〉‖2

= ‖∑
i∈J
〈viΛiPWiy,viTix〉‖2

≤ ‖∑
i∈J

v2
i 〈ΛiPWiy,ΛiPWiy〉‖×‖∑

i∈J
v2

i 〈Tix,Tix〉‖

≤ D‖y‖2×‖∑
i∈J

v2
i 〈Tix,Tix〉‖,

so,

1
D
‖y‖2 ≤ ‖∑

i∈J
v2

i 〈Tix,Tix〉‖,

then,

1
D
‖∑

i∈J
v2

i PWiΛ
∗
i Tix‖2 ≤ ‖∑

i∈J
v2

i 〈Tix,Tix〉‖.

Since the inequality holds for any finite subset J ⊂ I, we have

1
D
‖∑

i∈I
v2

i PWiΛ
∗
i Tix‖2 ≤ ‖∑

i∈I
v2

i 〈Tix,Tix〉‖.

�

Theorem 3.4. Let Λ = {Wi,Λi,vi}i∈I be a g−fusion frame for H with frame bounds C,D and let

Ti : H → Hi be a adjointable operator such that {v2
i PWiΛ

∗
i Ti}i∈I is a resolution of the operator

on H. If T ∗i ΛiPWi = Ti, then

1
D
‖x‖2 ≤ ‖∑

i∈I
v2

i 〈Tix,Tix〉‖ ≤ DE‖x‖2, ∀x ∈ H,

where E = supi∈I ‖Ti‖2 < ∞

Proof. We have for each x ∈ H, x = ∑i∈I v2
i PWiΛ

∗
i Tix.
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Let x ∈ H, we get by theorem 3.3

1
D
‖x‖2 ≤ ‖∑

i∈I
v2

i 〈Tix,Tix〉‖

≤ ‖∑
i∈I

v2
i ‖Ti‖2〈ΛiPWix,ΛiPWix〉‖

≤ ‖E ∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖

≤ ED‖x‖2

�

Theorem 3.5. Let {Wi}i∈I be a collection of closed orthogonally complemented submodules of

H and {vi}i∈I be a collection of bounded weights and Λi ∈ End∗A (H,Hi) for each i ∈ I. Then

Λ = {Wi,Λi,vi}i∈I is a g−fusion frame for H if the following conditions are hold:

(1) For all x ∈ H, there exists A > 0 such that

‖∑
i∈I
〈ΛiPWix,ΛiPWix〉‖ ≤

1
A
‖x‖2.

(2) {viPWiΛ
∗
i ΛiPWi}i∈I is a resolution of the identity operator on H.

Proof. We have for each x ∈ H, x = ∑i∈I viPWiΛ
∗
i ΛiPWix, then

‖x‖4 = ‖〈x,x〉‖2

= ‖〈x,∑
i∈I

viPWiΛ
∗
i ΛiPWix〉‖

2

≤ ‖∑
i∈I
〈ΛiPWix,ΛiPWix〉‖×‖∑

i∈I
v2

i 〈ΛiPWix,ΛiPWix〉‖

≤ 1
A
‖x‖2×‖∑

i∈I
v2

i 〈ΛiPWix,ΛiPWix〉‖,

so,

A‖x‖2 ≤ ‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖.

On the other hand,

‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖ ≤ B‖∑

i∈I
〈ΛiPWix,ΛiPWix〉‖

≤ B
A
‖x‖2,
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where B = supi∈I{v2
i }.

We conclude that Λ is a g−fusion frame for H. �

4. g−ATOMIC SUBMODULE

We begin this section with the following lemma

Lemma 4.1. Let {Wi}i∈I be a sequence of orthogonally complemented closed submodules of

H and T ∈ End∗A (H) invertible, if T ∗TWi ⊆Wi for each i ∈ I, then {TWi}i∈I is a sequence of

orthogonally complemented closed submodules and PWiT
∗ = PWiT

∗PTWi .

Proof. Firstly for each i ∈ I, T : Wi→ TWi is invertible, so each TWi is a closed submodule of

H. We show that H = TWi⊕T (W⊥i ). Since H = T H, then for each x ∈ H, there exists y ∈ H

sutch that x= Ty. On the other hand y= u+v, for some u∈Wi and v∈W⊥i . Hence x= Tu+T v,

where Tu ∈ TWi and T v ∈ T (W⊥i ), plainly TWi∩T (W⊥i ) = (0), therefore H = TWi⊕T (W⊥i ).

