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Abstract: This research is based on a mathematical model involving farming awareness with optimal control and 

cost-effectiveness analysis of Fusarium wilt on cashew plants. The optimal strategy for lowering spread and the cost 

of applying control measures was determined by introducing time-dependent control. In addition, the forward-

backwards sweep method of the fourth-order Runge-Kutta scheme, which is based on the forward solution of the state 

equation, was used. According to the findings of the cost-effectiveness analysis, fungicides, cutting and burning 

severely infected plants, and public advertising are the most cost-effective strategies for managing Fusarium wilt 

disease with limited resources. As a result, the Fusarium wilt disease can be managed if farmers use fungicides 

correctly and raise farming awareness through advertisements that help identify the severely infected plant for cutting 

and burning. 
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1. INTRODUCTION 

Cashew plants are grown in more than 32 countries in Asia, Africa, South America, and Australia. 

Africa accounts for over 40% of global cashew nut production, whereas Tanzania is the continent's 

third-largest producer, accounting for roughly 20% of total African output [1]. Cashew nuts are a 

source of vital nutrients that reduce human disease risk when regularly consumed. It includes crude 

fat (47.8g), carbohydrate (29.9g), protein (16.8g), and Kcal (574g) per 100g of the consumption 

intake [2]–[4]. Regular cashew nut consumption lowers blood pressure, diabetes, coronary heart 

disease, and cholesterol levels [3], [4].  

Also, the cashew nut is the main cash crop grown in the south-eastern regions of Tanzania and is 

the major source of income for most families[5]–[7]. Regardless of its contribution to income 

generation at an individual, family, and national level for around 10% of the overall export value, 

its production is affected by several factors such as decreasing soil fertility, drought, insect pests 

and diseases [5], [8]. Diseases, among other factors, are the main factor affecting cashew nut 

productivity. The Fusarium wilt disease seems to play a considerable role in frustrating the 

production of cashew nuts [9]. The Fusarium wilt disease is a significant, deadly disease in cashew 

plants. It has been fast spreading in the south-eastern region of Tanzania and causing severe loss 

of production [7], [9], [10].  

The farmers where farms are affected by Fusarium wilt have been struggling with how to overcome 

the challenge. Based on the experience of the farmers and works of literature, the proposed and 

practised control strategies are intercropping cashew plants with leguminous crops, chemical 

control, and cutting and burning infected plants [7], [11]–[18]. In addition, farmers need to be 

aware of disease and control strategies for proper selection and application of control during a 

disease outbreak. 

Farming-related awareness campaigns through mobile telephone, television, radio, magazines, etc., 

can aid in spreading correct and relevant farming information to producers about Fusarium wilt 

disease and how to handle the control approach [19]–[21]. Thus, yield increases as the farming 

awareness campaign increases and disease prevalence decrease [22]. Early-stage plant disease 
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identification helps the recovery of the disease when control is applied than when the treatment is 

delayed. The farming awareness helped to communicate to the farmers about the symptoms and 

transmission of fusarium wilt disease, appropriate control strategies, and how to apply it to 

minimize the disease. 

Numerous studies have shown that farming awareness significantly impacts the transmission and 

management of infectious diseases [23]–[25]. Mbasa and others [17] show that farming awareness 

help to control Fusarium wilt disease through early disease detection and proper choice of control 

methods. Mosaic disease transmission can be minimized or eliminated by raising farming 

awareness [26]. Abraha, Al Basir, et al. [22] observed that self-aware individuals would 

successfully implement the available control strategies. Also, raising knowledge among 

individuals about acceptable time delays may be essential in achieving optimal pest control within 

crop fields and reducing pesticide adverse effects on the environment and human health. 

Anggriani [27] presents a mathematical model of plant-fungal disease transmission dynamics by 

describing the interaction between susceptible plants and the fungal. The result indicates the right 

proportion of fungicides for plant protection and fungi treatment. The fungicides increase plant 

protection, but self-awareness is crucial for health protection and reducing environmental hazards 

[28]. 

They use optimal control theory to minimize pest management costs due to bio-pesticide. 

Furthermore, several researchers use the optimal control theory to reduce the cost of implementing 

control strategies and infection [29]–[31]. A mathematical model of farming awareness based on 

optimal interventions for crop pest control was presented by [32]. The findings show that pesticides 

and advertisements are the best options. Also, a model for using biological insecticides in pest 

management has been developed [33]. The optimal control theory was proposed to eradicate the 

parasites in agroecosystems [34]. However, as far as we know, the Fusarium wilt disease model 

gained little attention on optimal control. 

In this study, we apply the theory of optimal control to the actions involved in preventing Fusarium 

wilt disease. The control measures implemented aimed to decrease the transmission of Fusarium 
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wilt infection while minimizing the cost of adopting control strategies and boosting the economy 

on an individual, family, and national level. Specifically, the control strategies investigated are 

public awareness through advertisement, cutting and burning of severely infected cashew plants 

due to the low chance of recovery and proper use of fungicide for treatment of infected cashew 

plants. 

