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Abstract. In this work, we introduce and investigate a new class of analytic functions in the open unit disc U
with negative coefficients. The object of the present paper is to determine coefficient estimates, neighborhoods and
partial sums for functions f belonging to this class.

Keywords: analytic; starlike; coefficient estimate; partial sums.

2010 AMS Subject Classification: 30C45.

1. INTRODUCTION

Let A denote the class of analytic functions f defined on the unit disk U = {z: |z] < 1} with
normalization f(0) =0 and f/(0) = 1. Such a function has the Taylor series expansion about

the origin in the form

(1) f@) =2+ Y and,
n=2

denoted by S, the subclass of A consisting of functions that are univalent in U.

For f € A given by (1) and g(z) given by

() g(z)=z+ Z b,7"
n=2
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their convolution (or Hadamard product), denoted by (f * g), is defined as
3) (f*8)(2) =2+ Y, anbu?" = (g% f)(2), (z € V).
n=2
Note that fxg € A.
A function f € A is said to be in k — US(y), the class of k—uniformly starlike functions of

order 7,0 < v < 1, if satisfies the condition
/
919—4+vmkzm

zf'(z)
@ m{7ﬂf}>k Q)

and a function f € A is said to be in k — UC(y), the class of k—uniformly convex functions of

order 7,0 < y < 1, if satisfies the condition

S |
©) m{L%ﬂ@>}>k )

Uniformly starlike and uniformly convex functions were first introduced by Goodman [5] and

+7, (k=0).

then studied by various authors. In [12], Sakaguchi defined the class S of starlike functions with
respect to symmetric points as follows: Let f € A. Then f is said to be starlike with respect to
symmetric points in U if and only if
2, f!

i eer= RO
Recently, Owa et al. [10] defined the class Ss(a,t) as follows:

SR{(l —1)z2f'(z)

f(2) = f(2)

where 0 < a < 1,[t| < 1, # 1. Note that S;(0,—1) = S5 and Ss(a,—1) = Sy(a) is called

}>oc, (zeU),

Sakaguchi function of order .

In [8] Mustafa and Darus hzve recently introduced a new generalized integral operator

3yt »f (2) as we show in the following:

Definition 1.1. A general Hurwitz- Lerch Zeta function ®(z, i, b) defined by

(o)

ZI’Z
¢ ) 7b = )
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where (1 € C,b € C—Z,) when |z| < 1, and R(b) > 1 when (|z| = 1).

We define the function

D*(z,1,b) = (b2 ®(z,1,b)) * f(2),
then

®*(z,1,b) z+z +b—1

Definition 1.2. Let the function f be analytic in a simply connected domain of the z-plane

containg the orgin. The fractional derivative of f of order o is defined by

D?f(Z)Zﬁd%/oz(f_(t)) dt, 0<a<l),

where the multiplycity of (z—1)~% is removed by requiring log(z —1) to be real when (z—1) > 0.

Using Definition 1.2 and and its known extensions involving fractional derivatives and frac-
tional integrals, Owa and Srivastava [9] introduced the operator Q% : A — A which is known as

an extension of fractional derivative and fractional integral, as follows:

Qf(z) =T(2— @) DEf(2), (0 £2,3,4,...

— Z+n§’2r<¥‘(tli)rl‘<—2 ;)a)anzn, (zeU)

Fora € C,b € C—~Z,, and 0 < a < 1, the generalized integral operator 3,‘1"[]]” A — A, s
defined by

Jief(2) =T(2— a)*DId*(z,a,b), (¢ #2,3,4,...)

=Z+ Z q’n(ﬂabﬂ) anzna (Z € U)
n=2

_ T(n+1)z*D%®* (z,a,b) b \M
where q)n(,u,b, a) - T(nt+1—a) (n71+b)

Note that : 33  f(z) = f(2).
Special cases of this operator include :
(i). J5pf(z) = Q%f(z) is Owa and Srivastava operator [9].