Hence for every y ∈Wi, z ∈W⊥i we have T ∗Ty ∈Wi and therefore 〈Ty,T z〉= 〈T ∗Ty,z〉= 0, so

T (W⊥i ) ⊂ (TWi)
⊥ and consequently T (W⊥i ) = (TWi)

⊥ witch implies that TWi is orthogonally

complemented.

Let x ∈ H we have x = PTWix+ y, for some y ∈ (TWi)
⊥, then T ∗x = T ∗PTWix+T ∗y. Let v ∈Wi

then 〈T ∗y,v〉 = 〈y,T v〉 = 0 then T ∗y ∈W⊥i and we have PWiT
∗x = PWiT

∗PTWix+PWiT
∗y, then

PWiT
∗x = PWiT

∗PTWix thus implies that for each i ∈ I we have PWiT
∗ = PWiT

∗PTWi . �

Definition 4.2. Let K ∈ End∗A (H) and {Wi}i∈I be a collection of closed submodules orthogo-

nally complemented of H, let {vi}i∈I be a collection of positive weights in A , i.e., each vi is

a positive invertible element from the center of the C∗−algebra A and Λi ∈ End∗A (H,Hi) for

each i ∈ I. Then the family Λ = {Wi,Λi,vi}i∈I is said to be a g−atomic submodule of H with

respect to K if the following statements hold:

(1) Λ is a g−fusion bessel sequence in H.

(2) For every x ∈ H there exists {xi}i∈I ∈ l2({Hi}i∈I) such that

K(x) = ∑
i∈I

viPWiΛ
∗
i xi and ‖{xi}i∈I‖ ≤C‖x‖

for some C > 0.
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Theorem 4.3. Let K ∈ End∗A (H) and {Wi}i∈I be a collection of closed submodules orthogo-

nally complemented of H, let {vi}i∈I be a collection of positive weights, Λi ∈ End∗A (H,Hi) for

each i ∈ I and suppose that the operator L : H → l2({Hi}i∈I) define by L(x) = {viΛiPWix}i∈I

such that R(L) is orthogonally commplemented, then the following statements are equivalent:

(1) Λ = {Wi,Λi,vi}i∈I is a g−atomic submodules of H with respect to K.

(2) Λ is a K−g−fusion frame for H.

Proof. (1)⇒ (2) We have Λ is a g−fusion bessel sequence. Now let x ∈ H,

‖〈K∗x,K∗x〉‖= ‖K∗x‖2

= sup
‖y‖=1

‖〈K∗x,y〉‖

= sup
‖y‖=1

‖〈x,K(y)〉‖.

Since y ∈ H there exits {xi}i∈I ∈ l2({Hi}i∈I) such that

K(y) = ∑
i∈I

viPWiΛ
∗
i yi and ‖{yi}i∈I‖ ≤C‖y‖

for some C > 0. So, for each x ∈ H,

‖K∗x‖2 = sup
‖y‖=1

‖〈x,∑
i∈I

viPWiΛ
∗
i yi〉‖2

= sup
‖y‖=1

‖∑
i∈I
〈viΛiPWi,yi〉‖2

≤ sup
‖y‖=1

‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖‖∑

i∈I
〈yi,yi〉‖

≤C2‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖,

hence,
1

C2‖K
∗x‖2 ≤ ‖∑

i∈I
v2

i 〈ΛiPWix,ΛiPWix〉‖,

therefore, Λ is a K−g−fusion frame for H.

(2)⇒ (1) Suppose that Λ is a K− g−fusion frame for H, then Λ is a g−fusion bessel se-

quence for H. Let x ∈ H, we have

A〈K∗x,K∗x〉 ≤ 〈Lx,Lx〉,
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so,

AKK∗ ≤ L∗L,

then by lemma 1.8 there exists G ∈ End∗A (H, l2({Hi}i∈I)) define by Gx = {xi}i∈I such that

K = L∗G, hence for each x ∈ H

K(x) = L∗Gx

= L∗({xi}i∈I)

= ∑
i∈I

viPWiΛ
∗
i xi,

and

‖{xi}i∈I‖= ‖Gx‖ ≤C‖x‖,

for some C > 0. We conclude that Λ is a g−atomic submodule of H with respect to K. �

Theorem 4.4. Let Λ = {Wi,Λi,vi}i∈I be a g−fusion frame for H. Then Λ is a g−atomic sub-

module of H with respect to its g−fusion frame operator SΛ.

