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Département de Mathématiques, Université Cheikh Anta Diop, BP 5005 Dakar-Fann, Sénégal
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1. Introduction

The aim of this work consists in finding a solution of a class of FBSDE with random

jumps under monotonic hypotheses on the generator of the backward equation and the

drift of the forward equations. More precisely, we consider the coupled system

(1)


Xt = x+

∫ t
0
b(s,Xs, Ys)ds+

∫ t
0
σ(s,Xs)dWs+

∫ t
0

∫
E
β(Xs− , e)µ̃(de, ds)

Yt = Γ +
∫ T
t
f(s,Xs, Ys, Zs)ds−

∫ T
t
ZsdWs−

∫ T
t

∫
E
Us(e)µ̃(de, ds).
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Fully coupled FBSDE can be encountered in various problems: the probabilistic represen-

tation of viscosity solutions of quasilinear PDE’s (see [5]), the stochastic optimal control

among others. In 1999, fully coupled forward-backward stochastic differential equations

and their connection with PDE have been studied intensively by Pardoux and Tang (see

[17]). In 2006, Antonelli and Hamadène (see[1]) gave one existence result for coupled

FBSDE under non-Lipschitz assumption.

Unfortunately, most existence or uniqueness results on solutions of forward-backward sto-

chastic differential equations need regularity assumptions. The coefficients are required

to be at least continuous which is somehow too strong in some applications.

In 2008, inspired by [1], Ouknine and Ndiaye (see [15]) gave the first result which proves

existence of a solution of a forward-backward stochastic differential equation with dis-

continuous coefficients and degenerate diffusion coefficient where, moreover, the terminal

condition is not necessary bounded.

However, there is few results about reflected forward-backward stochastic differential e-

quation in which the solution of the BSDE stays above a given barrier.

In ([16]), Ouknine and Ndiaye gave an extension of ([15]) with the obstacle constraint.

Our work can be also seen as an extension of ([15]) with random jumps.

2. Preliminaries

Let [0, T ] be a fixed time interval. We will always take s in [0, T ]. Let (Ω,F ,P) be a

complete probability space, W a d-dimensional brownian motion defined on this space,

and a Poisson random measure µ on R+ × E, where E is a compact set of Rq, endowed

with its Borel field E . We also assume that the Poisson random measure µ is independent

of W , and has the intensity measure λ(de)dt for some finite measure λ on (E, E). We set

µ̃(dt, de) = µ(dt, de)− λ(de)dt, the compensated measure associated to µ. We denote by

F = (Ft)t∈[0,T ] the augmentation of the natural filtration generated by W and µ, and by

P the σ-algebra of predictable subsets of Ω× [0, T ].

We will work with these following spaces of processes:

− S2, the set of adapted and continuous processes V = (Vt)0≤t≤T such that
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‖V ‖2S2 = E
(

sup
0≤t≤T

|Vt|2
)
<∞

− H2, the set of Ft-progressively measurable processes Z, such that

‖Z‖2H2 = E
[ ∫ T

0

|Zs|2ds
]
<∞.

− Lp(µ̃), p ≥ 1, the set of P ⊗ E-measurable maps U : Ω× [0, T ]× E → R such that

‖U‖pLp(µ̃) = E
[ ∫ t

0

∫
E

|Ut(e)|pλ(de)dt
]
<∞

3. Main results

Theorem 3.1. Let b : [0, T ]×R×R −→ R be a measurable and bounded function such

that for all s ∈ [0, T ], b(s, ., .) is increasing and left continuous.

Let f : [0, T ] × R × R × R −→ R, a measurable and bounded function such that for all

s ∈ [0, T ], z ∈ R, f(s, ., ., z) is increasing, left continuous and Lipschitz with respect to z

uniformly in x, y and s i.e. ∃Λ ∈ R∗+ such that

|f(s, x, y, z)− f(s, x, y, z′)| ≤ Λ(|z − z′|), s ∈ [0, T ], x, y, z, z′ ∈ R.

Let σ : [0, T ]× R −→ R be a continuous function satisfying the following conditions:

|σ(s, x)| ≤ Λ(1 + |x|)

and

|σ(s, x)− σ(s, x′)| ≤ Λ|x− x′|, s ∈ [0, T ], x, x′ ∈ R.