 

2. MODEL FORMULATION 

Following the farming awareness on disease control, the mathematical model is formulated to 

evaluate its impact on controlling Fusarium wilt in cashew plants based on the basic fusarium wilt 

mathematical model by Chilinga et al. [35]. The model includes two populations: cashew plants 

and Fusarium Oxysporum fungus. The cashew plant population consists of the susceptible cashew 

plants S , the exposed plants E , infected plants I  and recovered plants R . The cashew plant's total 

population is represented by N S E I R= + + + . The Fusarium Oxysporum population is divided 

into two compartments: Chlamydospores C and Macroconidia spores M .  

Cashew plant population expansion is governed by a logistic function based on cashew plants' 

growth rate r  and carrying capacity 1k . The interactions between the plants and the fungus are 

claimed to follow the standard mass action principle with h  the force of infection. The effective 

contact rates among susceptible cashew plants to Chlamydospores fungus from the land and 

susceptible Cashew plant to infected Cashew plant were 1  and 2   respectively [11]. The 

parameter d  represents the saturation rate of Chlamydospores in the soil, resulting in disease 

risk. The term C

d C+
 refers to the probability of a susceptible individual contracting fusarium wilt 

disease from a single interaction, and the force of infection will be expressed as 1
2

C
I

d C


 

 
= + 

+ 
. 

The exposed cashew plants join the infected cashew plants after a progression rate . The infected 

cashew plant has a chance of dying naturally at a rate of . After 120 days, the treated infected 

cashew plants may recover at a rate  and return to the susceptible compartment at a rate of   

[17]. The most severely affected cashew plants reduce the survival rate [17]. Farmer's awareness 
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plays a significant role in mitigating. In modelling, the aspect   is defined as the additional 

mortality rate of the infected plant due to farming awareness modelled through a logistic function 

1

QI

Q



+
.  

The growth rate a  and carrying capacity 2k of macroconidia spores follow a logistic function. 

The macroconidia spores then changed into Chlamydospores at a rate of    [36]. Finally, 

Chlamydospores decay at a rate of   [37]. The farming awareness on fungicides added 

chlamydospores mortality rate b  and modelled through logistic function represented by 
1

bQI

Q+
. 

The disease's farming awareness Q is growing at a rate g  via global sources (mobile telephone, 

radio, television, magazine and social media) campaigns. The number of infected plants seen in 

the field will increase the farmer's local awareness at a rate h  . As a result of the decline in 

importance, farming awareness levels may drop at a rate of z . 

The following model equations are derived from the assumptions made: 

1
2

1

1
CdS S

rS R I S
dt k d C


 

   
= − + − +   

+  
 

( )1
2

CdE
I S E

dt d C


  

 
= + − + 

+ 
 

( )
1

dI QI
E I

dt Q


   = − + + −

+
 

( )
dR

I R
dt

  = − +                     (1) 

2

1
dM M

E I aM M
dt k

  
 

= + + − − 
 

 

1

dC bQC
M C

dt Q
 = − −

+
  

dQ
g hI zQ

dt
= + −    

Initial biological conditions: 0, 0, 0, 0, 0, 0, 0S E I R M C Q        
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3. MODEL ANALYSIS 

3.1.Positivity of the Solution 

Assume the initial value of the model variable in the equation is

( ) 0, ( ) 0, ( ) 0, ( ) 0, ( ) 0, ( ) 0, ( ) 0S t E t I t R t M t C t Q t       . The solution set is then created as 

7{ ( ) 0, ( ) 0, ( ) 0, ( ) 0, ( ) 0, ( ) 0, ( ) 0}S t E t I t R t M t C t Q t +         is positive for all time t . 

Proof: Let us consider equation (1a) in the model 

2
1

1

( )
1

CdS t S
rS R I S

dt k d C


 

   
= − + − +   

+  
 

2

1

( ) CdS t
I S

dt d C




 
 − + 

+ 
  

By separation of variables, we have 

2

1

( )

( )

CdS t
I dt

S t d C




 
 − + 

+ 
 

Integrate both sides for 𝑡 we have 

2
1

0 0

( )

( )

t t
CdS t

I dt
S t d C




 
 − + 

+ 
   

2
1

0( ) (0)

t
C

I dt
d C

S t S e




 
− + 

+ 


  

Thus as 𝑡 → ∞ then, it follows that 

2
1

0( ) (0) 0

t
C

I dt
d C

S t S e




 
− + 

+ 


  since 2

1 0
C

I
d C


+ 

+
 

The same as in another equation, we have 

( )2

1

( ) CdE t
I S E

dt d C


  