Proof. We have Λ is a g−fusion bessel sequence for H, and we have for each x ∈ H,

SΛx = ∑
i∈I

v2
i PWiΛ

∗
i ΛiPWix

= ∑
i∈I

viPWiΛ
∗
i (viΛiPWix),

now we put xi = viΛiPWix, for each i ∈ I, hence,

‖{xi}i∈I‖= ‖{viΛiPWix}i∈I‖

= ‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖

1
2

≤
√

B‖x‖.

Therefore, Λ is a g−atomic submodule of H with respect to its g−fusion frame operator SΛ. �

Theorem 4.5. Let Λ = {Wi,Λi,vi}i∈I and Γ = {Wi,Λi,vi}i∈I be two g−atomic submodules of

H with respect to K ∈ End∗A (H). If U,V ∈ End∗A (H) such that U +V is invertible operator

on H with K(U +V ) = (U +V )K, suppose that the operator L : H → l2({Hi}i∈I) define by
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L(x) = {vi(Λi +Γi)PWi(U +V )∗P(U+V )Wix}i∈I such that R(L) is orthogonally complemented,

then

{(U +V )Wi,(Λi +Γi)PWi(U +V )∗,vi}i∈I

is a g−atomic submodule of H with respect to K.

Proof. By theorem 4.3, Λ and Γ are K− g−fusion frame for H, so for each x ∈ H there exist

positive constants (A1,B1) and (A2,B2) such that

A1‖K∗x‖2 ≤ ‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖ ≤ B1‖x‖2,

and

A2‖K∗x‖2 ≤ ‖∑
i∈I

v2
i 〈ΓiPWix,ΓiPWix〉‖ ≤ B2‖x‖2.

Since U +V is invertible, then

〈K∗x,K∗x〉= 〈((U +V )∗)−1(U +V )∗K∗x,((U +V )∗)−1(U +V )∗K∗x〉

≤ ‖(U +V )−1‖2〈(U +V )∗K∗x,(U +V )∗K∗x〉.

Now, for each x ∈ H we have

‖∑
i∈I

vi〈(Λi +Γi)PWi(U +V )∗P(U+V )Wix,(Λi +Γi)PWi(U +V )∗P(U+V )Wix〉‖
1
2

= ‖{vi(Λi +Γi)PWi(U +V )∗P(U+V )Wix}i∈I‖

= ‖{viΛiPWi(U +V )∗P(U+V )Wix}i∈I +{viΓiPWi(U +V )∗P(U+V )Wix}i∈I‖

≤ ‖{viΛiPWi(U +V )∗x}i∈I‖+‖{viΓiPWi(U +V )∗x}i∈I‖

≤
√

B1‖〈(U +V )∗x,(U +V )∗x〉‖
1
2 +
√

B2‖〈(U +V )∗x,(U +V )∗x〉‖
1
2

≤ (
√

B1 +
√

B2)‖〈(U +V )∗x,(U +V )∗x〉‖
1
2

≤ (
√

B1 +
√

B2)‖(U +V )‖‖〈x,x〉‖
1
2

= (
√

B1 +
√

B2)‖(U +V )‖‖x‖.(4.1)
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On the other hand

‖∑
i∈I

vi〈(Λi +Γi)PWi(U +V )∗P(U+V )Wix,(Λi +Γi)PWi(U +V )∗P(U+V )Wix〉‖
1
2

= ‖{viΛiPWi(U +V )∗P(U+V )Wix}i∈I +{viΓiPWi(U +V )∗P(U+V )Wix}i∈I‖

≥ ‖{viΛiPWi(U +V )∗x}i∈I‖

≥
√

A1‖〈((U +V )K)∗x,((U +V )K)∗x〉‖
1
2

≥ A1‖(U +V )−1‖−1‖〈K∗x,K∗x〉‖
1
2(4.2)

From (4.1) and (4.2), we conclude that {(U +V )Wi,(Λi + Γi)PWi(U +V )∗,vi}i∈I is a K −

g−fusion frame for H, therefore Λ is a g−atomic submodule of H with respect to K. �

Theorem 4.6. Let Λ = {Wi,Λi,vi}i∈I is a g−atomic submodule for K ∈ End∗A (H) and SΛ be

the frame operator of Λ. if U ∈ End∗A (H) is a positive and invertible operator on H, suppose

that the operator L : H → l2({Hi}i∈I) define by L(x) = {viΛiPWi(IH +U)∗P(IH+U)Wix}i∈I such

that R(L) is orthogonally complemented, then θ = {(IH +U)Wi,ΛiPWi(IH +U)∗,vi}i∈I is a

g−atomic submodule of H with respect to K. Moreover, for any natural number n, θ
′
= {(IH +

Un)Wi,ΛiPWi(IH +Un)∗,vi}i∈I is a g−atomic submodule of H with respect to K.

Proof. We have for each x ∈ H,

∑
i∈I

v2
i 〈ΛiPWi(IH +U)∗P(IH+U)Wi(x),ΛiPWi(IH +U)∗P(IH+U)Wi(x)〉

= ∑
i∈I

v2
i 〈ΛiPWi(IH +U)∗(x),ΛiPWi(IH +U)∗(x)〉

≤ B〈(IH +U)∗(x),(IH +U)∗(x)〉

≤ B‖(IH +U)‖2〈x,x〉,

Thus, θ is a g−bessel sequence in H, Also, for each x ∈ H we have

∑
i∈I

P(IH+U)Wi(ΛiPWi(IH +U)∗)∗ΛiPWi(IH +U)∗P(IH+U)Wi(x)

= ∑
i∈I

v2
i P(IH+U)Wi(IH +U)PWiΛ

∗
i ΛiPWi(IH +U)∗P(IH+U)Wi(x)
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= ∑
i∈I

v2
i (PWi(IH +U)∗P(IH+U)Wi)

∗
Λ
∗
i ΛiPWi(IH +U)∗P(IH+U)Wi(x)

= ∑
i∈I

v2
i (PWi(IH +U)∗)∗Λ∗i ΛiPWi(IH +U)∗(x)

= ∑
i∈I

v2
i (IH +U)PWiΛ

∗
i ΛiPWi(IH +U)∗(x)

= (IH +U)∑
i∈I

v2
i PWiΛ

∗
i ΛiPWi(IH +U)∗(x)

= (IH +U)SΛ(IH +U)∗(x).

This shows that the frame operator of θ is (IH +U)SΛ(IH +U)∗. Since U and SΛ are positive,

we have

(IH +U)SΛ(IH +U)∗ ≥ SΛ ≥ AKK∗,

Then by proposition 2.6, we can conclude that θ is a K−g−fusion frame for H, so by theorem

4.3, θ is a g−atomic submodule of H with respect to K. According to the preceding procedure,

for any natural number n, the frame operator of θ
′
is (IH +Un)SΛ(IH +Un)∗ and similary, it can

be shown that θ
′
is a g−atomic submodule of H with respect to K. �

5. FRAME OPERATOR FOR A PAIR OF g−FUSION BESSEL SEQUENCES

Definition 5.1. Let Λ = {Wi,Λi,vi}i∈I and Γ = {Vi,Γi,wi}i∈I be two g−fusion bessel sequences

in H with bounds B1 and B2. Then the operator SΓΛ : H→ H, defined by

SΓΛ(x) = ∑
i∈I

viwiPViΓ
∗
i ΛiPWi(x), ∀x ∈ H,

is called the frame operator for the pair of g−fusion bessel sequences Λ and Γ.

Theorem 5.2. The frame operator SΓΛ for the pair of g−fusion bessel sequences Λ and Γ is

bounded and S∗
ΓΛ

= SΛΓ.
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Proof. We have for each x ∈ H,

‖SΓΛx‖= sup
‖y‖=1

‖〈∑
i∈I

viwiPViΓ
∗
i ΛiPWi(x),y〉

= sup
‖y‖=1

‖∑
i∈I

viwi〈ΛiPWix,ΓiPViy〉‖

≤ sup
‖y‖=1

‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖

1
2‖∑

i∈I
w2

i 〈ΓiPViy,ΓiPViy〉‖
1
2

≤
√

B1B2‖x‖,

then SΓΛ is a bounded with ‖SΓΛ‖ ≤
√

B1B2.