(D). Iy praf (z) = Jupf(2) is the Srivastava and Attiya integral operator[19].
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(iii). J7.f(z) =A(f)(z) is the Alexander integral operator [1].
(iv). Jp+1.f(2) = L(f)(2) is the Libera integral operator [7].
(v). 37 5/ (2) = Ls(f)(z) is the Bernardi integral operator [3].
(vi). 35 .f(z) =1° f(z) is the Jung-Kim-Kim-Srivastava integral operator [6].
Now, by making use of the Hurwitz - Lerch zeta operator inb f, we define a new subclass of

functions belonging to the class A.

Definition 1.3. A function f € A is said to be in the class k — US;(@,b, i, v,t) if for all z € U

(02 (3gr@) | | | 0-0(3507@)

R
Jupf (@) =3 f(t2) | |35 S (1) =35 S (12)

—1 +}/7

fork>0,lt| <1, #1,0<y< 1.

Furthermore, we say that a function f € k — USs(ot,b,1,7,t) is in the subclass k —
US(at,b, 11, 7,1) if f(z) is of the following form
©) f@)=z2—Y ad",a, >0, (neN, z€U).
n=2
The aim of the present paper is to study the coefficient bounds, partial sums and certain
neighborhood results of the class k — ITS'S(OC, b,u,v,t).

Firstly, we shall need the following lemmas [2].
Lemma 1.4. Let w be a complex number. Then
R(w) > vifand only if w— (1+ V)| < [w+ (1 —V)].
Lemma 1.5. Let w be a complex number and v, ¢ be real numbers. Then
R (w) > v|lw—1]|+¢ ifand only if R{w(1 + ve'®) —vel®} > ¢, —n <0 <.

2. COEFFICIENT BOUNDS OF THE FUNCTION CLASS k — US,(,b, 1,7, 1)

Theorem 2.1. The function f defined by (6) is in the class k — ljgs((x,b, W, v,t) if and only if

7 Y (e, b,w)n(k+1) —uy(k+7)|an < 1—7,
n=2
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where k> 0,|t| < 1,t Z1,0<y<landu, =1+t+---+1""1.

The result is sharp for the function f(z) given by

1_Y n
0n(0t, b, ) n(k+ 1) —un(k+7)]

fle)=z—

Proof. By Definition 1.3, we get

(-0 (3,0@) | [0-0(35,50)

R
Jipf (@) =350, f(2) |~ |30, f () =35, f(12)

Then by Lemma 1.5, we have

(1-0:(3%,16))
3g7bf(z) _3”71,]6(&)

R (1+ke®)—ke®® 3 >y, —m<O<m

or equivalently

" NS <3ﬁ7bf(z)>/(1+ke"9)_keie 38, /() = 3%, (12)| .,
It o (2) =35, f(22) 3% I (2) =35 ,f(12) -

Let F(o) = (1-1)z (3%,/(2)) (1+ke®) —kel® [38 , 7(2) 38, £(12)
and E(z) = 3u7bf(z) —3u7bf(l2)-

By Lemma 1.4, (8) is equivalent to
[F(2)+(1=7)E()| = |F(z) = (14+7)E(z)], for 0<y < 1.
But

F@+ - 7EQ = [(1-0{~ e X drlabw) o+~ e’
— ke i (bn(oc,b,u)(n—un)anz”}’
n=2
S ICE RS WCANIERAIEE

—k Y. 0ula.b,w)ln— ]l .
n=2
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Also
FE@) - (1+7E@| = [(1-0{ -7~ 22 On(0,, 1) (1= 0y (14 7)) "
—ke‘Oqunabu anz}}
su—t|{y|z|+n;2¢n<a,b,u>|n—un<1+y>|an|z"|
FEL gl 0l — a1}
So
F(@)+(1=DEQ)|~FE) ~ (1 +DEG)|
> 1= 1{20 -9kl Ll ban) [ (=14 (1+7)
+ 2| ] J |}
>2(1—7)|7] - 22¢nabu}nk+l — tn(k+7)|an|"| >0
) =

Y Ot b. )kt 1) — g (k4 7)]an < 1.
n=2

Conversely, suppose that (7) holds. Then we must show

(1-02(38,7(Q)) (1 +ke®) ke [32 () — 3%, £(02)]

R
Euﬁbf(z) _3&1,]((”)

> 7.