 
= + − + 

+ 
  

( )
( )dE t

E
dt

  − +  

Integrate both sides for 𝑡 we have 
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( )
0 0

( )

( )

t t
dE t

dt
E t

  − +   

Hence, ( )
( ) (0)

t
E t E e

 − +
  

Equally t → then, it follows ( )( ) (0) 0, ( ) 0
t

E t E e E t
 − +

    

The same as in another equation, we have 

( )
( )

1

dI t QI
E I

dt Q


   = − + + −

+
 

( )
( )

1

dI t QI
I

dt Q


   − + + −

+
 

Integrate both sides for 𝑡 we have 

0 0

( )

( ) 1

t t
dI t QI

dt
I t Q


  
 

 − + + + 
+ 

   

Hence, we get 0
1

( ) (0)

t
QI

dt
Q

I t I e


  
 

− + + + 
+ 


  

Thus as t →  then, it follows that 0
1

( ) (0) 0, ( ) 0

t
QI

t
Q

I t I e I t


  
 

− + + + 
+ 


    

The same as in another equation, we have 

( )
( )dR t

I R
dt

  = − +    

( )
( )

( )

dR t
R

dt t
  − +  

Integrate both sides for t ( )
0 0

( )

( )

t t
dR t

dt
R t

  − +   then, 

( )
0 0

( )

( )

t t
dR t

dt
R t

  − +   

Hence, we get 
( )

0

( )

( ) (0)

t

t

R t R e
 − +

  
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Thus as t → then, it follows that 
( )

0

( )

( ) (0) 0, ( ) 0

t

t

R t R e R t
 − +

    

The same as in another equation, we have 

2

( )
1

dM t M
E I aM M M

dt k
  

 
= + + + − 

 
  

( )

( )

dM t
M

dt t
 −  

Integrate both sides for 𝑡 we have 

0 0

( )

( )

t t
dM t

dt
M t

 −   

0( ) (0)

t

dt

M t M e
−

 Hence, we get 0( ) (0)

t

dt

M t M e
−

  

Thus as t →  then, it follows that 0( ) (0) 0, ( ) 0

t

dt

M t M e M t
−

    

The same as in another equation, we have 

( )

1

dC t bQ
M C

dt Q
 

 
= − + 

+ 

   

( )

( ) 1

dC t bQ
C

dt t Q

 

 − + 
+ 

  

Integrate both sides for 𝑡 we get 

0 0

( )

( ) 1

t t
dC t bQ

dt
C t Q


 

 − + 
+ 

   

Hence, we get 0
1

( ) (0)

t
bQ

dt
Q

C t C e

 

− + 
+ 


  

Thus as t →  then, it follows that 0
1

( ) (0) 0, ( ) 0

t
bQ

dt
Q

C t C e C t

 

− + 
+ 


    

The same as in another equation, we have 

( )dQ t
g hI zQ

dt
= + −    
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( )

( )

dQ t
zQ

dt t
 −  

Integrate both sides for 𝑡 we have 

0 0

( )

( )

t t
dQ t

zdt
Q t

 −   

Hence, we get 0( ) (0)

t

zdt

Q t Q e
−

  

Thus as t →  then, it follows that 0( ) (0) 0, ( ) 0

t

zdt

Q t Q e Q t
−

    

In conclusion, the model equation is epidemiologically significant in the 
7

+ region and may be 

utilized to research Fusarium Wilt in the cashew plant. 

3.2 Model Equilibria 

Model (1) has the disease-free equilibrium DFE as  

( )0 0 0

1,0,0,0,0,0, ,0,0,0,0,0,
g

S Q k
z


 

= =  
 

and endemic equilibrium point  

  ( )* * * * * * *

* , , , , , ,E S E I R M C Q=  are  

( )( )

( ) ( )

* *

*

* * *

1 2

M d bI E
S

M bI M d bI I

   

    

+ + +
=

+ + + +
,

( ) ( )( )( )
( )

* *

*

*

z g hI I
E

g hI z

      



+ + + + + + +
=

+ +
, 

*
* I

R


 
=

+
, 

*g hI
Q

z

+
=  

*
* M bI

C




+
=  and 

( )
( ) ( )( )( )

( )

*

2 *

2 *

2

4

2

z g hI
k a a aI

g hI z k

M
a

       
  



  + + + + + + +  − + − + +  + +   
=  
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3.3 The Basic Reproduction Number, 0R  

Reproductive number estimates the probability of an outbreak and the vital need to restrict its 

spread ability [38]. The spectral radius of the matrix is then chosen as the most significant 

eigenvalue in absolute terms 1FV −  and hence gives the basic reproduction number as  

( ) ( )( )
( ) ( )( )

( ) ( )( )( ) ( )
1 21 1

0

k g z g z zk z
R

g z d a bg g z g z

      

             

+ + + + +
= +

+ + + + − + + + + + +  

   (2) 

The basic reproductive number will be positive since we expect to have a greater transformation 

rate from Macroconidia to Chlamydospores than the growth rate of Macroconidia because the 

transformation rate depends on three parameters, including Macroconidia growth rate. 