Also, for each x,y ∈ H we have

〈SΓΛx,y〉= 〈∑
i∈I

viwiPViΓ
∗
i ΛiPWi(x),y〉

= ∑
i∈I

viwi〈x,PWiΛ
∗
i ΓiPVi(y)〉

= 〈x,∑
i∈I

PWiΛ
∗
i ΓiPVi(y)〉= 〈x,SΛΓy〉

�

Theorem 5.3. Let SΓΛ be the frame operator for a pair of g−fusion bessel sequences Λ and

Γ with bounds B1 and B2, respectively. And R(SΓΛ) is orthogonally complemented. Then the

following statements are equivalent:

(1) SΓΛ is bounded below.

(2) there exists K ∈ End∗A (H) such that {Ti}i∈I is a resolution of the identity operator on

H, where Ti = viwiKPViΓ
∗
i ΛiPWi , i ∈ I.

If one of the given conditions holds, then Λ is a g−fusion frame.

Proof. (1)⇒ (2) Suppose that SΓΛ is bounded below. Then for each x ∈ H there exists A > 0

such that

A‖x‖ ≤ ‖SΛx‖,

hence,

A‖〈x,x〉‖ ≤ ‖〈S∗ΓΛSΓΛx,x〉‖,
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then,

IHI∗H ≤
1
A

S∗ΓΛSΓΛ,

so, by lemma 1.8, there exists K ∈ End∗A (H) such that IH = KSΓΛ, therefore for each x ∈H we

have

x = KSΓΛx

= K ∑
i∈I

viwiPViΓ
∗
i ΛiPWix

= ∑
i∈I

viwiKPViΓ
∗
i ΛiPWix

= ∑
i∈I

Tix,

thus {Ti}i∈I is a resolution of the identity operator on H, where Ti = viwiKPViΓ
∗
i ΛiPWi .

(2)⇒ (1) we have for each x ∈ H,

‖x‖= ‖∑
i∈I

viwiKPViΓ
∗
i ΛiPWix‖

= ‖K ∑
i∈I

viwiPViΓ
∗
i ΛiPWix‖

= ‖KSΓΛx‖

≤ ‖K‖×‖SΓΛx‖,

then,

‖K‖−1‖x‖ ≤ ‖SΓΛx‖.

Hence, SΓΛ is bounded below.

Last part: Suppose that SΓΛ is bounded below. Then for all x ∈H there exists A > 0 such that

A‖x‖ ≤ ‖SΓΛx‖ and this implies that

A‖x‖ ≤ sup
‖y‖=1

‖〈SΓΛx,y〉‖

= sup
‖y‖=1

‖〈∑
i∈I

viwiPViΓ
∗
i ΛiPWix,y〉‖

= sup
‖y‖=1

‖∑
i∈I

viwi〈ΛiPWix,ΓiPVix〉‖
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≤ sup
‖y‖=1

‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖

1
2‖∑

i∈I
wi〈ΓiPVix,ΓiPVix〉‖

1
2

≤ B2‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖

1
2 ,

hence,

A2

B2
‖x‖2 ≤ ‖∑

i∈I
v2

i 〈ΛiPWix,ΛiPWix〉‖.

So, Λ is a g−fusion frame for H. �

Theorem 5.4. Let SΛΓ be the frame operator for a pair of g−fusion bessel sequences Λ and

Γ with bounds B1 and B2, respectively. Suppose λ1 < 1, λ2 > −1 such that each x ∈ H, ‖x−

SΓΛx‖ ≤ λ1‖x‖+λ2‖SΓΛx‖. Then Λ is a g−fusion frame for H.

Proof. We have for each x ∈ H,

‖x‖−‖SΓΛ‖ ≤ ‖x−SΓΛx‖ ≤ λ1‖x‖+λ2‖SΓΛx‖,

then, (
1−λ1

1+λ2

)
‖x‖ ≤ ‖SΓΛx‖

≤
√

B2‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖

1
2 ,

Hence,

(5.1)
1

B2

(
1−λ1

1+λ2

)2

‖x‖ ≤ ‖∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉‖.

Thus, Λ is a g−fusion frame for H with bounds 1
B2

(
1−λ1
1+λ2

)2

and B1. �

Theorem 5.5. Let SΓΛ be the frame operator for a pair of g−fusion bessel sequences Λ and Γ

of bounds B1 and B2, repectively. Assume λ ∈ [0,1) such that

‖x−SΓΛx‖ ≤ λ‖x‖, ∀x ∈ H.