Let β : R×E → R a measurable map satisfying for some positive constants C and kβ,

sup
e∈E
|β(s, x)| ≤ C,

and

sup
e∈E
|β(x, e)− β(x′, e)| ≤ kβ|x− x′|.
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Let Γ be a random variable FT - measurable and square integrable.

Then the following fully coupled reflected forward-backward stochastic differential equa-

tions

(2)


Xt = x+

∫ t
0
b(s,Xs, Ys)ds+

∫ t
0
σ(s,Xs)dWs+

∫ t
0

∫
E
β(Xs− , e)µ̃(de, ds)

Yt = Γ +
∫ T
t
f(s,Xs, Ys, Zs)ds−

∫ T
t
ZsdWs−

∫ T
t

∫
E
Us(e)µ̃(de, ds).

has at least one solution (X, Y, Z, U) ∈ S2 ⊗ S2 ⊗H2 ⊗ L2(µ̃).

Before proving the main result, we will give two lemmas: an approximating one for

increasing coefficients which plays an important role in its proof (see [15] for the proof)

and another on the comparison of solutions of BSDEs with jumps whose proof will be

given below.

Lemma 3.2. Let b : [0, T ] × R × R −→ R be a measurable function, bounded by M and

such that for all s ∈ [0, T ], b(s, ., .) increasing an left continuous.

Then it exists a family of measurable functions (bn(s, x, y), n ≥ 1, s ∈ [0, T ], x, y ∈ R)

such that:

(l1) for all sequence (xn, yn) ↑ (x, y), (x, y) ∈ R2 we have

lim
n→∞

bn(s, xn, yn) = b(s, x, y)

(l2) (x, y) 7−→ bn(s, x, y) is increasing, for all n ≥ 1, s ∈ [0, T ]

(l3) n 7−→ bn(s, x, y) is increasing, for all x ∈ R, y ∈ R, s ∈ [0, T ]

(l4) |bn(s, x, y)− bn(s, x
′
, y
′
)| ≤ 2nM(|x− x′ |+ |y − y′|) for all n ≥ 1, s ∈ [0, T ], M ∈ R∗+

(l5) sup
n≥1

sup
s∈[0,T ]

sup
x,y∈R

|bn(s, x, y)| ≤M for all n ≥ 1, s ∈ [0, T ], x, y ∈ R.

Lemma 3.3. Consider (Y, Z, U) and (Y ′, Z ′, U ′) the respective solutions of the following

BSDEs with jumps which generators are globally lipchitz:

Yt = Γ +

∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

ZsdWs −
∫ T

t

∫
E

Us(e)µ̃(de, ds),

Yt = Γ′ +

∫ T

t

f ′(s, Y ′s , Z
′
s)ds−

∫ T

t

Z ′sdWs −
∫ T

t

∫
E

U ′s(e)µ̃(de, ds).

Assume that P-a.s. for any t ≤ T , f(t, Y ′t , Z
′
t) ≤ f ′(t, Y ′t , Z

′
t) and Γ ≤ Γ′.

Then P-a.s., ∀t ≤ T , Yt ≤ Y ′t .
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Proof.

Let X = (Xt)t≤T be a rcll semi-martingale, then by using Tanaka’s formula with the

function (x+)2 = (max{x, 0})2, we get:

(X+
t )2 = (X+

T )2−2

∫ T

t

X+
s−dXs−

∫ T

t

1{Xs>0}d[Xc, Xc]s−
∑
t≤s≤T

{(X+
s )2−(X+

s−)2−2X+
s−∆Xs}.

Here Xc denotes the continuous martingale part of X and ∆Xs = Xs −Xs− .

But the function x ∈ R 7→ (x+)2 is convex then

{(X+
s )2 − (X+

s−)2 − 2X+
s−∆Xs} ≥ 0.

From this we deduce that

(X+
t )2 +

∫ T

t

1{Xs>0}d[Xc, Xc]s ≤ (X+
T )2 − 2

∫ T

t

X+
s−dXs.

Now using this formula with Y − Y ′ yields:

((Yt − Y ′t )+)2 +

∫ T

t

1{Ys−Y ′s>0}0]|Zs − Z ′s|2ds ≤ (X+
T )2 − 2

∫ T

t

(Ys− − Y ′s−)+d(Ys − Y ′s ).

Since f(t, Y ′t , Z
′
t) ≤ f ′(t, Y ′t , Z

′
t) and f is Lipschitz then there exist bounded and Ft-

adapted processes (us)s≤T and (vs)s≤T such that:

f(s, Ys, Zs) = f(s, Y ′s , Z
′
s) + us(Ys − Y ′s ) + vs(Zs − Z ′s).