3.4 Local Stability of Fusarium Wilt Disease 

The Routh Hurwitz criterion is used to investigate the stability analysis of the Fusarium wilt 

disease-free equilibrium point 0  of the model system (1) as done in [39]. By differentiating the 

individual equation of the model system with respect to its state variable 0 , the Jacobian Matrix  

0J


is obtained. Therefore, the Jacobian matrix of the model system 0 , is then given by 

0

1 1

1 2

1 1

1 2

0 0 0

0 ( ) 0 0 0

0 ( ) 0 0 0 0

1

0 0 ( ) 0 0 0

0 0 ( ) 0 0

0 0 0 0 0

1

0 0 0 0 0

k
r k

d

k
k

d

g

g
z

z
J

a

bg

g
z

z

h z




 


  


   

  

  

 

− 
− − 
 
 − +
 
 
 − + + +
  

+  
  

=  − +
 

− − 
  
  
  − +
   

+   
   

 − 

   (3) 
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Equation (3) gives two eigenvalues which are r− ,

1

bg

g
z

z



 
 
 − +
  

+  
  

, a− +  and ( ) − +  then 

reduced to Matrix H as  

1 1

1 2( )

( ) 0

1

0

ij

k
k

d

g
T B

g
z

z

h z


  


   

 
− + 
 
 

= = − + + + 
  + 

  
 − 

                  (4) 

The characteristic equation of (4)  is  

3 2

1 2 3 0c c c  + + + =                    (5) 

with 

( ) ( ) ( )( )( )2

1

1
2c z g g z z z g

z g
    = + + + + + + + +

+
 

( ) ( ) ( ) ( )( )2

2 1 2

1
( ) ( ) ( )c z z g z g z g zg k z g

z g
            = + + + + + + + + + + + + − +

+
 

( )

( ) ( )

( ) ( )( )

2 2

3
2

1 2 1 1

( ) ( )1 dz z g d zg dz dgz
c

d z g dz k d z k h z g

         

      

 + + + + + + + + +
 =
 + + − + + 

 

The local asymptotic stability of the disease-free equilibrium point depends on whether the 

major leading diagonal of nT  are all positive for 1,2,3n = . Then we have  

1 2 0T z     = + + + +  .  

1

2 1 2 3

3 2

1
0

c
T c c c

c c

 
 = = −  

 
, 

( )
3

2

3 1 2 3 3 2 1 0 3 1

0 1

1 0

0

0

c

T c c c c c c c c c

c c

 
 

 = = − − 
 
  
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Therefore the disease-free equilibrium point 
0  is locally asymptotically stable if and only if 1T , 

2T  and 
3 0T  . Then  

1 0T   since we have  

( ) ( ) ( )( )( )21
2 0z g g z z z g

z g
    + + + + + + + + 

+
 

Then, for 
2 0T   if and only if 1 2 3 0c c c−    and 

3 0T    if ( ) 2

3 2 1 0 3 1 0c c c c c c− −   ,  Thus 

gives the theorem one as follows: 

Theorem 1. ( )T   is stable if and only if the leading principal major diagonals of ( )nT n +  

are all positive, and thus the disease-free equilibrium point is locally asymptotically stable 

 3.5 Global Stability of the Disease-Free Equilibrium Point 

The following result is presented to understand the global stability of the disease-free equilibrium. 

Theorem 2. The disease-free equilibrium is theoretically asymptotically stable if 
0 1   

otherwise, it is unstable. 

Proof: Adopt the comparison theorem to determine the global stability of a disease-free 

equilibrium by considering the rate of change for infected classes from a model (1). 

( )

1 1

1 20 0

0 0 0 0

0 0 0 0

0 0 0 0

dE

dt k
E EkdI

d
I Idt

F V
dM M M

dt C C

dC

dt




 
 

  
     
     
   = − −   
     
          

   
 
 

                (6) 

( )

dE

dt
EdI

Idt
F V

dM M

dt C

dC

dt

 
 
 

  
 

 
  − 
 

 
 

   
 
 
 

                  (7) 
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Where F  and V  are Jacobian matrices as defined as  

1 1

1 20 0

0 0 0 0

0 0 0 0

0 0 0 0

k
k

d

F




 
 
 

=  
 
 
 
 

                  (8) 

 and       

0 0 0

0 0

1

0

0 0

1

g

g
z

V z

a

bg

g
z

z

 


   

  

 

+ 
 

  
  
 − + + + 
   +   =   

 
− − − 

 
− + 

  +  
  

 respectively.     