Then Λ and Γ are g−fusion frames for H.
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Proof. We put λ1 = λ and λ2 = 0 in (5.1), then

(1−λ )2

B2
‖x‖2 ≤ ‖∑

i∈I
v2

i ΛiPWix,ΛiPWix〉‖,

therefore, Λ is a g−fusion frame for H. Now for each x ∈ H, we have

‖x−S∗ΓΛ‖= ‖(IH−SΓΛ)
∗x‖

≤ ‖IH−SΓΛ‖‖x‖

≤ λ‖x‖,

then,

‖x‖−‖S∗ΓΛx‖ ≤ λ‖x‖,

hence,

(1−λ )‖x‖ ≤ ‖S∗ΓΛx‖

= sup
‖y‖=1

‖〈S∗ΓΛx,y〉‖

= sup
‖y‖=1

‖〈viwiPWiΛ
∗
i ΓiPVix,y〉‖

= sup
‖y‖=1

‖∑
i∈I
〈wiΓiPVix,viΛiPWiy〉‖

≤ ‖∑
i∈I

w2
i 〈ΓiPVix,ΓiPVix〉‖

1
2‖∑

i∈I
v2

i 〈ΛiPWiy,ΛiPWiy〉‖
1
2

≤
√

B1‖∑
i∈I

w2
i 〈ΓiPVix,ΓiPVix〉‖

1
2‖,

so,

(1−λ )2

B1
‖x‖2 ≤ ‖∑

i∈I
w2

i 〈ΓiPVix,ΓiPVix〉‖.

We conclude that Γ is a g−fusion frame for H with bounds (1−λ )2

B1
and B2. �

Definition 5.6. Let H and X be two Hilbert C∗−modules. Define

H⊕X = {(x,y) : x ∈ H,y ∈ X}.
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Then H ⊕ X forms a Hilbert C∗−module with respect to point-wise operations and inner

A−valued defined by

〈(x,y),(x
′
,y
′
)〉= 〈x,x

′
〉H + 〈y,y

′
〉X ∀x,x

′
∈ H and ∀y,y

′
∈ X .

Now, if U ∈ End∗A (H,Z), V ∈ End∗A (X ,Y ), then for all x ∈ H, y ∈ X we define

U⊕V ∈ End∗A (H⊕X ,Z⊕Y ) by (U⊕V )(x,y) = (Ux,V y),

and (U⊕V )∗ =U∗⊕V ∗, where Z,Y are Hilbert C∗−modules and also we define PM⊕N(x,y) =

(PMx,PNy), where PM,PN and PM⊕N are orthogonal projections onto the closed orthogonally

complemented submodules M ⊂ H, N ⊂ X and M⊕N ⊂ H⊕X , respectively.

From here we assume that for each i ∈ I, Wi ⊕Vi are the closed orthogonally comple-

mented submodules of H⊕X and Γi ∈ End∗A (X ,Xi), where {Xi}i∈I is the collection of Hilbert

C∗−modules and Λi⊕Γi ∈ End∗A (H⊕X ,Hi⊕Xi).

Theorem 5.7. Let Λ = {Wi,Λi,vi}i∈I be a g−fusion frame for H with frame bounds A,B and

Γi = {Vi,Γi,vi}i∈I be a g−fusion frame for X with frame bounds C,D. Then Λ⊕Γ = {Wi⊕

Vi,Λi⊕Γi,vi}i∈I is a g−fusion frame for H⊕X. Furthermore, if SΛ, SΓ and SΛ⊕Γ are g−fusion

frame operators for Λ, Γ and Λ⊕Γ, respectively, then we have SΛ⊕Γ = SΛ⊕SΓ.

Proof. Let x ∈ H and y ∈ X , we have

∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕Vi(x,y),(Λi⊕Γi)PWi⊕Vi(x,y)〉

= ∑
i∈I

v2
i 〈(Λi⊕Γi)(PWix,PViy),(Λi⊕Γi)(PWix,PViy)〉

= ∑
i∈I

v2
i 〈(ΛiPWix,ΓiPViy),(ΛiPWix,ΓiPViy)〉

= ∑
i∈I

v2
i 〈ΛiPWix,ΛiPWix〉H +∑

i∈I
v2

i 〈ΓiPViy,ΓiPViy〉X

≤ B〈x,x〉H +D〈y,y〉X

≤max(B,D)(〈x,x〉H + 〈y,y〉X)

= max(B,D)〈(x,y),(x,y)〉(5.2)
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Simalary, it can be shown that

(5.3) min(A,C)〈(x,y),(x,y)〉 ≤∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕Vi(x,y),(Λi⊕Γi)PWi⊕Vi(x,y)〉.