Therefore we have:

((Yt−Y ′t )+)2+

∫ T

t

1{Ys−Y ′s>0}0]|Zs−Z ′s|2ds ≤ 2

∫ T

t

(Ys−−Y ′s−)+{us(Ys−Y ′s )+vs(Zs−Z ′s)}ds

−2

∫ T

t

(Ys− − Y ′s−)+(Zs − Z ′s)dWs.

Taking now expectation, using the inequality |a.b| ≤ ε|a|2+ε−1|b|2 (ε > 0), and Gronwall’s

one we obtain E
[
((Yt − Y ′t )+)2

]
= 0 for any t ≤ T . The result follows since Y and Y ′ are

rcll.

This completes the proof of the lemma.

Let us prove now the main result.



CONTRIBUTION ON THE EXISTENCE OF SOLUTIONS OF COUPLED FBSDES... 725

Proof.

Consider the following BSDE with jumps:

(3) Y 0
t = Γ +M

∫ T

t

ds−
∫ T

t

Z0
sdWs −

∫ T

t

∫
E

U0
s (e)µ̃(ds, de).

This equation has a unique solution satisfying ‖Y 0
t ‖S2 <∞.

Let us also define S as the unique solution of the SDE with jumps

St = x+

∫ t

0

Mds+

∫ t

0

σ(s, Ss)dWs +

∫ t

0

∫
E

β(Ss− , e)µ̃(ds, de).

Step1: We will show the existence of two increasing processes (Y k)k≥1 et (Xk)k≥1 satis-

fying:

(4)


Y k
t = Γ +

∫ T
t
f(s,Xk−1

s , Y k
s , Z

k
s )ds−

∫ T
t
Zk
s dWs −

∫ T
t

∫
E
Uk
s (e)µ̃(de, ds)

Xk
t = x+

∫ t
0
b(s,Xk

s , Y
k
s )ds+

∫ t
0
σ(s,Xk

s )dWs +
∫ t
0

∫
E
β(Xk

s− , e)µ̃(de, ds).

For n ≥ 1, (bn) is the sequence defined in lemma 3.2.

Consider the following SDE with jumps:

(5) X0,n
t = x+

∫ t

0

bn(s,X0,n
s , Y 0

s )ds+

∫ t

0

σ(s,X0,n
s )dWs +

∫ t

0

∫
E

β(X0,n
s− , e)µ̃(de, ds).

According to properties (l4), (l5) and assumptions on β, this equation has a unique solu-

tion.

(l3) =⇒ bn(s, x, Y 0
s ) ≤ bn+1(s, x, Y

0
s ). We deduce from the comparison theorem of SDEs

with jumps (see [18] corollary 3.3.) that the sequence (X0,n)n≥1 is increasing.

Since bn(s, x, Y 0
s ) ≤M , the comparison theorem of SDEs with jumps implies again ∀t ≤ T ,

X0,n
t ≤ St a.s. Therefore X0,n ↗ X0.

We will show that X0 is a solution of the SDE with jumps (5). Since X0,n
s ↗ X0

s , (l1)

implies that

lim
n→∞

bn(s,X0,n
s , Y 0

s ) = b(s,X0
s , Y

0
s )

The functions bn(s, ., .) are measurable and bounded. The dominated convergence theorem

gives ∫ t

0

bn(s,X0,n
s , Y 0

s )ds −→
∫ t

0

b(s,X0
s , Y

0
s )ds.
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On the other hand,

E
[ ∫ t

0

[σ(s,X0,n
s )− σ(s,X0

s )]2ds
]
≤ K2E

[ ∫ t

0

| X0,n
s −X0

s |2 ds
]
→ 0

when n→∞. From Doob’s inequality we deduce:∫ .

0

σ(s,X0,n
s )dWs −→

∫ .

0

σ(s,X0
s )dWs,

(the limit is taking in the sense of ucp’s convergence).

Similarly,

E
[ ∫ t

0

∫
E

(β(X0,n
s− , e)− β(X0

s− , e))µ̃(de, ds)
]2
≤ E

[
sup

0≤t≤T
|
∫ t

0

∫
E

(β(X0,n
s− , e)− β(X0

s− , e))µ̃(de, ds)|2
]

≤ 4E
[ ∫ T

0

∫
E

|β(X0,n
s− , e)− β(X0

s− , e)|2λ(de)ds
]

≤ 4k2βE
[ ∫ T

0

∫
E

|X0,n
s− −X

0
s−|2λ(de)ds

]
→ 0.

