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Abstract. This paper propose new approaches to the investigation of the work studing the Quasilinear Parabolic
Equations With Nonlocal Boundary Conditions , this study is a generalization of there results, where we prove the
existence of a generalized solution for a class of quasilinear equations with nonlocal boundary conditions By using
Feado-Galerkin approximation.
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1. INTRODUCTION

Parabolic partial differential equations (PDEs) have been the focus of many scientist and
researchers attention [5], [29], [31] and became very active in recent years. The attention has
been given to prove the existence results for this type of problems. Recently, this interest is
focused on the nonlinear [14], [33], [31], [28] and quasilinear problem [12], [13], [23]. For the
nonlinear parabolic problem, there is the study of Alexander Karakov in 2021 [20], where they
studied the existence of the solutions for the nonlinear evolutionary partial equation of diffusion

wave type and proved a new existence and uniqueness theorem for this type of problem. In the
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study of the quasilinear problem, there is the work of Yongqiang Fu and Mingqi Xiang [15] in
2015, which they gave a new class of quasilinear parabolic equation involving p(x,7)— Lapla-
cian operator and nonlocal term in a bounded domain and obtained the local existence of weak
solutions by applying Galerkin’s approximation method. Furthermore, the study in 2020 by
Dolan et all [22], which proved the globel existence of weak solutions to a class of quasilinear
parabolic equations with nonlinearities depending on first order terms and integrable data in a
moving domain invertigated, this class includes the p—Laplace equation as a special case. In
the same year, Suping and Zhong [32], proved some new nonexistence theorems for a class of
quasilinear parabolic differential inequalities with a singular potential term and nonlocal source
term in the case of homogeneous and non-homogeneous by the test function method. Azroul et
all in 2020 [12] studied the existence of solution for some quasilinear parabolic systems with
weight and weak monotonicity. However, the different methods has been used for the exis-
tence for this type of problem, such as Topological degree method [2], compactness method
[23, 24, 25], Feado-Galarkin method [3, 21, 27, 29, 30, 15]. Especially, the Feado-Galarkin
method found to be a convenient tool for this sort of problems, which, in 2008, Bouziani et
all [4] showed the existence of a unique weak solutions for linear parabolic equation with non-
local boundary conditions, such as the nonlocal boundary conditions used to replace the local
conditions that gives better effect than the local because the measurement given by a nonlocal
conditions is usually more precise than the only one measurement given by local conditions.
See in instance, in 2004 [17] Hong-Ming Yin studied a class of parabolic equations subject to a
nonlocal boundary condition by using energy method, there problem is a generalized model for
a theory of reaction-diffusion in channels. Gladkov and Kavitova [18] in 2020 proved global
existence and blow-up of solutions of initial-boundary value problem for nonlinear nonlocal
parabolic equation with nonlinear nonlocal boundary condition. In 2011, Chen [9], used the
Faedo-Galerkin approximation to prove the existence of a generalized solution for quasilinear

parabolic equation with nonlocal boundary conditions, given by:

ou & 0 ou
-7 — p—2°% P2, _
) ot l,;axl.(’”‘ 8x,-)+|u| u=f(x,;t), x€Q,tel0,T]
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(3) u(x,0) = up(x).

The main difficulty of there problem is related to the presence of both quasilinear term and non-
local boundary condition, where is the extension of the problem in Lion’s book [[26], p.140]
in which the boundary conditions are homegeneous, but this kind of problem are very limited,
where we only found a study in [10], for a quasilinear parabolic equation with nonlocal bound-
ary conditions different from (2).