  (9) 

Since the eigenvalues of the matrix ( )F V−  have a negative real part, then model (1) is stable 

whenever 
0 1  . Then ( ) ( )0, , , , , ,0,0,0,0,0,S E I R M C S→  and 0S S→  as t → .  

Considering the comparison theorem presented by Shaban [40] gives ( ) 0, , , , ,S E I R M C E→ as 

t → . Hence, disease-free equilibrium is globally asymptotically stable. 

 

4. APPLICATION OF CONTROL MEASURES 

The control strategies for controlling Fusarium wilt disease in the model (1) have been introduced 

to minimize the disease and management cost. This study will focus on the traditional controlling 

approach, chemical approach, and farming awareness of disease transmission. Specifically, the 

study employs the strategy of cutting and burning the severely infected plants represented by 
1( )u t

the fungicide, which follows under the chemical control approach represented by 
2 ( )u t  , 
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awareness through advertisements defined by 
3 ( )u t  the strategy for disease control. 

In model (1), we incorporate the time depending on the control parameter for investigating the 

effect of cutting and burning severely infected cashew plants, fungicide treatment, and the impact 

of public advertisement, respectively. The model with control is presented by modifying a model 

(1) under the stated assumption as follows: 

   1

2 2

1

1
CdS S

rS R u I S
dt k d C


 

   
= − + − +   

+  
 

( )1

2 2

CdE
u I S E

dt d C


  

 
= + − + 

+ 
 

1

2
1

u QdI
E u I

dt Q


   

 
= − + + + 

+ 
 

( )2

dR
u I R

dt
  = − +                         (10) 

( )2

2

1
dM M

E I aM u M
dt k

  
 

= + + − − + 
 

 

2

1

u bQdC
M C

dt Q
 

 
= − + 

+ 

  

3(1 )
dQ

u g hI zQ
dt

= − + −   

The admissible control is restricted 0 ( ) 1iu t   since it is the management percentages. When 

the control takes the minimal value 0 , it indicates no additional steps to reduce the disease. At the 

same time, the peak amount relates to one hundred per cent successful application of Fusarium 

wilt disease prevention. 

The control measure plays a significant role in providing strategies to minimize the farmers' burden. 

Model system (10) is reformulated as an optimal control problem to lower the number of infections 

while maintaining the control cost to a minimum [29]. Considering the three time-dependent 

control mechanisms used in the model system: cutting and burning, badly infected cashew plants, 

fungicide treatment, and advertisement. An objective cost function is indicated by the  
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( )1 2 3, ,J u u u  and defined as 

2 2 231 2

1 2 1 2 3

0

min
2 2 2

T
GG G

J PI P C u u u dt
 

= + + + + 
 
                      (11) 

Where T  is the ultimate time, 1P  and 2P  are positive weight associated with the number of 

infective cashew plants and Chlamydospores in the soil. 1G , 2G  and 3G are the positive weight 

of control relevant to its implication cost. The cost related to any control set-up is assumed to be 

non-linear and takes a quadratic form. The quadratic expressions 21

1
2

G
u , 22

2
2

G
u and 23

3
2

G
u  indicate 

the cost of cutting and burning control efforts, fungicides treatment, and farming awareness 

advertising, respectively.  

The goal was to reduce the objective function J  to its smallest possible value; hence the optimal 

control must be found. Then we have J  as 

( ) ( )* min ,J u J u u U=   

Where ( )1 2 3{ , , iU u u u u=  is Lebesgue quantifiable, such that 0 1U   and [0, ], 1,2,3}t T i= =  

is the acceptable control set. The optimal control problem's basic idea is to detect the occurrence 

and exclusivity of optimal control and identify solutions. 

4.1 Optimal Control Existence 

The contemplating strategy of Lukes [41] can be utilized to determine if there is an optimal control. 

Theorem 3. Assumed ( )J u subjected to the model (10) such that 

( ) ( )0 0 0 0 0 0 0, , , , , , 0,0,0,0,0,0,0S E I R M C Q    then, the best management strategy *u  associated 

with ( )* * * * * * *, , , , , ,S E I R M C Q , which reduces ( )J u inU . 

Proof: The presence of optimal control was obtained using a result [42]. The following properties 

must be examined: 

1. The controls set and state variables aren't empty. 

2. The measurable control set is convex and closed 
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3. Every right-hand side of the state system is continuous, limited above the total of the 

restricted control and the state, and may be expressed as a linear function with values that 

depend on time and condition. 

4. The integrand ( ),f u of the objective function is convex. 

5. Must be coefficients
1 2, 0,B B   and 1B   whereby the objective functional partial 

derivative fulfils functional satisfies ( )2 2 2 2

1 1 2 3 2

B

B u u u B + + − . 

The state system presence in Lukes [41] verifies that the first property is met. The control set U

is convex and closed according to the definition of a convex set. Hence the second property holds. 