Therefore:

X0
t = x+

∫ t

0

b(s,X0
s , Y

0
s )ds+

∫ t

0

σ(s,X0
s )dWs +

∫ t

0

∫
E

β(X0
s− , e)µ̃(de, ds).

Thus the couple of processes (X0
s , Y

0
s )s∈[0,T ] is well defined.

Define the random function f 1 by:

f 1(s, y, z) := f(s,X0
s (ω), y, z).

By hypothesis, the function f is measurable, bounded, increasing and left continuous in

the y variable. Then we can construct the following sequence of functions

f 1
n(s, y, z) = n

∫ y

y− 1
n

f(s,X0
s (ω), u, z)du.

(l1), (l4) and the Lipschitz’s condition with respect to y and z uniformly in x provide the

existence of a unique triple of processes (Y 1,n, Z1,n, U1,n) ∈ S2 ⊗H2 ⊗ L2(µ̃) satisfying

(6) Y 1,n
t = Γ +

∫ T

t

f 1
n(s, Y 1,n

s , Z1,n
s )ds−

∫ T

t

Z1,n
s dWs −

∫ T

t

∫
E

U1,n
s (e)µ̃(de, ds).
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Since the terminal value of the RBSDE with jumps (6) is independent on n and the

function n 7−→ f 1
n(s, ., .) is increasing, lemma 3.3 on the comparison theorem of RBSDEs

with jumps gives us

∀t ≤ T Y 0
t ≤ Y 1,n

t ≤ Y 1,n+1
t .

Now, let us prove the convergence of the sequences (Y 1,n
t )n≥0 and (Z1,n

t )n≥0.

Indeed, it follows from Itô’s formula that

|Y 1,n
t |2 +

∫ T

t

|Z1,n
s |2ds+

∫ T

t

ds

∫
E

(U1,n
s (e))2λ(de) +

∑
t≤s≤T

(4sY
1,n
s )2 =

Γ2 + 2

∫ T

t

Y 1,n
s f 1

n(s, Y 1,n
s , Z1,n

s )ds− 2

∫ T

t

Y 1,n
s− Z

1,n
s dWs − 2

∫ T

t

∫
E

Y 1,n
s− U

1,n
s (e)µ̃(de, ds).

Let us denote by Nt the local martingale∫ t

0

Y 1,n
s− Z

1,n
s dWs +

∫ t

0

∫
E

Y 1,n
s− U

1,n
s (e)µ̃(de, ds).

Then we have

(7) sup
0≤t≤T

|Y 1,n
t |2 ≤ Γ2 + 2 sup

0≤t≤T
|NT −Nt|+ 2

∫ T

t

|Y 1,n
s |.|f 1

n(s, Y 1,n
s , Z1,n

s )|ds.

By Burkholder-Davis-Gundy’s inequality for local martingales, we know that there exists

a constant % such that

E
(

sup
0≤t≤T

|Nt|
)
≤ %E

(
[N,N ]

1/2
T

)
.

A computation gives

E
(

[N,N ]
1/2
T

)
= E

[( ∫ T

0

|Y 1,n
s |2|Z1,n

s |2ds+

∫ T

0

∫
E

|Y 1,n
s |2|U1,n

s (e)|2λ(de)ds
)1/2]

≤ E
[

sup
0≤s≤T

|Y 1,n
s |
(∫ T

0

|Z1,n
s |2ds+

∫ T

0

∫
E

|U1,n
s (e)|2λ(de)ds

)1/2]
≤ ε

2
E
[

sup
0≤s≤T

|Y 1,n
s |2

]
+

1

2ε
E
(∫ T

0

|Z1,n
s |2ds+

∫ T

0

∫
E

|U1,n
s (e)|2λ(de)ds

)
,

for any ε > 0.

Using boundedness property of f 1
n one gets

2|Y 1,n
s |.|f 1

n(s, Y 1,n
s , Z1,n

s )| ≤ 2M |Y 1,n
s |.
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By (8) we have

E
[

sup
0≤s≤T

|Y 1,n
s |2

]
≤ E

[
Γ2
]

+ (2MT + ε%)E
[

sup
0≤s≤T

|Y 1,n
s |2

]

+
%

ε
E
[ ∫ T

0

|Z1,n
s |2ds

]
+
%

ε
E
[ ∫ T

0

∫
E

|U1,n
s (e)|2λ(de)ds

]
.