The aim of our study, is to give a generalization to the study of Chen in 2011 [9] in system,
where we prove the existence of a generalized solution to the proposed model by construct-
ing approximate solution using Faedo-Galerkin method and applying a weak convergence and

compactness arguments. The proposed problem is the follows:

fa n
abtt Zax ||p +|V!pV—f1(xt) x€Qxte|0,T]

= Zax ||” —|—|u|pu—f2(xt), xeQxtel0,T]

@ u(r) = [ Kny)u(ndy, xel

v(x,t) = /Qk(x,y)v(y,t)dy, xel’

\u(x,O) =up(x), v(x,0)=vp(x),
where Q is a regular and bounded domain of R” with boundary I, T is a fixed real number
(T >0) and p = p—2. Where (u,v)(x,?) are the solution of this system.
In this study, we need the following assumptions:
(Hi)n>2,p>n, r>%5+2.
11 _
(Hz); + 7= 1.
(H3) f = (f1,/») € L9(0,T,L4(Q))? and ug, vo are in L=(Q).
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(Hy) Forany x € I',K(x) < oo and Kj(x) < eo.
(Hs) Ty JrK ()P 'Ki(x)dT < 1 — .

The paper, is organized as follows:
We began with an introduction in section 1, then we state the art method for PDE's with the
definition of the generalized solution in section 2, then we demonstrate the construction of an
approximate solution and we derive a priori estimates for the approximate solution. Finally, we
show the convergence of the approximate solution.

Before stating our result, we need to introduce some notations.

Notations. We are ready to present some notations that will be used throughout this paper.
First, let

(.,.): usual inner product in L*(Q);

WkP(Q): Sobolev space on Q, H(Q): Sobolev space W"2(Q);

H~"(Q): dual space of H"(Q),

|-r(@): norm in H~"(Q);
1/q
K (x): norm of k(x,y) in LY(Q) with respect to y, i.e., K(x) = (/ |k(x7y)|‘1dy) ;
Q

Ok(x,y) 1
K;(x): norm of D;k(x,y) in L9(Q) with respect to y, i.e., K;(x) = (/ |a—’|qdy) :
Q Xi

Now, we define the space:
W =L%(Q) x L*(Q).
which is a Banach space endowed with the norm
2 2 2
|(u,v) [y = ’u‘LZ(Q) + |V’L2(Q)7

and let V = LF(Q) x LP(Q), Y = LY(Q) x LY(Q). In the sequel, | [ri(q) | |12(0)s | |22 (@)
and |- [z»(r) will denote the usual norms of L9(Q), L*(Q), LP(Q) and LP(T) , respectively.

2. MAIN RESULTS

In this section, we discuss the notation of a generalized solutions, and we present the approx-
imate solutions and a priori estimates, then we prove that the approximate solution converge to

the solution of the problem. First, let we clearly state our definition to a generalized solution of
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the problem (4), we define the following space:
U= {¥(y,9) € (H'(Q)2 W) = [ kx.y)y()dyand gx) = [, k(x.y)p(r)dy. for x T}

Definition 1. Let (u,v) the generalized solution of the problem (4) if:
(i) (u,v) € (L(0,T,L%(2)))*N(C(0, T, H"(Q)))?,

(1) (3¢, 90) € (L9(0, T, H"(Q))),

(iti) u(x,0) = uo(x), v(x,0) = vo(x),

(iv) for all (y,@) € U and a.e. t € [0,T],

Jdu v L u
-~ il i p—2
/Qc?t wdx—i—/gat(pdx /Za ul )l//dx
®) - [ XL s (|v|1’ 2g—i)(pd)hl—fg|v|1”2vl//dx

+ [, [ulP~2updx = [ fi(x,0)ydx+ [ f2(x,1)pdx,
2.1. The approximate solution and a priori estimates. It is easy to see that U is a subspace
of (H"())?, which is separable, then we can choose a countable set of distinct basis elements
(wj,wj), where j =1,2,..., which generate U and are orthonormal in W. Let U,, be the
subspace of U generated by the first m elements, we constuct the approximate solution of the

problem in the following form:

;

ig]m (X,t)GQX[O,T],

(6)

vn(x,t) = Xy A (0750, (x,1) € Q% [0.T),

where ((g m(@)7y, (Rjm (t))T,l) remains to be determined.
Let the orthogonal projection of (ug,vg) on U, given by (u),,v2) = (PU,ug,PU,vp), then
(U0 V0) — (ug, vp), as m — oo in U. Let ((g]m)j 1, (R )™ ) be the coordinate of (u,,v),)

jm/ j=1
in the basis ((Wj)Tzl ) (Wj(t));”zl) of Uy, such as

< 0
= Z gijj(t)
Jj=1

v% = T:l h(])mﬂ;](t)v
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where
4

| 7im = hjm(0),

we have to determinate ((g;m(r))7,, (hjm(t)),) to satisfy

u,, u,,
/Q 5 —widx — Z/ I (|um|P~ 2 x, ——)wjdx
+ Sy vml?” 2vmwjdx:fgfl(x,t)wjdx, 1<j<m,
(7
adv L d av
Zms dy — _ p—27"m
/Q o W jdx ;/gaXlﬂ ml ox, —)wdx

+ fQ |”m|p72’/lmwjdx: fﬂ HLxwidx, 1< j<m.

The system (7) is a system of ordinary differential equations in g, (¢) respectively /,(t), by
Caratheodory theorem [8]. there exists solution (g m(t),hjm(t))7L1, t € [0,2m).
Multiply both sides of (7) by gjm(¢) and hj,(t) respectively, then sum over j from 0 to m,

getting:
md md —_— mp 277m md
/gatu x+/gatvx/zla | 8x,~)ux
(8) f Zz laxl (|vm’[7 Zan)vmdx+f |vm|p Vmumdx

+/, |t | P2t Vndx = Jo il umdx + [ fo(x,t)vmdx, 1< j<m.

Integrating by parts (8), we have:

u 8u du
m p—2 m m
/Q 5 ——Uypdx ~|—/ Ly dx +Z/ m| ax,d

©) Z?:lfg (‘Vm| 728Vm)avmdx+f [V |P~ Vm”mdx

+ Jo ltm|P 2 tmvimdx = [ fi(x,0)umdx+ [ f2(x,1)vidx

+ Xy Sy (P25 ) wd D+ Xy [ (vl 258 )T
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Integrating with respect to ¢ from O to 7" on the both sides of (9), we have:

T rdu T roy u, .\ du
/0 /Qa—tmumdxdt-l—/o /Qa—;"vmdxdt+/ / 2 5) S

T 3 Vi \ Vi
(10) +Jo Xioa S, (vmlP~252) Gzdxdt + [y [, [vi|P v

+f0T o m|P2tvimdxdt = fOT J, A (x,t)umdxdt-i-fOT Jo fa(x, 1) vmdxdt
+Jo Xy [ (lumlP =250 upd Lt + [ X0y [ ([vm|P =252 ) vind Lt
0 i=1Jr m ox; m 0 i=1Jr m ox; m ?

then

1 n
E[|um(T)|{2(Q)+|vm(T)|,%2(Q} { / / ; |um] 1)) 2dxdt
foT Jo X (aixi("’mfzz"m))zdxdt} —i—fo /s \um|p_2umvmdxdt

Jo L VvmlP~2vmtmdxdt = [§ [ fi(x, 0 umdxde + f§ [ fo(x,1)vmdxdt
fOT fr Yiig (|”m|p72%)”md1ﬁdl + fOT fr Yiig (|Vm|”*2%—?§7)vmdfdf
4l O gy + 1O

+ o+ 4+ o+

this gives

T T
| (T), v (T) 3y + /0 / W P~ 2vittmdxdt + /O / |2ty vmdxdlt
Q Q
P2 \\2 " P2 N2
+ I%{fonQZ?l ((;%(\MM 2 li)) dde+fonQZi:1 (a%iﬂvm\ 2 V) dxdt

< Jo S £ G ) (ot vi)dxdr + [ [E ) (ltt|P 2% ) ud Tt
+ o LX) (vmlP 7252 ) vddt + | (1 (0), v (0) Ry