Upon choosing the values of z on the positive real axis where 0 < |z| = r < 1, the above inequal-

ity reduces to

(1—7) - i On(,b, 1) [n(1 +keie) —up(Y+ keie)]anZn_l
9'{ n:2 > 0
1— Z On (0, b, L) ttya, 7!

n=2

Since R(—e'?) > —|e®| = —1, the above inequality reduces to

(1-7)— E 0 (00, b, 1) (14 &) — 10, (Y + Klaur!
R n= > 0.
1-— Z On(a,b, ) upa,r"= 1

n=2
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Letting r — 17, we have desired conclusion. U

Corollary 2.2. If f(z) € k—USy(a,b, 1, 7,1t) then

-y
N (o b )k 1) —un (k1 7))

where k> 0,|t| < 1,t A1,0<y<landu, =1+t+4---+1""1.

3. NEIGHBORHOOD OF THE FUNCTION CLASS k — lﬁs(a,b,u, Y,t)

Following the earlier investigations (based upon the familiar concept of neighborhoods of
analytic functions) by Goodman [4], Ruscheweyh [11] and Santosh et al. [13], we define the

neighborhood of a function f € T.

Definition 3.1. Let k >0, |t| < 1,r #1,0<y< 1, >0and u, = 1 +1+---+1"~1. We define
the c—neighborhood of a function f € T and denote by Ny (f) consisting of all functions g(z) =
z— Y byZ" € S(b, > 0,n € N) satisfying

n=2

= O, (a,b,w)|n(k+1) —u,(k+
Z¢>(0C )| (l—y) (k+7)
n=2

Theorem 3.2. Let f(z) € k— l}TSS(a,b, W,v,t) and R(y) # 1. For any complex number € with
le| < a(a > 0), if f satisfies the following condition:

fz)+ez

k—US(o.b t
T © s(ot,b, 1, 7,1)

then No(f) C k—USg(at,b, L, 7,1).

Proof. It is obvious that f € k— US,(ot,b, it,7,1) if and only if

(1-02(38,1() (14+ke®) — (ke® +1+7) (38, £ () ~ 3%, £(2))

; . . <1,
(=02 (3, () (1+ke®) + (1= ke® — ) (3%, £(2) — 3%, £(12))
—-T<6<m.
For any complex number s with |s| = 1, we have
! . .
(1-02 (32 ,1(2)) (1+ke®) = (ke +1+7) (32 ,£() = 3%,/ (12)) .

(1-02 (38 @) (14 ki) (1~ kei® —7) (3%, £(2) ~ 3¢, £ (1))
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In other words, we must have
/ . . .
(1—s)(1—1)z <3”7bf(z)> (1+ke'®) — (ke + 14+ y+s(—1+ke® +7))

% (35 (2) =35 (12)) #0
which is equivalent to

> Q0 b, 1) ((n—up)(1+ ke'® — ske'®) —s(n+uy) — upy(1—35))

)

7" #0.

- Y(s—1)—2s
However, f € k— l?:?s(a,b,u,y,t) if and only @ #0, ze U—{0}, where h(z) =z— y cn?"
' n=2
and
o Pn(0t, b, 1) ((n—up)(1 +ke'® — ske'®) — s(n+up) — upy(1—5))
" Y(s—1)—2s '
We note that
$n(t, b, ) [n(1+ k) — un(k+7)]
|Cn| < 1
-7
since % €ek— ﬁs(a,b,u, v,t), therefore 7! (% * h(z)) # 0, which is equivalent to
(f*h)(z) &

€)) #0.