Finally by choosing (2MT + ε%) < 1 we obtain E
[

sup
0≤t≤T

|Y 1,n
t |2

]
<∞.

Let Y 1
t = lim inf

n→∞
Y 1,n
t , t ≤ T . Since the sequence (Y 1,n)n≥0 is non-decreasing then, using

Fatou’s lemma, we have that for any t ≤ T , Y 1
t < ∞ and then P-a.s., Y 1,n

s → Y 1
s

as n → ∞. In addition the Lebesgue’s dominated convergence theorem implies that

E
[ ∫ T

0

|Y 1,n
s − Y 1

s |2
]
ds→ 0 as n→∞.

For the sequence (Z1,n
t )n≥0, let us apply the Itô’s formula to the function x 7→ |x|2 and

the difference of processes Y 1,k
s − Y 1,h

s between s and T . Then

|Y 1,k
t − Y 1,h

t |2 +

∫ T

t

|Z1,k
s − Z1,h

s |2ds+

∫ T

t

∫
E

|U1,k
s (e)− U1,h

s (e)|2λ(de)ds

(8) +
∑
t≤s≤T

4s(Y
1,k − Y 1,h)2 = 2

∫ T

t

(Y 1,k
s − Y 1,h

s )
[
fk1 (s, Y 1,k

s , Z1,k
s )− fh1 (s, Y 1,h

s , Z1,h
s )
]
ds

−2

∫ T

t

(Y 1,k
s− − Y

1,h
s− )(Z1,k

s − Z1,h
s )dWs − 2

∫ T

t

∫
E

(Y 1,k
s− − Y

1,h
s− )(U1,k

s (e)− U1,h
s (e))µ̃(ds, de).

Taking the expectation in each member of (8) and taking into account that the stochastic

integrals (
∫ t
0
(Y 1,k

s− − Y
1,h
s− )(Z1,k

s − Z1,h
s )dWs)0≤t≤T and

(
∫ t
0

∫
E

(Y 1,k
s− − Y

1,h
s− )(U1,k

s (e)− U1,h
s (e))µ̃(ds, de))0≤t≤T are martingales leads to

E
[
|Y 1,k
t − Y 1,h

t |2 +

∫ T

t

|Z1,k
s − Z1,h

s |2ds+

∫ T

t

∫
E

|U1,k
s (e)− U1,h

s (e)|2λ(de)ds
]

≤ 2E
[ ∫ T

t

(Y 1,k
s − Y 1,h

s )[fk1 (s, Y 1,k
s , Z1,k

s )− fh1 (s, Y 1,h
s , Z1,h

s )]ds
]
.
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By Hölder’s inequality, we have

E(

∫ T

0

|Z1,k
s − Z1,h

s |2ds) ≤ E
[
|Y 1,k
s − Y 1,h

s |2 +

∫ T

0

|Z1,k
s − Z1,h

s |2ds

+

∫ T

t

∫
E

|U1,k
s (e)− U1,h

s (e)|2λ(de)ds
]

≤ K1

[
E(

∫ T

0

[fk1 (s, Y 1,k
s , Z1,k

s )− fh1 (s, Y 1,h
s , Z1,h

s )]2ds)
] 1

2

×
[
E(

∫ T

0

(Y 1,k
s − Y 1,h

s )2ds)
] 1

2 −→ 0

because the functions fk1 are bounded and the sequence (Y 1,k
t )k≥1 is convergent.

So, the sequence (Z1,n
t )n≥0 is a Cauchy sequence in H2. Thus it converges to a limit

Z1 ∈ H2. Here K1 is a constant.

Similarly, the sequence (U1,n
t )n≥0 is a Cauchy sequence in L2(µ̃). Thus it converges to a

limit U1 ∈ L2(µ̃).

On the other hand (Y 1,n
s , Z1,n

s ) −→ (Y 1
s , Z

1
s ) and because of (11) we have

f 1
n(s, Y 1,n

s , Z1,n
s ) −→ f 1(s, Y 1

s , Z
1
s ) = f(s,X0

s , Y
1
s , Z

1
s ).

