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Abstract. The purpose of this paper is to introduce some further properties of the concept of pairwise L-closed

spaces as a continuation of a previous study of this notion.
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1. Introduction

Kelly [1] introduced and studied the notion of bitopological spaces in 1963. He defined

pairwise Hausdorff, pairwise regular and pairwise normal spaces.

Several mathematicians studied various concepts in bitopological spaces which are turned to

be an important field in general topology. In this paper, we study the notion of pairwise L-closed

spaces in bitopological spaces and their relations with other bitopological concepts.
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We use R and N to denote the set of all real and natural numbers respectively, p- to denote

pairwise, cl to denote the closure of a set, and τs, τ l to denote Sorgenfrey and left ray topologies

on R or N.

2. Pairwise L-Closed spaces

Definition 2.1: A bitopological space (X ,τ1,τ2) is said to be pairwise L-closed space if each

τ1-Lindlöf subset of X is τ2-closed and each τ2-Lindlöf subset of X is τ1-closed.

Definition 2.2: [5] A bitopological space (X ,τ1,τ2) is called pairwise T1space if for each

pair of distinct points x,y in X , there exists a τ1-neighbourhood U of x and a τ2-neighbourhood

V of y such that x ∈U , y /∈U and y ∈V , x /∈V .

Definition 2.3: [4] A bitopological space (X ,τ1,τ2) is called p-Hausdorff space if ∀x 6= y

in X , there exists a τ1-neighbourhood U of x and a τ2-neighbourhood V of y such that x ∈U ,

y ∈V , and U ∩V =φ

Definition 2.4: [3] A bitopological space (X ,τ1,τ2) is called Lindlöf (resp. compact) if it is

τ1-Lindlöf (resp. τ1-compact) and τ2-Lindlöf (resp. τ2-compact).

Example 2.5: Consider R equipped with Sorgenfreyline topology τs and the left ray topology

τ l,then the bitopological space is not pairwise L-closed space because if A is a τs−open subset,

then A is τs-Lindlöf. However A is not τ l-closed.

Proposition 2.6: If every countable subset of (X ,τ1,τ2) is closed, then every countable subset

of X is discrete.

Proof: Let A be a τ i−subset of X such that A = ∪∞
k=1{xk} where xk ∈ X , k ∈ N,

then A is a countable subset of X and hence closed by the assumption,see [6] .

Each point of A is an isolated point. Thus A is discrete.

Definition 2.7: [3] A bitopological space (X ,τ1,τ2) is called first (second) countable if (X ,τ1)

is first (second) countable and (X ,τ2) is first (second) countable.

Definition 2.8: A topological space (X ,τ)is called Fre′chet Urysohn if and only if for every

A ⊆ X , and every x ∈ clA, there exists a sequence (xn) in A converges to x ∀n ∈ N. A bitopo-

logical space (X ,τ1,τ2) is said to be pairwise Fre′chet Urysohn if it is τ1-Fre′chet Urysohn and

τ2-Fre′chet Urysohn.
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Definition 2.9: A topological space (X ,τ) is called sequential if every non closed subset F

of X contains a sequence converging to a point in X-F . A bitopological space (X ,τ1,τ2) is said

to be pairwise sequential if it is τ1-sequential and τ2-sequential.

Definition 2.10: A topological space (X ,τ) is said to have a countable tightness property

if whenever A ⊆ X and x ∈ clA, there exists a countable subset B of A such that x ∈ clB. A

bitopological space (X ,τ1,τ2) is said to have a pairwise countable tightness property if it has

τ1-countable tightness and τ2-countable tightness property.

Proposition 2.11: For a pairwise T1 pairwise L-closed space, the following are equivalent:

a. X is first countable.

b. X is pairwise Fre′chet Urysohn.

c. X is pairwise sequential.

d. X has pairwise countable tightness property.

e. X is discrete.

Proof: a→b) Suppose that (X ,τ1,τ2) is a first countable space, let A be a subset of X such that

x ∈ cliA ∀i=1,2.

Then there exists a τ i−countable local base β̃ = {β n : n ∈ N} at x such that x1 ∈ β 1 , x2 ∈

β 2−β 1 , . . . each of which must intersect A. Now choose xm such that xm ∈ β n ∩A ∀m ≥ 1

m ∈ N,so xm is a τ i−sequence in A.

Given any τ i−neighborhood U of x, U must contain β n for some n ∈ N.So xn belongs to U

∀n≥ n◦ and xn converges to x. Thus X is pairwise Fre′chet Urysohn.

b→c) Suppose that X is pairwise Fre′chet Urysohn. Let C be a τ i−sequentially closed subset

of X such that C is not τ i− closed ∀i=1,2. Let x ∈ cliC such that x /∈C.

Since X is pairwise Fre′chet Urysohn, there exists a τ i−sequence (xn)such that (xn)→ x

∀n ∈ N.

C is τ i−sequentially closed, hence x ∈C.Thus C is τ i− closed which is a contradiction.

c→d) Let X be a pairwise sequential space, let D be a τ i−subset of X such that x ∈ cliD

∀i=1,2.

Suppose that K=∪{ cliE: E ⊆ D | E |≤ ω◦}. Clearly, K ⊂ cliD,hence K is τ i−sequentially

closed.
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Let xn be a τ i−sequence in D such that xn → x ∀n ∈ N, x /∈ D,there exists a τ i−countable

subset En of D such that xn ∈ ∪∞
n=1cliEn, so x ∈ K. Since X is pairwise sequential, K=cliD, i.e

K is τ i−closed.