+
(I+e)z 1+e¢

(f*h)(2)
Now suppose that ’T

‘(f*h)(Z) €
(1+€)z 1+e¢

< a. Then by (9), we must have

€| 1
“14el [1+¢
el —o

[1+¢€| —

(f *h)(2)

<

Y

this is a contradiction by |€| < o and however, we have ‘M

Z
If g(z) =z2— ¥ bpz" € Ny (f) then
n=2

> .

a_’w S ‘((f_gz*h)(z) S i |an—ananZn|
n=2
B G ILUEE) R T
n=2 v

<a.
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4. PARTIAL SUMS OF THE FUNCTION CLASS k — lsz(a,b,u, 7,1)

In this section, applying methods used by Silverman [15] and Silvia [16], we investigate the
ratio of a function of the form (6) to its sequence of partial sums f,,(z) =z+ Y, a,z".

n=2
Theorem 4.1. If f € k— lf?s(a,b,,u,}/,t) then
f(Z) } (5m+1¢m+l(a7bau)_1+}/)
(10) 9?{— >
f (Z) 5m+1¢m+1(auba.u)
where
1_’}/7 ifn:2,3,---,m;

6m+1¢m+1(a7bnu)7 fn=m+1m+2,---

and

On = On(k, v un) =n(l14+k)—uy(k+7).

The result in (10) is sharp with the following given by

1—Y Zm+1.

12 -
( ) f(Z) et 5m+1¢m+1 (a,bau)

Proof. Define the function w, we may write

1 +W(Z) :5m+l¢m+1(a7b7.u) { f(Z) 5m+1¢M+1(a7bhu) —1 +Y}

1 _W(Z) I Y fm(Z) 5m+1¢m+1(a,b,u)
1+ g anznfl_i_ <6m+1¢ﬂi+l(a>b7u’)> § anzl’lfl
— -Y _
(13) _ n=2 - n=m+1
1+ Y a1
n=2

It suffices to show that |w(z)| < 1. Now, from (13), we can obtain

6m m a7b7 - —_
( +1¢l+—lq(/ #)) y a2

n=m-+1
W)= St Omir (b)) o '
2_|_2 Z anznfl_i_( m—+1 ni+_1y 0,10 ) Z anznil
n=2 n=m+1
Hence we obtain
St 19mi1(0tb, v
(+1‘P+7(/“)) 72 1|an|
w(z)| < s

B & 5}?’[ m 7b7 - .
222 % fau| - (B2 % ay
n—= =
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Now |w(z)| < 1if

Omt10mr1(0t,b, 1)
2( - Z |an| <2— 2Zyan\

Y n=m+1 n=2

or, equivalently

Z |an’+( m+1¢n;+l(a b u)) i ’an| < 1.

14 n=m-+1

From the condition (7), it is sufficient to show that

Do e g ID MRS o

-7 n=m-+1

which is equivalent to

(14)
- 67! n 7b7 —1 - 511 n ab7 _511 n 7b7
Z < ¢ (OC _IJ) +Y> |an| + Z < ¢ (OC H) _+1¢ +1(OC au)) |an’ > 0.
n=2 1 Y n=m+1 1 Y

To see that the function gives by (12) given the sharp result, we observe that for z = re'n

=1+ 7= 1-
fm(z) 6m+1¢m+l(a,b7“) 5m+1¢m+1(a7b7.u)
Omt1Omr1(0, b, ) =1+ —
= , whenr — 1.
6m+1¢m+l(a7bnu)
Theorem 4.2. If f € k—US,(at,b, L, Y,t) then
fm(z>} 5m+1¢m+1(aub>u)
(15) 9?{ > , (zeU
f(Z) m+1¢m+1(067b,1~l)+1—7’ ( )
where 841 Qm+1(,b,it) > 1—vand
11—, ifn=23,---.m

(16) OnPn (0, b, 1) >
6m+l¢m+l(aab7.u)a lfn:m—l—l,m%—Z,

The result (15) is sharp with the function given by (12).
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Proof. We write