Since the functions f 1
n are measurable and bounded, the dominated convergence theorem

implies

lim
n→∞

∫ T

t

f 1
n(s,X0

s , Y
1
s , Z

1
s )ds =

∫ T

t

f(s,X0
s , Y

1
s , Z

1
s )ds.

We have also: ∫ T

t

Z1,n
s dWs −→

∫ T

t

Z1
sdWs.

Moreover,
∫ T
t

∫
E
U1,n
s (e)µ̃(de, ds)→

∫ T
t

∫
E
U1
s (e)µ̃(de, ds) in the sense that

E
{[∫ T

t

∫
E

(U1,n
s (e)− U1

s (e))µ̃(de, ds)
]2}

= E
[ ∫ T

t

∫
E

|U1,n
s (e)− U1

s (e)|2λ(de)ds
]
→ 0
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as n→∞.

Finally we obtain a triple (Y 1
t , Z

1
t , U

1
t )0≤t≤T satisfying the following equation:

Y 1
t = Γ +

∫ T

t

f(s,X0
s , Y

1
s , Z

1
s )ds−

∫ T

t

Z1
sdWs −

∫ T

t

∫
E

U1
s (e)µ̃(de, ds).

Taking the limit, we also have ∀t ≤ T, Y 0
t ≤ Y 1

t and ‖Y 1
t ‖S2 <∞.

Next, Consider the forward component linked with Y 1,

(9) X1,n
t = x+

∫ t

0

bn(s,X1,n
s , Y 1,n

s )ds+

∫ t

0

σ(s,X1,n
s )dWs +

∫ t

0

∫
E

β(X1,n
s− , e)µ̃(de, ds).

Since Y 0 ≤ Y 1 et (bn(s, ., .))n≥0 is increasing in space and with respect to n, we have

bn(s, x, Y 0
s ) ≤ bn(s, x, Y 1

s ) ≤ bn+1(s, x, Y
1
s ).

we also have through the comparison theorem of SDE’s with jumps that

(10) ∀t ≤ T, X0,n
t ≤ X1,n

t ≤ X1,n+1
t .

Repeating what we have done on the construction of X0, we can show the existence of a

process X1 in S2 which is an increasing limit of the sequence (X1,n)n≥0 and such that,

∀t ≤ T, X1
t = x+

∫ t

0

b(s,X1
s , Y

1
s )ds+

∫ t

0

σ(s,X1
s )dWs +

∫ t

0

∫
E

β(X1
s− , e)µ̃(de, ds).

Taking the limit in(10), one gets ∀t ≤ T, X0
t ≤ X1

t .

Having found a solution (X1, Y 1, Z1, U1) ∈ S2 ⊗ S2 ⊗H2 ⊗L2(µ̃) of (1), we can proceed

by induction to find the anticipated solution.

Step2: Let us suppose that we built the sequence of solutions (X i, Y i, Zi, U i)

for all i ≤ k − 1, i.e. for all i = 1, · · · , k − 1 and t ≤ T
X i
t = x+

∫ t
0
b(s,X i

s, Y
i
s )ds+

∫ t
0
σ(s,X i

s)dWs +
∫ t
0

∫
E
β(X i

s− , e)µ̃(de, ds),

Y i
t = Γ +

∫ T
t
f(s,X i−1

s , Y i
s , Z

i
s)ds−

∫ T
t
Zi
sdWs −

∫ T
t

∫
E
U i
s(e)µ̃(de, ds).

For t ≤ T, X i−1
t ≤ X i

t , Y i−1
t ≤ Y i

t and ‖Y i
t ‖S2 <∞.

Define the random function

fk(s, y, z) := f(s,Xk−1
s (ω), y, z).
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By hypothesis fk(s, y, z) is measurable and bounded. Then we can build the sequence of

functions fkn satisfying (l1),(l2),(l3),(l4) et (l5).

Now, consider the following BSDE with jumps

Y k,n
t = Γ +

∫ T

t

fkn(s, Y k,n
s , Zk,n

s )ds−
∫ T

t

Zk,n
s dWs −

∫ T

t

∫
E

Uk
s (e)µ̃(de, ds).

Since fk(s, y, z) = f(s,Xk−1
s (ω), y, z), fk−1(s, y, z) = f(s,Xk−2

s (ω), y, z) and

Xk−1
s ≤ Xk−2

s , the increase of the function f in x implies that fk−1(s, y, z) ≤ fk(s, y, z).