(1)

We derive some a priori estimates for the approximate solution as follows:

The first term in the right-hand side of (11) can be estimated as follows:
T T
[ [ hten. o) mvmdsarl < [ [ £}, e
Q Q
T
L1190 tmrmi )
0 Q Q
T
1l v el

T _p_
/ ’ Um,Vm ’ dt+—/ |f‘§p{71dt7

IN

IA

IN
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hence

-1 /T 2
(12) 1/ /flxt S06,)) (ty vt < = /\um,vm)\(’,dt+p7/o £17 .

For the second and the third terms in the right-hand side of (11), we have forx € I':

)
[t (x,2) | < K (%) |1t p,

| v (e.0)] < KGO v

and
(

d
|5 i) < Ki(x) atm] p,

Er vm(x )] < Ki(x)|vml p-

Using Holder’s inequality and the assumptlons (Hy)and (Hs), we have:

ran u 8u
p72 m m
\/O ;/F(mmy S Yund L] < / /

/O {;/FK(x)lei(x)dr] P o it

IN

hence

(13)
|/Tf/ (™ 29t gimy dth+/ / | |1’—2‘9V’") drdi| < /T|( )\
0 & Um 8X : Vm O Vm ~C 0 Um, Vm )|y al,

1

where ¢ =2 1f K(x )PlKi(x)dF<2(1—ll))

For the second and the third terms in the left-hand side of (11), we have:

T T
| / / P 2vmitmdxdt| < / / el P~ 1t dxdt
0 Jg 0

1
< / [/|v" Hedx) /\um|pdx 1’]
< [ by s
p—l T 1 rT
< T/ ‘Vm‘iﬁ(g)dt—}_; 0 |um‘£p(g)dtv
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hence

T T T
(14) \/ /\vm\p_zvmumdxdt—l—/ /\um]p_zumvmdxa’t\ §2/ | (i, vin) [t
0 Jo 0 Jo 0

From the form (12), (13) and (14), we have:

(7). Ty + {//Z

i=1

(15) + fOTf Y (ai (V]2 dxdt}
fo Iflg dt+|(um( ) vm(0))]5y

ai |um] Ea um))zdxdt
_|_

um,vm)|€,dt

where C = 2+c—|—1%.

From the above estimates (12), (13) and (14) and for any finite 7 > 0, we have the following a
priori estimates:

(i) (m, V) are bounded in (L=(0,T,L*(Q)))>.

(id) [ttm| "t and [vn| "> v are bounded in L2(0,T, H'(Q)).

(iii) (ty,v) are bounded in (LP(0,T,LP(Q)))?.

Since T is an artbitrary positive number, we have
(16) | (i, vin) |5 < o0, a.et

2.2. The existence of a generalized solution. The main focus of this section is to prove

existence of a generalized solution. First, we have to prove the following lemma.

Lemma 1. Let (up,vy) be the approximate solution of the problem (4) in the sense of the

definition(1), then (‘%’”, %’”) are bounded in (L4(0,T,H"(Q)))>.
Proof. Let U is a subset of H"(Q) and for (v, @) € U satisfy:
u,, Ay, Y
dx+ | =" @dx P2 S dx
/ * / ot Z / i Ix; 8xl

Y S, (vml? P29 )av"’dx—Ff [V |P =2V wdx

a7
+ Jo [um|P 2 umpdx = Jo filx ) wdx+ [ fo(x,1)@dx

Y S, (2% ydl + X0 [, (Jvml?2%m) @ar.
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Using Holder inequality to estimate the two terms in the left-hand side in the last of (17), this
give:
-2 -2 q q
[ ol 2t [ funl? 2t < ol g Wiy + inlfy o 9lirca)
Q Q
P
< 2{(m, vin) [ (W5 @) V-

Since H'(Q) < LP(Q), then

p
[ ol 2t [ | 2 @dx] < cal(ms v 1. @) gy 1 >0.
Q Q

Then

i)

||Vm|p_2Vm|H*’(Q) + H”m|p—2”m|H*’(Q) < c1|(um;vm)lys €1>0.