1+w(z) _6m+1¢m+1(a7b7.u)+1 _Y{fm(z) Omt-19m41(0, b, 1) }

1—w(z) -y f@) Sur1Omer(,bp)+1—7y
m [
1+ Z anzn72_ <6m+l¢ﬂiﬁ;1’)(/a7b7u)) Z anznil
_ n=2 n=m-+1
1+ Z a Zn 1
)
<5m+1¢m+11(g;7#)+1*7’) y 1|an|
W] € g
2-2Y |ay| —< m+1¢m+1l(g,y,u)+ _7> Y a
n=2 n=m+1

This last inequality is equivalent to

Z lan| + Z ( m+1¢m+1(a b, IJ)) lan| < 1.

n=m+1 -7

Making use of (7) to get (14). Finally, equality holds in (15) for the extremal furcation f(z)
given by (12). O

Theorem 4.3. If f € k— US,(at,b, 11, 7,t) then

P ( Bus1mir(0,b,p1) — (1—p)(m+1)
{17 9‘{ ’(z)} = ( Gt Ot (0,1 11) ) z€U)
£

Z) 5m+1¢m+1<a7b7.u) )
18 dR , (zeU
1w aam{BE) (5 ) e0)
where 811 0mi1(0,b, ) > (m+1)(1—7) and
I’l(l—'}’), ifn:172737"'7m;
>
6n¢n(a,b7u) — { n(6m+l¢m+](a’b’”)) l‘fn:m‘i_l m+2 .
m+1 ’ ) )

The results are sharp with the function given by (12).

Proof. We write

4w <6m+1¢m+1<a,b,u>) {f’(Z) ) (6m+1¢m+1<a7b,u>—<1—y><m+1>>}

1—w(z) \ (m+1)(1-7) fin(2) St 10ms1(0t, b, 1)
where
5m 1¢m 1(a7b7“) - n—1
o () e
w(Z) = .
S gl (Seifmii(abn)) g 1
2+ 2n§2nanz + ( (+m+1+)(17},) ) n:§+] naz
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Now |w(z)| < 1if and only if

(o]

L 6m+1¢m+l(aab7“))
nla,|+ nla,| <1.
P i L rlail

From the condition (7), it is sufficient to show that

L 6m+l¢m+l(a7b7.u)) - — n‘pf’l(a?bnu)
n\a,| + nang ————— |4y
P ( =y ), & el s L=

which is equivalent to

Z 5n¢n(aaba.u> — (1 — Y)n |an| + Z (m+ 1)5,1(])"(06,[7,#) _n5m+1¢m+l(aabuu) |an| > 0.
n=2 1—’}/ n=m+1 (m+1)(1_Y)
To prove the result (18), define the function w(z)
+w() _ (<m+1><1—y>+6m+1¢m+1<a,b,u>>
1=w(z) (m+1)(1-7)
« {fr/n(z) . ( 6m+1¢m+l(avb;.u) )}
f/(Z) 6M+l¢m+l(a7bnu)+(m+1)(l_’}/)
where
o 5m 1¢m l(avbvﬂ) - n—1
(1+ a2 L nan
e =T bucitua (@b ))& '
242 nanZn—l +(1- m+19Pm4-1(X,0,U nanzn—l
n§2 ( (mF1){1=) >n=rzn:+l
Now |w(z)| < 1if and only if
& 5m+1¢m+l(aab7“)> -
(19) nan+( nja,| < 1.
Ll Cani—y ), 2"
It suffices to show that the left hand side of (19) is bounded above by the condition
- Onfn(, b,
y, b,
n=2 14
which is equivalent to
Z <6n¢l’l<a7bnu) —I’l) |an| + Z (an)n(a?bnu) _ 6m+1¢m+1(a7b7;u')) n|an| Z 0
n=2 1_’}/ n=m+1 1—’}/ (m+1)(1_}/)
O
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