From inequality (5.2) and (5.3), we conclude that Λ⊕Γ is a g−fusion frame for H⊕X .

Furthermore, for (x,y) ∈ H⊕X we have

SΛ⊕Γ(x,y) = ∑
i∈I

v2
i PWi⊕Vi(Λi⊕Γi)

∗(Λi⊕Γi)PWi⊕Vi(x,y)

= ∑
i∈I

v2
i PWi⊕Vi(Λi⊕Γi)

∗(ΛiPWix,ΓiPViy)

= ∑
i∈I

v2
i PWi⊕Vi(Λ

∗
i ⊕Γ

∗
i )(ΛiPWix,ΓiPViy)

= ∑
i∈I

v2
i (PwiΛ

∗
i ΛiPWix,PViΓ

∗
i ΓiPViy)

=

(
∑
i∈I

v2
i PwiΛ

∗
i ΛiPWix,∑

i∈I
PViΓ

∗
i ΓiPViy

)
= (SΛx,SΓy)

= (SΛ⊕SΓ)(x,y).

Therefore, SΛ⊕Γ = SΛ⊕SΓ. �

Theorem 5.8. Let Λ⊕Γ = {Wi⊕Vi,Λi⊕Γi,vi}i∈I be a g−fusion frame for H⊕X with frame

operator SΛ⊕Γ. Then

α = {S−
1
2

Λ⊕Γ
(Wi⊕Vi),(Λi⊕Γi)PWi⊕ViS

− 1
2

Λ⊕Γ
,vi}i∈I

is a Parseval g−fusion frame for H⊕X.

Proof. Since SΛ⊕Γ is a positive invertible, then S
− 1

2
Λ⊕Γ

SΛ⊕ΓS
− 1

2
Λ⊕Γ

= IH⊕X , hence

(x,y) = S
− 1

2
Λ⊕Γ

SΛ⊕ΓS
− 1

2
Λ⊕Γ

(x,y)

= ∑
i∈I

v2
i S
− 1

2
Λ⊕Γ

PWi⊕Vi(Λi⊕Γi)
∗(Λi⊕Γi)PWi⊕ViS

− 1
2

Λ⊕Γ
(x,y),
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so,

〈(x,y),(x,y)〉= 〈∑
i∈I

v2
i S−

1
2

Λ⊕Γ
PWi⊕Vi(Λi⊕Γi)

∗(Λi⊕Γi)PWi⊕ViS
− 1

2
Λ⊕Γ

(x,y),(x,y)〉

= ∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕ViS

− 1
2

Λ⊕Γ
(x,y),(Λi⊕Γi)PWi⊕ViS

− 1
2

Λ⊕Γ
(x,y)〉

= ∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕ViS

− 1
2

Λ⊕Γ
P

S
− 1

2
Λ⊕Γ

(Wi⊕Vi)
(x,y),(Λi⊕Γi)PWi⊕ViS

− 1
2

Λ⊕Γ
P

S
− 1

2
Λ⊕Γ

(Wi⊕Vi)
(x,y)〉.

This shows that α is a Parseval g−fusion frame for H⊕X . �

Theorem 5.9. Let Λ⊕Γ = {Wi⊕Vi,Λi⊕Γi,vi}i∈I be a g−fusion frame for H⊕X with frame

bounds A,B and SΛ⊕Γ be the corresponding frame operator. Then

α = {S−1
Λ⊕Γ

(Wi⊕Vi),(Λi⊕Γi)PWi⊕ViS
−1
Λ⊕Γ

,vi}i∈I

is a g−fusion frame for H⊕X with frame operator S−1
Λ⊕Γ

.

Proof. For each x ∈ H and y ∈ X we have

(x,y) = SΛ⊕ΓS−1
Λ⊕Γ

(x,y)

= ∑
i∈I

v2
i PWi⊕Vi(Λi⊕Γi)

∗(Λi⊕Γi)PWi⊕ViS
−1
Λ⊕Γ

(x,y).