The norm of |v,,|P~2v,, and |u, [P~ u,, in L9(0,T,H"(Q)) are bounded by:

1
T q T q
a ([ el a) = ([ limnar) " <o
Therefore, |t |P~2u,, and |v,,|P~2v,, are bounded in L4(0, T, H"(Q)).

Next, we estimate the last two terms in the right-hand side of (17) by:

n n avm

(@) (:0)) = [ 3 (b 252 yar+ [ 3 (ol 252 ) gar

i=1 i=1

") ydl +/ ) (|vm|1’—2?m)<pdr|
r Xi

i=1

(et 00D = | X il

i

duy, OV

p—2 < 2
Ll 1210 |llf|u<r)+l;|(lvm|” o, 1)@l

IN

N
Il
—_

IN

~
—

K ()P 2K (x) | o) | K () | 1o () |um|€;(ig)|W|LP(Q)

_|_
M=

K ()P 2K (x) | o) | K () | 1o () |Vm|f,;(§1)|§0|m(g)

~.

n

2 Y IK)P K)oy K OO o )|ty v & (W, 9) v

i=1

2 Y K (0P 2Ky (0o K ) oy | s vin) 1§ €119, @) -

i=1

IA

IN
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Hence
n 5 1
v -2 < 2 IKGOP2Ki0) 1 | K0 |t v e < o
i=1
The norm of a(uy,, vy,) in (L4(0,T,H~"(Q)))? is bounded by

1

(19) (2/ Z K (x) ()| zo(r \K(x)pr(F)Cl)q(um,vm)\th)'f<oo,

Therefore, a((uy, vy))is bounded in (L4(0,T,H~"(Q)))>.

Next, we consider the third and the fourth terms in the left-hand side of (17) and by integrating

by parts, we obtain

o du 81// i OV 0Q
p—2 m p—2YVm
,-:ZI/Q“”’” o) +;/ vl ) e
(20) :Iﬁ( iy S | P zumawdl" o lum|P™ 2u Aydx

X VP20 92dT — [ vl v,,,Aq)dx)

Let
(b(um,vm Z/ |um|p—2uma_wd1“+2/ |vm|p—2vma‘PdF

i=1 dxi i=1/r dxi

_ - p—2 a‘l/ 72 a(p
i=17T

< 2 Y K@) K)oy | (tm, vm) e‘lw,cp)lv
i=1

< YK K ) gy s v [ 1| (0, 0) ()2
i=1

Then

n
bty vin) (- ()2 < 2) K ()P~ ’L‘I(F)’Ki<x>|LP(F)|(”mavm)|€;lcl < oo,
i=1
The norm of b(u,, vy,) in (L4(0,T,H™"(Q)))? is bounded by

1

T n q
1) (2 JA Z(\K@)P1\Lqm\Ki<x>\mr>cl)q|<um,vm>|€dr) <.
i=1
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Hence b(uy,, vy )is bounded in (L9(0,T,H~"(Q)))2.

Next, we consider

(Bam, ), (0, 0)) = [l 2nsyd+ [ nl? 2800,
Q Q

(Bl ). (v20)) = | [l 2unsyd + [ Il 2v8pdx
Q Q
< [ lunl N aidx+ [ ol A gldx
Q Q
< |”m|12;(i)) |A‘V|LP(Q) + |Vm‘z;(lg) |A(P|LP(Q)

V4
< (V) [V (AW, AQ) |v;

From the proof of [[26], Theorem 12.2 p 140] we have

~ 2
(22) ’(b(umavm)7 (l//7 (P))‘ < Cl’(umyvm)’{lll(lm @)’(H’(Q))Z < oo,
Therefore

T q g T q p g
23) < / |b<um,vm>|(H,(Q))2dr) < ( / c]\(um,vm)|vdt) <o,

So, we have b(ut, vy) is bounded in (L4(0,T,H~"(Q)))>.

