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Abstract: This paper offers a new algebra, which is called the Liu algebra (which is named after author), because of 

its origin in BCL⁺ algebras, and connections between BCL⁺ algebras and semigroups, have more complex structures, 

or, saying a composite structure. While Liu algebras are dividing into two distinct parts that are structurally 

independent, we think there are good reasons to mash them up, can be enforced by algebraic operations on 

distributive laws. Here we introduce several new notions (i.e., ideal, funnel and deductive systems in Liu algebras). 

We show that if G and H be two algebras, if G ≅ H, then (L; *, •, 1) is an order isomorphism, and discuss some 

properties for Liu algebras.  
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1. Introduction 

BCL-algebras and BCL⁺ algebras are introduced by author in [1,2], which is a relative 

new-comer in the history of algebra. Al-Kadi and Hosny in [3] introduced the concept of 

deformation of such algebra in BCL-algebras and illustrate the connection between divisible 

algebra and deformation function. Soft BCL-algebras are studied by Al-Kadi in [4]. The BCL⁺ 

algebras developed recently by author in [5-12], it involved partial order, lattice, topology, 
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pseudocomplement, filtrations, ideals, deductive systems and funnels in BCL⁺ algebras. 

We know that the algebraic theory of semigroups occurs naturally in many areas of mathematics, 

such as combinatorics, automata theory, operator algebras and probability theory. We do also 

believe that semigroups, historically, to large extent, has based its prosperity by Clifford in 

[13-15], Hall in [16-18] and Nambooripad in [19] with their good works. 

Module theory is a composite structure of ring theory and abelian group theory. Similarly, this 

paper offers a new composite structure, which is based on the well-known semigroups and BCL⁺ 

algebras (also known as Liu algebras, which is named after author). The aim is that to involve a 

fresh approach for Liu algebras, and research that the properties and the results are interesting. 

We will also illustrate it with some examples. 

 

2. Preliminaries (1) 

In this section 2, let’s first review some relevant concepts and state some results, as follows. 

 

Definition 2.1 [2].  A BCL⁺ algebra is a triple (Y; , 1), where Y is a nonempty set, “” is a 

binary operation on Y, and Y1  is an element such that the following three axioms hold for 

any Yzyx  , , . 

(BCL⁺1)  1 xx , 

(BCL⁺2)  1 yx  and 1 xy  imply yx  , and 

(BCL⁺3)          xyzyzxzyx  . 

Theorem 2.1 [2].  Assume that (Y; , 1) is a BCL⁺ algebra. Then the following hold for any 

Yzyx  , , . 

(i)      1 yyxx . 

(ii)   xx  1  implies 1x . 

(iii)         1 yzzxyx . 
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(iv) (BCL⁺2)  1 yx  and 1 xy  imply yx  . 

Theorem 2.2 [8].  Let Y be a BCL⁺ algebra. Let yx   iff 1 yx . Then   is a partially 

ordering on Y; that is   ;Y  is a partially ordered set with greatest element 1 (and unit element) 

of Y. 

Theorem 2.3 [8].  Let H be a nonempty subset of a BCL⁺ algebra (Y; , 1). Then H is a 

filtration if and only if it is a deductive system. 

 

3. Preliminaries (2) 

In this section 3, we recall some basic facts about semigroups which will be needed for this 

paper. 

 

Definition 3.1. A set G, which has generating set GS   with respect to a given binary 

operation  , forms a semigroup if the following postulates hold: 

(i)     cbacba   , for all Gcba  , , , 

(ii)  for any Sa  and any Gb , there is at most solution, Gx , we have bxa  , and 

(iii)  similarly for bax   . 

Definition 3.2. Let I be a nonempty subset of semigroups S, and assume that for each Ss  and 

Ia , there is defined an ideal (or a right or left ideal) of S denoted Ias   and Isa  . 

Suppose that for each Ss  and Ia , there is defined a bilateral ideal of S denoted 

Iasa  .  