The right-hand side of a linear state system iu is bounded by a linear function unless the state 

solution is bounded. Therefore, the constant 
1 2, 0,B B   and 1B  satisfying  

( )2 2 22 2 23 21 2

1 2 1 2 3 1 1 2 3 2( ) ( ) ( )
2 2 2

B
GG G

PI P C u t u t u t B u u u B+ + + +  + + −  

because the state variable is fixed, as a result, the optimal control existence is confirmed by the 

presence of optimal control [42]. 

4.2 Optimal Control Characterization 

Pontryagin's Maximum Principle depicts optimal control [29]. To accomplish this goal, one must 

first convert the optimal control problem into a problem of minimizing a Hamilton,   with 

respect to u . Let x  be the set of the state variable, U be the set of control,   be the set of 

adjoint variables, and f  be the right-hand side of the differential of the thi state variable. The 

Lagrangian function of our problem is the integrand of the objective functional, the inner product 

of the right-hand side of the state equation, and the adjoint variable ( )1 2 3 4 5 6 7, , , , , ,       . 

The Lagrangian is written in a more compact way by 

( )2 2 231 2

1 2 1 2 3 , ( ), ( )
2 2 2

i

GG G
P I P C u u u f t x t u t+ + + + +   

The Lagrangian expanded form is then provided by 
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( )

( )( )

2 2 231 2 1

1 2 1 2 3 1 2 2

1

1 1

2 2 2 3 2

4 5

2

2

6

1
2 2 2

1

1

GG G CS
P I P C u u u rS R u I S

k d C

C u Q
u I S E E u I

d C Q

M
I R E I aM M

k

u bQ
M C


 

 
      

     

 

    
 = + + + + +  − + − +     +   

     
+ + − + +  − + + +     

+ +      

  
+ − + +  + + − −   

  

+ − − ( )7 3( 1)
1

C
u g hI zQ

Q

 
+  − + − 

+ 

 (12) 

Theorem 4. Since 
*

iu  is the set of optimal control and *x  the corresponding set of solutions for 

the state system (2) that minimizes J  over  ; then there exists an adjoint variable   such 

that 

d d

dt dx

 
= − , adjoint condition                (13) 

( ) 0,T = transversality conditions                  (14) 

0
d

du


= , at 

*,u optimality conditions.                                (15) 

Proof: The adjoint system can be attained by considering the Lagrangian partial derivative 

concerning the state variables. Then we obtain the following adjoint equations: 

1 1 1

2 2 1 2 2 2

1 1

1
d C CS rS

r u I u I
dt k d C k d C

 
 

      
= − + + +  − +        + +     

 

( )2

2 3 5

d

dt
   


= +  −  −   

( ) ( )3 1

2 2 1 2 2 2 2 3 2 4 5 7 1
1

d u Q
u S u S u u h P

dt Q


      

  
=  −  + + + +  −  −  −  − 

+ 
 

( )4

4 1

d

dt
  


= +  −                     (16) 

5

2 5 6

2 2

1
d M aM

u a
dt k k

 
  

= + + − +  −    
  

 

( ) ( ) ( ) ( )
6 1 1 1 1 2

2 1 2 2 6 22 2 1

d C C u bQ
u S u S P

dt d C d C Qd C d C

   


        
      = −  − − +  + −  −       + + ++ +        
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( ) ( )
7 1 1 2 2

3 6 72 21 11 1

d u u Q u b u bQ
I C z

dt Q QQ Q

    
   = −  + −  + 
   + ++ +   

                                 

The control problem's optimality is determined as follows: 

* ( )i

i

u t
u


=


  where 1,2,3i = . 

 Then 

1 1 3

1 1

QI
G u

u Q


= − 

 +
                                                      

1 1

2 2 2 1 2 2 3 4 5 6

2 1

C C bQC
G u I S I S I I M

u C d C d Q

 
   

    
= − +  + +  −  +  −  −    

 + + +   

3 3 7

3

G u g
u


= − 


                                       (17) 

The solution 
* *

1 2( ), ( )u t u t  and 
*

3 ( )u t delivered in short form as 

 Then, we have  

( )
*

1 3

1

max 0,min
1

QI
u

G Q

    
=   

+    

  

( )
1 1

2 1 2 2 3 4 5 6

2 2 2*

2

2

1
max 0,min

C C I I M bQC
S I S I

C d C d B B B Q
u

G

   
 

      
+  − +  +  −  −  +        + + +      

=   
  
  

  

( )7*

3

3

max 0,min
g

u
G

   
=   

   
                                      (18) 

 

5. NUMERICAL SIMULATION 

This section provides numerical simulations for systems (1) and (3). The numerical impacts of 

farming awareness are well illustrated as disease transmission responds to the increase in farming 

awareness. The forward-backwards sweep method is used to solve the optimality system of state 
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and adjoint systems. The adjoint system was solved by a fourth-order Runge-Kutta scheme using 

the forward solution of the state equation. The symmetrical iteration of the initial control values 

satisfies the optimality requirement.  