Finally, we consider

| / (A1), o) (W, @)da| = / £l (v, 9)ldx
< [flyl(v,0)lv
< |flval(v, @)|ur ()

Then

(24) @y < cilfly <ee.

The norm of f in (L4(0,T,H"(Q)))? is bounded by

T 7 T i
2 ([ 151ty )" < ([ ctirtgar)” <=

Then, we have that f is bounded in (L4(0,T,H"(Q)))>.
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From the result (18), (19), (21), (23) and (25), we have (%,%) are bounded in
L4(0,T,H"(Q))? O

2.3. The convergence. From the lemmas 4.3 to lemma 4.7 of [9], we quote the following

lemmas.

Lemma 2. Let (uy,,vy,) be the approximate solution of (4), constructed as in (6), then
(thy Vi) = (u,v),

in (LP(0,T,LP(Q)))? strongly and almost everywhere.

Proof. We quote the Theorem here from the Lemma(1) and the use of [[26], Theorem 12.1] to

prove the previous Lemma.

Theorem 1. Let B, By be the Banach spaces, and S be a set, we define:
a 1
(01
M(o1, 92 (Z/Irpl”2 ) (Z/I(le’”ax )
1

(a)—SCBCBj, and M(@y) >0o0nS, M(A @) = | A|M(@r), where k =1,2.

On S with:

(b)— The set {@i|@r € S,M (@) < 1} is relatively compact in B.

Define the set F = {@ : @ are locally summable on [0,T] with value in B,
/T (M((pk(t)))podt < C,¢{ bounded in (LP'(0,T,B}))*}, where 1 < p; < oo, j = 0,1
a%d k=1,2. Then F C L”°(0,T,B) and F is relatively compact in L*°(0,T,B).

We define the set S as follows:
S={gx: |oul "7 g € (H' (@) where k=1,2).
H'(Q) is also compactly embedded in L?(), with the proof of [Proposition 12.1 p 143, [26]],
we have (b) in the Theorem(1).
From the Lemma(1l), (aaL;", aaL;") are bounded in (L4(0,T,H~"(€)))?, then we have to prove now

that

/OT (M (um(t),vm(t))dt <c, ¢>0.



14 MATALLAH HANA, MAOUNI MESSAOUD, LAKHAL HAKIM

Let B=L"(Q),B =H "(Q), po = p and p; = g then

/OT (M (um(2),vm(2))"dt = {/Tl:zn:l/ (ai yum]pzzum))zdxdt

2
-2
Y (a%(yvmypzvm)) dxdt].
Let ]um\pz;zum and |vm|pT_2vm are bounded in L*(0,T,H' (Q)), so

/0 ! (M (1t (1), v(1)) "dlt < oo.

Therefore, conclusion follows easily from application of Theorem(1), F C L”(0,7,L"()) and
F is relatively compact in LP(0,T,LP(Q)). O

Next, we prove that we can pass to the limit on (17).
Lemma 3. Let (u,,,vy,) be the approximate solution of (4), constructed as in (6), then
(P2t A+ vV, @) = (JulP2u+ VP20, 9), m— oo,

Proof. To prove this Lemma, we need to show that [u,|P~2u, — |u|P~2u and |v,,|P~2v,, —
[v|P~2v weakly in LI(Q), this is a consequence of [[26], Lemma 1.3].

First, let prove that.

1
lml?Pttm| o) < (f (Juml”~")7dx)?

Then, from the Lemma(2) we have |u,|"~2u, — |um|?>u, almost everywhere, for x € Q.

Similarly for [v,,|P~2vy.