Theorem 3.1. Let S be a semigroup. Then S is a group for Sba  , , if and only if 

bxa    and  bay   . 

for Syx  , , there exist only solutions in S for these equations. 

Definition 3.3. Let S be a semigroup and let   be an order relation on S. Assume that for all 
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Scba  , , , if ba  , we have 

cbca     and  bcac   . 

Then we say that S is an ordered semigroup    , ;S . 

Theorem 3.2. Let S be a semigroup and let J be an index set, where  JjI j    is an ideal 

variety. Then: 

(i)  j
Jj

I


 is an ideal of S and 

(ii)  If 


j
Jj

I , then j
Jj

I


 is an ideal of S. 

 

4. Main results 

Definition 4.1. A Liu algebra is a tetrad L = (L; , •, 1), where L is a nonempty set, two binary 

operations  and • defined on L. 1 is fixed element of L such that the following axioms hold for 

each of the elements Lzyx  , , . 

(LA1)   (L; , 1) is a BCL⁺ algebra. 

(LA2)   (L; •) is a semigroup. 

(LA3)   x • (y  z) = (x • y)  (x • z). 

(LA4)   (y  x) • z = (y • z)  (x • z).  

Definition 4.2. Let L be a monoid. If L1 , then for all Lx , and we have 

1 • x = x • 1 = x. 

Definition 4.3. Let L be a monoid and let Lx . If Ly , then we have 

x • y = y • x = 1, 

and thus 1x  is the inverse of x in L, and it follows that 1 xy .  

Remark 4.1. Hint that Definition 4.3, any nonempty subset of H closed under multiplication and 
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taking inverses in H is a subgroup. 

Definition 4.4. By Definition 4.3, it suffices to show that a group is made of multiplication to the 

nonvanishing element on L, then L = (L; , •, 1) is called Liu group. If LH   is nonempty subset, 

that two binary operations  and • on L are closed, then H is called Liu subgroup. 

Lemma 4.1. Suppose that the Liu group H and that HD   be a nonempty subset. Let 

Dyx  1-  and Dyx  1  for all Dyx  , . Then D is a Liu subgroup of H. 

Proof. Choose Dx . It suffices to show that  

Dxx  11   and  Dxx   11 . 

Now for Dy , we have  

Dyy   11 1   and  Dyy    11 1 , 

let Dx , we get 

  Dyxyx 
 11   and    Dyxyx 


11 . 

Since DyD  1 ,1  for all Dy , we conclude that D has an identity and inverses and so is a 

Liu subgroup.                                                 

Lemma 4.2. Let (L; , •, 1) be a Liu algebra. For all Lba , , we have 11   ba  if and only if 

ba  .  

Proof. Let ba  . Then 11   ba . Conversely, suppose 11   ba , for all Lx , we have 

bxax    and  bxax   . 

Now we can take x = a, or b. Then  

1 abba  and 1  abba , 

so that ba  .  

Definition 4.5. Let (L; , •, 1) be a Liu algebra. A nonempty subset LS   is a subalgebra if S 

is closed under tow binary operations  and • in L. Assume that for all Syx  , , there is defined 

a unique element Syx   and Syx  . Then we say that S is a subalgebra of L. (Of course, 
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the (S; , •, 1) itself is a Liu algebra.) 

 

We now give an example of Liu algebras. 

 

Example 4.1. Let L = {a, b, c, 1} and two binary operations  and • on L can be represented by 

Table 4.1. BCL⁺ operation 

   a   b   c   1 

a   1   1   c   1 

b   a   1   c   1 

c   1   c   1   1 

1   1   1   1   1 

 

Table 4.2. L(X) operation 

•   a   b   c   1 

a   1   1   1   1 

b   a   1   1   1 

c   1   c   1   1 

1   1   1   1   1 

 

By Definition 4.1, Definition 4.3 and Definition 4.4, if we let   , byax  and cz  , then (L; , 

•, 1) is a Liu algebra, but is not a Liu group. If Scba  ,, , the elements, Sbc  , Sab   

and Sbc  , Sab  , then {c, b} and {b, a} are subalgebras of L. 