5.1 Impact of Farming Awareness on Disease Transmission 

Figure 1 shows that as the additional mortality rate of infected plants increases, the infected plant 

decreases. The additional mortality rate of infected plants may occur when farmers know the effect 

of severely infected plants. The severely infected plant has a low chance of recovery with a high 

rate of disease transmission through root contact. Farming awareness helps farmers to identify the 

severely infected plant and remove it to reduce disease transmission. 

 

Figure 1: Impact of the additional mortality rate of infected plants due to farming awareness 

Figure 2 shows that as the additional mortality rate of Chlamydospores due to farming awareness 

increases, the Chlamydospores population decreases, hence decreasing disease transmission. The 

additional mortality rate of Chlamydospores may occur when farmers know about the effect of 

disease transmission and the proper fungicide to use. The fungus disseminates to the new area 

through machinery, tools or footwear [11], [37]. All tools should be sanitized using fire or fungicide. 

Farming awareness helps farmers to minimize fungus dissemination to the new area by increasing 

the fungus mortality rate to reduce disease transmission. 
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Figure 2: Effect of the additional mortality rate of Chlamydospores due to awareness  

 

Figure 3 illustrates the effect of farming awareness on exposed plants. Exposed plants increase at 

the beginning when the farming awareness level is lower. An increase in farming awareness 

indicates the rapid decrease of the exposed plant, which suggests that at a time, more farmers are 

aware of the Fusarium wilt disease infection decreases. 

 

Figure 3: Effect of farming awareness on the transmission of infection 
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Figure 4 depicts how the number of infected plants rises in the early stages of the disease when 

few farmers are aware of the problem. However, as awareness grows, the number of infected plants 

diminishes. This is because farmers adopt proper disease management precautions.

 

Figure 4. Effect of farming awareness on the transmission of infection 

 

Figure 5 shows that as farming awareness increases, the number of plants that recover from the 

disease increases because farmers can control the disease at the right time using appropriate 

methods.  

 

Figure 5: Effect of farming awareness on controlling transmission 
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Figure 6 shows that the number of Macroconidia spores decreases as more farmers become aware 

of the disease and its appropriate control measures. This is owing to the use of suitable disease 

prevention and control measures. 

 

Figure 6: Effect of farming awareness on infection transmission 

Figure 7 indicates that the number of Chlamydospores diminishes when more farmers become 

aware of disease transmission and the proper application of control techniques. This is attributed 

to be used as suitable disease-preventative measures. 

 

Figure 7: Effect of farming awareness on disease transmission.  

An increase in farming awareness through public awareness decreases disease transmission. 
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5.2. Optimal Control Numerical Results 

The primary goal of this part was to see how control techniques, including cutting and burning, 

severely infected cashew plants, fungicides, and advertising, minimize the spread of Fusarium wilt 

disease in cashew plants. In addition, graphical representations of alternative methods are 

visualized to support the analysis results and determine their influence whenever the control is 

applied to the system (10). 

 Strategy A: Combination of Cutting and Burning and Fungicides 

Figure 8 showed that the number of infecting plants reduced over time when the two controls were 

employed. The number of Chlamydospores declined slowly and reached zero at 15 weeks. This 

study demonstrates that the measure should be used to best control the disease.  

 

 

Figure 8: Impact of cutting and burning and fungicides on Fusarium wilt transmission dynamic. 

 

Strategy B: Combination of Cutting and Burning and Advertisements  

The results demonstrate that putting control measures can help reduce disease transmission. 

According to Figure 9 (a), careful strategy implementation for 14 weeks is sufficient to minimize 

the infected plants to zero. The population of Chlamydospores drops for the first 25 days before 

remaining constant, as shown in figure 9 (b). As a result, both the infected plant and the fungus 

suffer a decline. 
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Figure 9: Impact of cutting and burning and advertisements on Fusarium wilt transmission 

dynamic. 

 

Strategy C: Combination of Fungicides and Advertisements  

According to the study, fungicides and advertisements can help reduce disease transmission in the 

field. Figures 10 (a) and (b) show that the number of infectious plants decreases but not to zero. In 

addition, the number of Chlamydospores decreases when control is utilized for 13 weeks, as 

indicated in Figure 10 (b). 

 

Figure 10: Impact of fungicides and Awareness on fusarium wilt transmission dynamic 

 

 Strategy D: Combination of Fungicides, Advertisements, Cutting and Burning.  

The findings show that employing fungicides and advertising significantly decreased the number 

of infected plants and Chlamydospores population, as indicated in Figures 11 (a) and (b). 
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Furthermore, the disease-free status of this strategy is achieved immediately after 15 weeks. It is 

worth noting that a mix of fungicides and advertisements is the key to minimizing Fusarium wilt 

disease. Also, mixing fungicides with advertisements produces positive results in optimizing the 

objective function. 