What allows us to say that fk−1n (s, y, z) ≤ fkn(s, y, z) ∀n ≥ 0. Thus the comparison’s

lemma 3.3 for BSDEs with jumps gives us

(11) ∀t ≤ T, Y k−1,n
t ≤ Y k,n

t .

The same calculations done with Y 1,n
t show that

(12) sup
n,k
‖Y k,n‖S2 <∞.

We deduct that from it the sequence (Y k,n)n≥0 is convergent in S2 to a process denoted

Y k.

The same calculation made with Z1,n
t allows to say that the sequence (Zk,n)n≥0 is conver-

gent in S2 to a process denoted Zk. Then (Y k,n
s , Zk,n

s ) −→ (Y k
s , Z

k
s ) and Y k,n

s ↗ Y k
s

By virtue of (l1) we have

lim
n→∞

fkn(s, Y k,n
s , Zk,n

s ) = fk(s, Y k
s , Z

k
s ) = f(s,Xk−1

s , Y k
s , Z

k
s ).

Since the functions fkn are measurable and bounded, the dominated convergence theorem

implies

lim
n→∞

∫ T

t

fkn(s, Y k,n
s , Zk,n

s )ds =

∫ T

t

f(s,Xk−1
s , Y k

s , Z
k
s )ds.

On the other hand Xk,n
s −→ Xk

s .

Moreover,
∫ T
t

∫
E
Uk,n
s (e)µ̃(de, ds)→

∫ T
t

∫
E
Uk
s (e)µ̃(de, ds) in the sense that

E
{[∫ T

t

∫
E

(Uk,n
s (e)− Uk

s (e))µ̃(de, ds)
]2}

= E
[ ∫ T

t

∫
E

|Uk,n
s (e)− Uk

s (e)|2λ(de)ds
]
→ 0
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as n→∞.

As in the previous step, we obtain a triple (Y k
t , Z

k
t , U

k
t )0≤t≤T satisfying the following

equation:

Y k
t = Γ +

∫ T

t

f(s,Xk−1
s , Y k

s , Z
k
s )ds−

∫ T

t

Zk
s dWs −

∫ T

t

∫
E

Uk
s (e)µ̃(de, ds).

Taking the limit in (11) and (12), together with ∀t ≤ T, Y k−1
t ≤ Y k

t leads to

‖Y k
t ‖S2 <∞.

The sequence (Y k)k is increasing and bounded, it converges on one process which we shall

denote by Yt. We need to show now that the sequence (Zk)k is a Cauchy sequence.

Applying the Itô’s formula to the function x 7→ |x|2 and to the process processus Y k
. −Y h

.

between t et T , we obtain:

(Y k
t − Y h

t )2 = 2

∫ T

t

(Y k
s − Y h

s )
[
fk1 (s,Xk−1

s , Y k
s , Z

k
s )− fh1 (s,Xh−1

s , Y h
s , Z

h
s )
]
ds

+
∑
t≤s≤T

4s(Y
k − Y h)2 −

∫ T

t

|Zk
s − Zh

s |2ds−
∫ T

t

∫
E

|Uk
s (e)− Uh

s (e)|2λ(de)ds

−2

∫ T

t

(Y k
s− − Y

h
s−)(Zk

s − Zh
s )dWs − 2

∫ T

t

∫
E

(Y k
s− − Y

h
s−)(Uk

s (e)− Uh
s (e))µ̃(ds, de).

But (
∫ t
0
(Y k

s−−Y
h
s−)(Zk

s−Zh
s )dWs)0≤t≤T and (

∫ t
0

∫
E

(Y k
s−−Y

h
s−)(Uk

s (e)−Uh
s (e))µ̃(ds, de))0≤t≤T

are martingales. As previously, by taking the expectation in each member and by using

Hölder’s inequality, we obtain

E
[ ∫ T

0

|Zk
s − Zh

s |2ds
]
≤ 2

[
E(

∫ T

0

[f(s,Xk−1
s , Y k

s , Z
k
s )− f(s,Xh−1

s , Y h
s , Z

h
s )]2ds)

] 1
2

× [E(

∫ T

0

(Y k
s − Y h

s )2ds)
] 1

2
.

But because f(s, ., ., .) is bounded and Y k−Y h −→ 0 we have: E[
∫ T
0
|Zk

s −Zh
s |2ds] −→ 0.

Then (Zk)k≥0 is a Cauchy sequence in H2 with Z = lim
k→∞

Zk.