Theorem 4.1. Let (L; , •, 1) be a Liu algebra. Then the following hold for each Lx : 

(i)  1 • x = x • 1 = 1 and 

(ii)  Suppose that b is the maximal element in L. Then x • b and b • x are also the maximal 
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elements. 

Proof. For part (i), by Definition 4.1 (LA1), (LA4), we see that 

1 = (1 • x)  (1 • x) = (1  1) • x = 1 • x 

and 

1 = (x • 1)  (x • 1) = x • (1  1) = x •1. 

Thus 1 • x = x • 1 = 1. 

For part (ii), let b = b  (1  b) be the maximal element, by Definition 4.1 (L3), we see that 

(x • b)  ((x • 1)  (x • b)) = (x • b)  (x • (1  b))  

                 = x • (b  (1  b))  

        = x • b. 

We also use the same method to prove b • x.                                 

Theorem 4.2. Let (L; , •, 1) be a Liu algebra and let Lzyx ,, . Then yx   implies 

yzxz    and zyzx   . 

Proof. Since yx  , and we can write x  y = 1. We now have 

(z • x)  (z • y) = z • (x  y) = z • 1 = 1, 

so that yzxz   , as desired. In the case where zyzx   , is proved similarly.  

Theorem 4.3. Let (L; , •, 1) be a Liu algebra and let yx  . For all Lzyx  , , , if  1 yx . 

Then   is a partial ordering on L. (The partial ordering Liu algebras, denoted by (L; , •,  , 1) 

or po-Liu algebras.) 

Proof. The proof is immediate by Theorem 2.2 and Definition 3.2.               

Definition 4.6. Let E be a nonempty subset of BCL⁺ algebras (Y; , 1), we say that E is called an 

ideal of Y if 

(BE1)   E1 , 
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(BE2)   For all Yyx  , , Exy   and Ex  imply Ey , and 

(BE3)   For all Yzyx  , , ,    Exxyz  . 

 

The following is the extension of Theorem 3.2 to BCL⁺ algebras.  

 

Theorem 4.4. Let  KkI k    is an ideal variety of BCL⁺ algebras (Y; , 1). Then 

(i)  If  KkI k    is an ideal chain (i.e. between any two elements can compare in kI ). Then 

k
Kk

I


 is an ideal of Y. 

(ii)  k
Kk

I


 is an ideal of Y. 

Proof. For part (i), of course, we have k
Kk

I


1 . Now suppose that k
Kk

Ixy 


  and k
Kk

Ix 


 , 

we have Kkk 21  , . Then 
1kIxy   and 

2kIx . We may assume that 
21 kk II  , then 

2kIxy   and 
2kIx , where 

2kI  is an ideal of Y. Since k
kk

k IIy 



2

. We prove Definition 

4.6 (BE2). We know that we can write 

        
 

,                                

                                

y

xxy

xzxyzxxyzz





 

and  

k
Kk

Izy 


 , , imply    k
Kk

Ixxyz 


 . 

In fact, since k
Kk

Ixy 


 , we have Kkk 21   , , and so  
21

  , kk IIxyz  . Since 

21
  , kk IIx . Then 

   k
Kk

kk IIIxxyz 



21

  , , 

and the proof that Definition 4.6 (BE3) is satisfied. Thus k
Kk

I


 is an ideal of Y. 

For part (ii), assume Kk   and let kI1 . Then we can choose k
Kk

I


1 . Let 
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k
Kk

Ixy 


  and k
Kk

Ix 


 . Since for each Kk  . Then kIxy   and kIx . If kI  is an 

ideal of Y. Than kIy . This yields k
Kk

Iy 


 , and thus k
Kk

I


 is an ideal of Y. We prove 

Definition 4.6 (BE2), is also. We also use the part (i) method to prove 

   k
Kk

kk IIIxxyz 



21

  , . Thus k
Kk

I


 is an ideal of Y.                  