Lemma 4. Let (uy,vy,) be the approximate solution of (4), constructed as in (6), then

du,y v, P v
/(|umv’—2% P Za ) dF—>/ (W 2 ”+| I Zax)(de 1 —s oo,
r 1
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Proof. From the result, (u,,,v,) are bounded (L?())?, for almost every where 7, then there
exists a subsequence of (i, V,,) still denote (i, v,) converge in (LP(€))2, for almost every
where 7.
From the assumptions, K (x) = ([, [k(x,?) |qa,’x)é < oo, for fixed x € I', where

/k(x,y)um(y,t)dy—>/k(x,y)u(y,t)dt, m — oo,

Q

/ak(xy
0 O

similarly for v,,(x,#) for fixedx € I'.

d d
P2 aum /|M‘p—23_u weakly in LI(T").
r Xi

Since, K (x) € LP(I"),we have [uy |1y ) < co. Similarly, we have |(‘9”’”| a(r) < o then

t)dt, m— co.

First we prove that / |t

Jdu du
il 25 ey = 252 e
du
< p=2 "
< |fum] ’Lﬁ )’ ox; \LP
u
< |m| )| mlLl’ < oo,

d d
According to the lemma 1.3 [26] /|um|1’ 298m g / ]u|p_2—u weakly in L4(I") , for
r 8xl- r ax,-

) d
a.e,t € [0,T], since |@[rpry. Similarly, we have /\vm\pZ%dF - / |v|p*28—; weakly
r 1 r 1

in L4(I") , for a.e,t € [0,T], since |Q|zr(1)

Lemma 5. Let (uy,,vy,) be the approximate solution of (4), constructed as in (6), then
du av eX0) du av\ ,do
P27 1 P22 ) (29 g / e dx oo,
/Q(|um| F™ + [V Ep )(8x, x ( ul +|| )<8x,) m—
Proof. From (20), we have to prove
(i)/ <|um|p_2um + |v,,,\1’—2vm> 9 r / (|u|p_2u+ |v|p_2v) 8—‘Pdr, m — oo,
r 8x,- r 8x,-

(ii)/ (\um|p_2um+]vm]p_zvm>A(pdx—>/ (\u\p_2u+]v|”_2v>A(pdx, m — co.
Q Q
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(i) From the proof of the lemma (2), lemma (4) and for fixed x € I,
ltty (X,2) [P 21 (3, 1) — |ue(,0)|P 20, 1),
almost everywhere, and
e ()P im0 gy < [l < .

According to the consequence of lemmal.3 [26], we have [uy(x,t)|7 2un(x,t) —
lu(x,)|P~2u(x,t), weakly in L4(I"), since % € L9(I'), and the same for |v,,,(x,1) [P =2V, (x, 1) —

v(x,)[P~2v(x,1), weakly in L9(I"), since 92 € L9(T").

(ii) From the proof of lemma (2), we have the convergence almost everywhere, for x € Q, then
_ -1
i e, 1) P2t gy < il by < o=

From the lemmal.3 [26], |u(x,0)|P " 2um(x,t) — |u(x,t)|P~2u(x,t), weakly in LI(Q), since
Ap € L1(Q).

Similarly, [vy, (x,2)[P~2v(x,1) — [v(x,1)[P~2v(x,t), weakly in LI(Q), since A € LI(Q).

Lemma 6. Let (u,,,vy,) be the approximate solution of (4), constructed as in (6), then
u,, v, Ju dv
(G50 w0) =+ (GL50 w0, moes
And (u(t),v(t)) are continuous on [0,T].

Proof. From the previous result, we have that (‘%’", ‘%”) are bounded in (L(0,T,H™"(Q)))?,

by Alaoglu’s Theorem, there exists a subsequences, still denoted by (35‘[’" , aaL;") converging to

(x,X) weak star in L9(0,T,H"). Then by modifying the proof of [[4], Theorem 1] ( with the
space L1(0,T,H "), instead of Lz(O,T,B%(O, 1))). We have (x,%) = (%, %) and (u(t),v(1))
are continuous on [0, T]. O
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