Similarly, the sequence (Uk)k≥0 is a Cauchy sequence in L2(µ̃) with U = lim
k→∞

Uk.

Let us return to the forward component and let us consider the SDE with jumps

Xk,n
t = x+

∫ t

0

bn(s,Xk,n
s , Y k

s )ds+

∫ t

0

σ(s,Xk,n
s )dWs +

∫ t

0

∫
E

β(Xk,n
s− , e)µ̃(de, ds).
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By repeating the same work made with X1 i.e. by changing 1 in k, we obtain the same

conclusion for Xk to know

Xk−1,n
t ≤ Xk,n

t ≤ St, Xk,n
t −→ Xk

t

Xk
t = x+

∫ t

0

bn(s,Xk
s , Y

k
s )ds+

∫ t

0

σ(s,Xk
s )dWs +

∫ t

0

∫
E

β(Xk
s− , e)µ̃(de, ds)

Xk−1
t ≤ Xk

t ≤ St.

The sequence (Xk)k is increasing and bounded above, then it converges in H2 to a process

denoted X.

By the left continuity of b we have: b(s,Xk
s , Y

k
s ) −→ b(s,Xs, Ys) when k −→∞.

Since the function b(s, ., .) is measurable and bounded, the dominated convergence theo-

rem implies ∫ t

0

b(s,Xk
s , Y

k
s )ds −→

∫ t

0

b(s,Xs, Ys)ds.

On the other hand

E
[ ∫ t

0

[σ(s,Xk
s )− σ(s,Xs)]

2ds
]
≤ K2E

[ ∫ t

0

∣∣Xk
s −Xs

∣∣2 ds]→ 0

when n→∞ since Xk
s → Xs. Then

∫ .
0
σ(s,Xk

s )dWs −→
∫ .
0
σ(s,Xs)dWs.

Morerover,

E
[ ∫ t

0

∫
E

(β(Xk
s− , e)− β(Xs− , e))µ̃(de, ds)

]2
≤ E

[
sup

0≤t≤T
|
∫ t

0

∫
E

(β(Xk
s− , e)− β(Xs− , e))µ̃(de, ds)|2

]
≤ 4E

[ ∫ T

0

∫
E

|β(Xk
s− , e)− β(Xs− , e)|2λ(de)ds

]
≤ 4k2βE

[ ∫ T

0

∫
E

|Xk
s− −Xs− |2λ(de)ds

]
→ 0.

Then
∫ .
0

∫
E

(β(Xk
s− , e)µ̃(de, ds) −→

∫ .
0

∫
E

(β(Xs− , e)µ̃(de, ds). So,

Xt = x+

∫ t

0

b(s,Xs, Ys)ds+

∫ t

0

σ(s,Xs)dWs +

∫ t

0

∫
E

(β(Xs− , e)µ̃(de, ds).

Let us show now that ∀t ≤ T, (Xt, Yt, Zt, Ut)t≤T satisfies:

(13) Yt = Γ +

∫ T

t

f(s,Xs, Ys, Zs)ds−
∫ T

t

ZsdWs−
∫ T

t

∫
E

Us(e)µ̃(de, ds).
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Since lim
k→∞

Xk
t = X, lim

k→∞
Y k
t = Y , lim

k→∞
Zk
t = Z and f is left continuous in y and lipschitz

in z

f(Xk
s , Y

k
s , Z

k
s ) −→ f(Xs, Ys, Zs).

Moreover f is measurable and bounded, then the dominated convergence theorem implies

that ∫ T

t

f(s,Xk
s , Y

k
s , Z

k
s )ds −→

∫ T

t

f(s,Xs, Ys, Zs)ds.

On the other hand Zk
s −→ Zs. So E

∫ T
0
|Zk

s − Zs|2ds→ 0, leading to∫ T
0
Zk
s dWs −→

∫ T
0
ZsdWs. Moreover,

∫ T
t

∫
E
Uk
s (e)µ̃(de, ds) →

∫ T
t

∫
E
Us(e)µ̃(de, ds) in the

sense that

E
{[∫ T

t

∫
E

(Uk
s (e)− Us(e))µ̃(de, ds)

]2}
= E

[ ∫ T

t

∫
E

|Uk
s (e)− Us(e)|2λ(de)ds

]
→ 0

as n→∞.

Finally, ∀t ≤ T, (Xt, Yt, Zt, Ut)t≤T clearly satisfies (13).

This completes the proof.
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