Definition 4.7. Let K be a nonempty subset of Liu algebras (L; , •, 1), let Ka , Lx . We 

say that K is called an ideal of L if 

(LK1)   Kax   implies Kx , 

(LK2)   Kxa   and Kax   imply Kx . 

Remark 4.2. Hint that Definition 4.7, we discuss a few examples of ideals. For any Liu algebras, 

of course, the L itself and {1} are ideals of L. Beyond that is called a principal ideal Liu algebra, 

or a PKL.  

Example 4.2. Example 4.1 shows that {c, b} and {b, a} are subalgebras of L, but {1, a} is not a 

PKL, since aab  , but we conclude that b{1, a}. 

Theorem 4.5. Let (L; , •, 1) be a Liu algebra and suppose Lx . Then the following are ideal 

of semigroups (L; •): 

(i)      11   xLxLM  and 

(ii)     xxLxLV  1  . 

Proof. For part (i), let  LMa  (viewed as a set) and Lx . To see that this hold, write  

1  x = 1. Then  

       
 

1,                      

1                      

1                      

11













a

xa

xaaxax

 

and 
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1,                      

1                      

1                      

1 1













a

axaax

ax

x

 

and so    LMaxLMxa    , , we now know that  LM  is an ideal of semigroups (L; •). 

Part (ii) is proved similarly.                                

 

That is as far as an application of Theorem 4.4 and Theorem 3.1, a similarly result is an ideal 

variety, there also exists in Liu algebras, and we give the following corollary. 

 

Corollary 4.1. If  KkI k    is an ideal variety of Liu algebras (L; , •, 1), then 

(i)  If  KkI k    is an ideal chain (i.e. between any two elements can compare in kI ). Then 

k
Kk

I


 is an ideal of L. 

(ii)  k
Kk

I


 is an ideal of L. 

Corollary 4.2. Let Q be a nonempty subset of Liu algebras (L; , •, 1). Then Q is an ideal if and 

only if 

(i)   Q is an ideal of BCL⁺ algebras (L; , 1), and 

(ii)  Q is an ideal of semigroups (L; •). 

Definition 4.8. If D be a nonempty subset of a Liu algebra (L; , •, 1). Then we say that D be a 

deductive system of L if the following two axioms are satisfied: 

(DS1)  D1  and 

(DS2)  Dx , Dyx   and Dyx   imply Dy . 

Lemma 4.3. Let (L; , •, 1) be a Liu algebra and Lzyx  , , . Then 

   zxx yzy   . 
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Proof. In fact 

       zxyzxzyzy yxx   . 

This completes the proof.                                                

Theorem 4.6. A nonempty subset K of a Liu algebra (L; , •, 1) is an ideal if and only if it is a 

deductive system. 

Proof. Let K be an ideal, we show now that if K1 . Then Definition 4.8 (DS1) is satisfied. To 

prove Definition 4.8 (DS2) suppose Ka  and Kaax  1  for some Lx . Then by 

Definition 4.7 (LK1), since K1 , we have 

  Kxaxa 2 , 

and so 

      
   .   

   

1

12 Kxxaa

xxaxxax

xx





 

Thus Ka  and Kxa  . Using the same methods we get 

Kxx  1  and Kxx  1 . 

Taken together, it imply Kx . We prove Definition 4.8 (DS2). Then K is a deductive system. 

Conversely, if K is a deductive system, then K1 , we have 

     
 
 

,1                

11                

1                

1                

K

aa

xa

xaaaxaa









, 

by Lemma 4.3, we have 

    Kaaaxaxa   11 , 

and 

    Kaxaaxa a   11 . 

This for Ka  imply Kax   and Kxa  , for every Lx . Hence Definition 4.7 (LK1) 
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and (LK2) are satisfied.                                         

Definition 4.9. Let G and H be two Liu algebras and assume that the corresponding mapping 

HG :  is a bijection. We say that θ is an isomorphism for all Gyx  , , then 

(i)        yxyx   ~  and 

(ii)       yxyx    ~ , 

where,  ~ ,~  are two binary operations of H. We say that G and H are isomorphic, and we write 

HG   if an isomorphism between them exists. 