 

Figure 11: Impact of fungicides, advertisements, cutting and burning on Fusarium wilt 

transmission dynamic 

 

6. COST-EFFECTIVE ANALYSIS 

The cost-effectiveness analysis aids in calculating the financial advantage of the given control 

action. It is a tool for comparing various strategies' relative costs and outcomes. The analysis 

evaluation of Fusarium wilt disease was done to discover the best cost-effective method for 

adopting the approach with restricted resources. The cost-effectiveness ratio (ICRE) was used in 

this study to analyze the cost and health results of the given pair of strategies [43], [44]. Each 

intervention is weighed against the next least effective option. The difference between the total 

number of plants without control and those with control is used to calculate the avoided plant. 

The entire cost of control is calculated as follows: 

3

2 2 231 2

1 2 3
1, 2, 3

0

( )
2 2 2u u u

GG G
B u Min u u u dt

 
= + + 

 
  

Each control strategy's relative cost weight
2 2

1 1 2 2,G u G u  
2

3 3G u calculates the total control costs. The 

quantitative result for the control strategies is grouped by control combination in table 1, then 
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organized by increasing order of effectiveness (in terms of infection avoided) in table 2. 

 

Strategies Infectious Infection averted(E) Cost $(CT) 

Status quo 82654   

A 13868 68785 315.00 

B 41937 40717 349.50 

C 36810 45844 412.00 

D 9205.3 73448.7 473.00 

Table 1:  The overall cost of each strategy and the number of infections avoided. 

 

Strategies E E CT CT ICER(CT/∆E) 

B 40717 40717 349.50 349.50 0.008584 

C 5127 -35590 412.00 62.50 -0.00176 

A 22941 17814 315.00 -92.00 0.00545 

D 4663.7 -18277.3 473.00 158.00 0.00864 

Table 2: Various optimal control techniques' incremental cost-effectiveness ratios 

First, we reorder the control strategies in the table (1) to increase effectiveness. After that, the 

incremental effectiveness and cost and respectively, are calculated. Finally, we get incremental 

effectiveness when dividing the incremental cost by incremental effectiveness (ICER). Table 2 

contains ICER. 

40717
( ) 0.008584

349.50
ICER B = =  

35590
( ) 0.00176

62.50
ICER C

−
= = −  

When comparing strategies B and C, strategy C has a lower ICER than strategy B. 

The ICER for the remaining alternatives is then recalculated after removing option B from the list 

of possibilities. Consequently, option B is more costly and ineffective than strategy C. Table 3 is 

the result of dropping approach B. 
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Strategies E E CT CT ICER(CT/∆E) 

C 45844 45844 412.00 412.00 0.008987 

A 203743 157899 315.00 -97.00 -0.00061 

D 208435.7 4692.7 473.00 158.00 0.033669 

Table 3: Various optimal control techniques' incremental cost-effectiveness ratios. 

From Table 6, we have  

45844
( ) 0.008987

412.00
ICER C = =  

157899
( ) 0.00061

97.00
ICER A = = −

−
 

According to this analysis, strategy A is less expensive than strategy C. Therefore, strategy C is 

ignored, and the comparison is focused on the remaining strategies. 

 

Strategies E E CT CT ICER(CT/∆E) 

A 68785 68785 412.00 412.00 0.00599 

D 208435.7 139650.7 473.00 6100 0.000437 

Table 4: Various optimal control techniques' incremental cost-effectiveness ratios  

68785
( ) 0.00599

412.00
ICER A = =  

139650.70
( ) 0.000437

473.00
ICER D = =  

Table 4 compares strategies A and D and reveals that approach A is more expensive and ineffective 

than strategy D. Strategy D has a lower ICER. The findings determine that strategy D (control with 

fungicides, advertising, cutting and burning) gives the lowest ICER, hence the most cost-effective 

strategy. However, it is less costly and more effective than strategy A. Since it utilizes limited 

resources, Strategy A must be eliminated from the list of options. 

 

7. CONCLUSIONS 

This paper presents a deterministic model for Fusarium wilt disease transmission with awareness, 

and three control options are studied. The increase in awareness shows a more significant impact 
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in decreasing disease transmission. The maximal principle of Pontryagin was utilized to investigate 

and determine the optimum condition for fusarium wilt control disease using control strategies 

such as cutting and burning severely infected cashew plants
1u , fungicides

2u  and advertisement

3u . The number of infected cashew plants and the chlamydospores fungus drops when control is 

used. The numerical analysis indicates that the control strategies minimize disease transmission. 

According to cost-effectiveness analysis, using fungicides, cutting and burning the severely 

infected plants, and advertising is the most cost-effective optimal control method for controlling 

the fusarium wilt disease outbreak with limited resources. 
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