Thus X is pairwise countable tightness.

d→e) Let X be a pairwise countable tightness, let B be a τ i−open subset of X such that

x ∈ cliB ∀i=1,2, ∃ a τ i−countable subset M ⊆ B such that x ∈cliM. But X is a pairwise

L-closed space,

so M=cliM and hence M is τ i−discrete by proposition2.6. Thus X is discrete.

e→a) Let X be a discrete space, ∀x ∈ X ∃ a τ i−open set U containing x. But x ∈{x} because

X is discrete, so {x}⊆U .

Hence {{x}: x ∈ X} is a τ i−local base for X .

Thus X is a τ i−first countable ∀i=1,2, and hence X is first countable.

Definition 2.12: A topological space (X ,τ) is said to be sequentially compact if every infinite

sequence has a convergent subsequence. A bitopological space (X ,τ1,τ2) is called pairwise

sequentially compact if it is τ1-sequentially compact and τ1-sequentially compact.

Definition 2.13: A topological space (X ,τ) is said to be strongly countably compact if the

closure of every countable subset of X is compact. A bitopological space (X ,τ1,τ2) is called

pairwise strongly countably compact if it is τ1-strongly countably compact and τ2-strongly

countably compact.

Definition 2.14: A topological space (X ,τ) is said to be countably compact if every count-

able open cover of X has a finite subcover. A bitopological space (X ,τ1,τ2) is called pairwise

countably compact if it is τ1-countably compact and τ2-countably compact.

Proposition 2.15: If (X ,τ1,τ2) is p-Hausedorff pairwise L-closed, then the following are

equivalent:

a. X is compact.

b. X is pairwise sequentially compact.

c. X is pairwise strongly countably compact.

d. X is pairwise countably compact.

e. X is finite.
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Proof: a→b) Let (xn) be a τ i-sequence that has no τ i-convergent subsequence ∀i=1,2 ∀n∈N.

w.l.o.g let xk 6= xl ∀k,l ∈ N, k 6= l. Each term of the τ i-sequence (xn) is a τ i-isolated point,

since otherwise (xn) would have a τ i-convergent subsequence. So ∀i=1,2 ∃ a τ i-open set un

neighborhood of xk such that xl /∈ un ∀k 6= l because X is p-Hausdorff.

Let un′=X-{xn:n∈ N} be a τ i-open set, then it’s complement consists only of τ i-isolated

points.

So it is τ i-closed. Hence {un′}∪{un : n ∈ N} is a τ i-open cover of X that has no τ i-finite

subcover because any finite subcollection of these sets would fail to include infinitely many

τ i-terms from (xn) in its union.

Thus X is not compact.

b→d) Let X be a pairwise sequentially compact and A be a τ i- infinite countable subset of X

∀i=1,2.

Let (xn) be a τ i-sequence in A. (xn) has a τ i-convergent subsequence (xnk) ∀n,k ∈ N.

There exists a point x ∈ X such that (xnk)→ x.

If U is a τ i-neighborhood of x, then U contains a tail of (xnk).(U-{x})∩A 6= φ .Thus x is a

τ i-cluster point of A.

Hence X is pairwise countably compact.

Definition 2.16: [8] If (X ,τ) is a L-closed space, then X is called a L4-space if whenever

A⊆ X is Lindlöf, there exists a Lindlöf Fσ−set F such that A⊆ F ⊆ clA.

Definition 2.17: [8] If (X ,τ1,τ2) is a pairwise L-closed space, then X is called a pairwise L4-

space if ∀τ i−Lindlöf subset A of X, there exists a τ−Lindlöf Fσ -subset F such that A⊆F ⊆ cliA

∀i=1,2.

Proposition 2.18: If (X ,τ1,τ2) is a pairwise L-closed space, then X is pairwise L4-space.

Proposition 2.19: If (X ,τ1,τ2) is a pairwise L-closed space, then every τ i-Lindlöf Fσ -set is

τ j-closed ∀i,j=1,2 i 6=j.

Proposition 2.20: If every τ i-Lindlöf subset of (X ,τ1,τ2) is a τ i-Fσ -set, then X is pairwise

T1 and every countable closed subset of X is discrete.

Proposition 2.21: In a p-Hausdorff space (X ,τ1,τ2), the following are equivalent:

a. (X ,τ1,τ2) is pairwise L-closed space.
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b. every τ i-Lindlöf Fσ -set is τ j-closed ∀i,j=1,2 i6=j and τ i-closure of a τ i-Lindlöf subset of

X is τ i-Lindlöf.

Definition 2.22:[7] A topological space (X ,τ) is called hypercountably compact if the union

of every countable family of compact subsets of X has a compact closure.

Definition 2.23: A bitopolgical space (X ,τ1,τ2) is said to be pairwise hypercountably com-

pact if it is τ i−hypercountably compact ∀i= 1,2.

Proposition 2.25: If a bitopolgical space (X ,τ1,τ2) is p-Hausdorff pairwise L4 strongly

countably compact, then X is pairwise hypercountably compact.

Proof: Let Ũ={ Ak: Ak ⊆ X , Ak is τ i−compact} ∀k ∈ N, ∀i= 1,2.X is pairwise strong-

ly countably compact, hence cliAk is compact. Since X is pairwise L4,there exists a Lindlöf

Fσ−subset F such that Ak ⊆ F ⊆ cliAk.

Now ∪∞
k=1cliAk is compact, thus X is pairwise hypercountably compact.
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[3] Fora, A. Hdeib, H. On Pairwise Lindlöf Spaces, Rev. Colombia Math. 17 (1983), 37-58.

[4] Weston, J. D. , On the comparison of Topologies, J. London Math. Soc. 32 (1957), 342-354.

[5] Saegrove, M. On bitopological spaces, Ph.D. Thesis (1971) Iowa State University.

[6] Hdeib, H., Pareek, C.M., On Spaces In Which Lindlöf Sets are Closed, Q&A in General Topology, Vol. 4
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