Remark 4.3. Note that if HG :  is an isomorphism, then GH :1-  is an isomorphism 

also. In addition, if PH :  is another isomorphism, it is routine to check that PG :  

is an isomorphism, and   . 

 

 

 

 

 

Theorem 4.7. Let HG  . Then (L; , •, 1) is an order isomorphism. 

Proof. Choose   such that HG : , let yx  , we can write 1 yx .  

Then we have 

        11~   yxyx , 

and let 1 yx . Then  

        11~    yxyx . 

As above, this order    yx   . This completes the proof.                     

Theorem 4.8. Let G and H be two Liu algebras and assume that the corresponding mapping 

G P 

H 

π 

θ μ 
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HG :  is a bijection. Let Q be an ideal for the Liu algebras G. Then  Q  is an ideal of H. 

Proof. (i) To prove that  Q  is an ideal of BCL⁺ algebras (L; , 1). If Q is an ideal of G, since 

Q1 , we have    Q  11 . Let Gyx  ,  and Hyx ~ ,~ . If  Qxyx  ~~~ ,~ . Then there 

exists Qzx  , , and hence    yyxx   ~  ,~  and  zxy  ~~~ , we have 

       xyxyz   ~ , 

and so 

       1~  zxyzxy  , 

and 

          zxyyzxyyyy   ~1~~ , 

where 

      Qzzxyxy  1 , 

we conclude that  Qy ~  and  Q  are ideal of H. 

(ii) To prove that  Q  is an ideal of semigroups (L; •). Let  QaHx  ~ ,~ , since HG  . 

Then there exists QaGx   , , and we have  xx ~  and  aa ~ . Since Q is an ideal of 

semigroups, by Definition 4.7 (LK2), we can write Qxa   and Qax  , and we have 

       Qxxax aa    ~~~ ~ , 

and 

       Qaxaxax    ~~ ~~ . 

This completes the proof.  

Corollary 4.3. Let G and H be two Liu algebras and map HG   : . Suppose P is an ideal of 

H . Then  P-1  is an ideal of G . 
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The following definition is very useful. 

 

Definition 4.10. Let F be a nonempty subset of Liu algebras (L; , •, 1) and assume that  

FFL    and  FFL  . 

Then F is a funnel of Liu algebras. 

Example 4.3. Example 4.1 show that F = {1, c} is a subset of L, it is also a funnel of Liu 

algebras (L; , •, 1).  

Theorem 4.9. If (L; , •, 1) is a Liu algebra, then L is a funnel. 

Proof. The proof is simple. Let 1 = F, we get  

FLL 1 , 

and  

FLL  1 . 

By Definition 4.10, we have L = F.                                        

Theorem 4.10. Let H be a funnel of Liu algebras (L; , •, 1). Then there exists H1 . 

Proof. Let H be a funnel of Liu algebras, in particular, H0 . Then HLH  . By Definition 

4.10, if Ha  , then 

HHLaa 1 , 

and   

HHLaa  1 , 

and so H1 .                                                        

Theorem 4.11. Let H be a funnel of Liu algebras (L; , •, 1). Then H is a subalgebra of Liu 

algebras. 

Proof. Let Hba  , . Then by Definition 4.10, we have 

LHHLHHba  , 

and   
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LHHLHHba   . 

therefore, this proves the funnel H is a subalgebra of Liu algebras.                

Remark 4.4. Strictly speaking, the converse of Theorem 4.11 is not true in next example. 

Example 4.4. H = {a, c} is a subset of L, but it is not a funnel of Liu algebras (L; , •, 1) in 

Example 4.1. 

 

5. Conclusion 

It turns out that BCL⁺ algebras are a very interesting area of research in the theory of algebraic 

systems in mathematics. In the present paper, the BCL⁺ algebras plays a central role in Liu 

algebras, and the semigroup is actually helping one important aspect of Liu algebras, so we put 

some useful definitions and properties into Section 4, Main Results. 
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