We have for each (x,y) ∈ H⊕X ,

‖∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕ViS

−1
Λ⊕Γ

PS−1
Λ⊕Γ

(Wi⊕Vi)
(x,y),∑

i∈I
v2

i 〈(Λi⊕Γi)PWi⊕ViS
−1
Λ⊕Γ

PS−1
Λ⊕Γ

(Wi⊕Vi)
(x,y)〉‖

= ‖∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕ViS

−1
Λ⊕Γ

(x,y),(Λi⊕Γi)PWi⊕ViS
−1
Λ⊕Γ

(x,y)〉‖

≤ B‖S−1
Λ⊕Γ
‖2‖(x,y)‖2.
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On the other hand for each (x,y) ∈ H⊕X we have

‖(x,y)‖4 = ‖〈(x,y),(x,y)〉‖2

= ‖〈∑
i∈I

v2
i PWi⊕Vi(Λi⊕Γi)

∗(Λi⊕Γi)PWi⊕ViS
−1
Λ⊕Γ

(x,y),(x,y)〉‖2

= ‖∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕ViS

−1
Λ⊕Γ

(x,y),(Λi⊕Γi)PWi⊕Vi(x,y)〉‖
2

≤ ‖∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕ViS

−1
Λ⊕Γ

(x,y),(Λi⊕Γi)PWi⊕ViS
−1
Λ⊕Γ

(x,y)‖

×‖∑
i∈I

v2
i (Λi⊕Γi)PWi⊕Vi(x,y),(Λi⊕Γi)PWi⊕Vi(x,y)〉‖

≤ B‖(x,y)‖2‖∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕ViS

−1
Λ⊕Γ

(x,y),(Λi⊕Γi)PWi⊕ViS
−1
Λ⊕Γ

(x,y)〉‖,

then,

B−1‖(x,y)‖2 ≤ ‖∑
i∈I

v2
i 〈(Λi⊕Γi)PWi⊕ViS

−1
Λ⊕Γ

(x,y),(Λi⊕Γi)PWi⊕ViS
−1
Λ⊕Γ

(x,y)〉‖.

Therefore, α is a g−fusion frame for H ⊕X . Let Sα be the g−fusion frame for α and take

Gi = Λi⊕Γi. Now, for each (x,y) ∈ H⊕X .

Sα(x,y) = ∑
i∈I

v2
i PS−1

Λ⊕Γ
(Wi⊕Vi)

(GiPWi⊕ViS
−1
Λ⊕Γ

)∗(GiPWi⊕ViS
−1
Λ⊕Γ

)PS−1
Λ⊕Γ

(Wi⊕Vi)
(x,y)

= ∑
i∈I

v2
i (PWi⊕ViS

−1
Λ⊕Γ

PS−1
Λ⊕Γ

(Wi⊕Vi)
)∗G∗i Gi(PWi⊕ViS

−1
Λ⊕Γ

PS−1
Λ⊕Γ

(Wi⊕Vi)
)(x,y)

= ∑
i∈I

v2
i (PWi⊕ViS

−1
Λ⊕Γ

)∗G∗i Gi(PWi⊕ViS
−1
Λ⊕Γ

)(x,y)

= ∑
i∈I

v2
i S−1

Λ⊕Γ
PWi⊕Vi(Λi⊕Γi)

∗(Λi⊕Γi)(PWi⊕ViS
−1
Λ⊕Γ

)(x,y)

= S−1
Λ⊕Γ

(
∑
i∈I

v2
i PWi⊕Vi(Λi⊕Γi)

∗(Λi⊕Γi)PWi⊕ViS
−1
Λ⊕Γ

(x,y)
)

= S−1
Λ⊕Γ

SΛ⊕Γ(S−1
Λ⊕Γ

(x,y))

= S−1
Λ⊕Γ

(x,y).

Therefore, Sα = S−1
Λ⊕Γ

. �



G-ATOMIC SUBMODULES FOR OPERATORS IN HILBERT C∗−MODULES 8171

ACKNOWLEDGMENTS

It is our great pleasure to thank the referee for his careful reading of the paper and for several

helpful suggestions.

CONFLICT OF INTERESTS

The author(s) declare that there is no conflict of interests.

REFERENCES

[1] A. Alijani, M. Dehghan, ∗-frames in Hilbert C ∗modules, U. P. B. Sci. Bull. Ser. A 73 (2011), 89-106.
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