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1. Introduction 

A numerical semigroup S is a subset of (the set of nonnegative integers) 

closed under addition, S0 .  

For a numerical semigroup S , 
 1 2, ,..., pA s s s S 

 is a generating set of  S  

provided that 
 1 2 1 1 2 2, ,...,  ... : ,1p p p iS s s s k s k s k s k i p        

.  The 

set 
 1 2, ,..., pA s s s

 is called minimal generating set of S  if no proper subset is a 

generating set of S .  It was observed in [1] that the set \S  is finite if and only if 

 1 2, ,..., 1pgcd s s s 
 ( gcd  stands for greatest common divisor).  
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Another important invariant of S is the largest integer not belonging to S , known 

as the Frobenius number of S and denoted by )(Sg , that is 

 ( ) max :g S x x S  
([1]). We define   ))(,...,2,1,0(#)( SSgSn   

where )(# A denotes the cardinality of A. Furthermore, the set determine of S is 

defined as
( ) : ( )N S s S s g S

. It is also well-known that   

 ...,1)(,,...,,,0 121   SgssssS nn  where   means that every integer 

greater than 1)( Sg  belongs to S ,  ( )n n S  and 1i is s 
 for ni ,..,.2,1 .  

For  0\Sm , the Apery set of m  in S is the set 

 SmsSsmSAp  :),( . It can easily be proved that ),( mSAp  is formed by 

the smallest elements of  S  belonging to the different congruence classes mmod  . 

According to this, we can write mmSAp )),((#  and 

mmSApSg  )),(max()( . Various aspects and properties of Apery sets are 

detailed in [4, 5]. The elements of  \S , denoted by ( )G S , are called the  gaps of  

S , that is 
( ) : ,G S x x x S

 ( [6]) .  

Given a numerical semigroup S , the set of gaps of S  is defined as ( ) \G S S , 

and an element ( )x G S  is said to be fundamental gap of  S  if 
2 ,3x x S

, 

and  the set of all fundamental gaps of S   is written as 

( ) ( ) : 2 ,3F S x G S x x S
 ( [6]).  

S  is symmetric if for every \x S , the integer ( )g S x S . Similarly, a 

numerical semigroup S  is Pseudo-Symmetric if ( )g S  is even and the only integer 

such that \x S  and ( )g S x S  is 

( )

2

g S
x

 ( [7]). Especially, 

1 2,S s s
 which is generated by two elements is symmetric numerical 
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semigroup and the Frobenius number of S is 1 2 1 2( )g S s s s s
 ( [3]). 

The holes of  S  is defined by
( ) : , ( )H S x x S g S x S

 . Thus, it 

can be written that S is symmetric if and only if ( )H S  ( [4]).  

Now, we give follows definition from ( [2]); 

Let 
 ...,1)(,,...,,,0 121   SgssssS nn  is numerical semigroup 

:i iS x S x s
 and 

( ) : iS i x x S S
 , and for 

0,1,2,..., ( )i n S k . Thus, we write that  

1 1 0... (0) (1) ... ( 1) ( )k kS S S S S S S S k S k
.  

In this case, the number 1( ) #t t S 1S S
 is defined as the type of S . So, 

we obtain the set 1 2 ( ), ,..., , n St t t
 which is defined as the type sequence of S , 

where  

 
( ) #i it t S

     1iSiS , for  0,1,2,..., ( )i n S k .  

S is called Arf numerical semigroup if x y z S   , for all , ,x y z S  where 

x y z   ( [8] ).  Alternatively, S can be defined as Arf numerical semigroup using  

the type sequence of  S : S is Arf numerical semigroup if  1
1t s s

i i i  , for 

every 1 ( )i n S  ( [2] ). 

 

2. Preliminaries 

Study of numerical semigroups necessitiates use of computer programs in the 

sense that it deals with numbers and sets which involves very large amount of 

operations that can be time consuming, error prone and bothersome to an extent.  

Manually computing the type sequence of a given numerical semigroup S and 

determining whether S is an Arf Numerical Semigroup is a very time consuming and 

error prone task to accomplish. On the other hand using a computer program to 

generate the elements of the numerical semigroup from its generators and determining 
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the type sequence – a series of processes which includes the constructing of S(i) sets 

and counting the number of elements of set differences -  can be achieved easily and 

accurately.  

Likewise, given any numerical semigroup S, checking whether S is an Arf 

Numerical Semigroup requires similar hand work which can easily be achieved by the 

help of comupter programs.  

 

3. Main results 

3.1. Computer Program Menu  

Our program, implemented with C++ programming language, has a main menu 

that incorporates many operations on numerical semigroups. Some of these operations 

had been added previously by İlhan et al. in their studies ([9]).  

In this study we have added the modules to determine the type sequence of a 

given numerical semigroup (H) and another two modules that determine whether the 

given numerical semigroup is an Arf numerical semigroup (I, J).  The newly added 

menu items (I) and (J) use two different methods to achieve the same goal.  

Main menu of our program includes the following menu items; 

 

A - Enter generators and compute the numerical semigroup, S. 

B - Compute H(S), the holes of S. 

C - Compute G(S),the set of gaps of S 

D - Compute F(S),the set of fundamental gaps of S 

E - Compute N(S),the set determinant of S 

F – Apery set  

G - Display the elements of S. 

H - Type Sequence. 

I - Is the Semigroup an Arf? (Algorithm 1) 

J - Is the Semigroup an Arf? (Algorithm 2) 

X - Leave this world. 
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3.2. Contribution to Computer Program  

Initially this program is a product of Grace and Craven. They designed this 

program in their study of their master thesis. Then, it was extended to include some 

more functionalities by İlhan et al ( [9] ). In this study, we have included three more 

functionalities to determine the type sequence of a numerical semigroup and to  

determine whether the given numerical semigroup is an Arf Numerical Semigroup 

using C++ programming language.  

The first algorithm to determine the Arf’ness of a numerical semigroup depends 

on the type sequence and the second algorithm depends on the requirement of the 

existense of every value of x y z  in the semigroup itself for min( , , )z x y z . 

Menu items H, I and J are the interfaces added for the contribution to this program.  

 

3.3. Methods  

Determining the type sequence of any numerical semigroup defined as the 

cardinality of the set     1iSiS  where 
:i iS x S x s

 and 

( ) : iS i x x S S
 for every 1 ( )i n S  is implemented, thus reducing 

the burden and the error propagation risks of manual calculations. Constructing the 

sets S(i) and Si , and then calculating the cardinality of the difference of the sets 

( ), ( 1)S i S i  for every value of 1 ( )i n S , manually requires a hard work and is 

open to errors. Our program eliminates the cost of the burden and reduces the error 

risks. 

In this study Arf’ness of a numerical semigroup is determined by two different 

algorithms. First algorithm uses the type sequence of the numerical semigroup to 

check whether 1
1t s s

i i i . This algorithm obviously requires the calculation of 

ti values for every  1 ( )i n S . The second algorithm uses the restriction that for 

all , ,x y z S  where min( , , )z x y z , the statement Szyx   holds. Using our 

computer program it becomes easier and error free.  
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Thus, our program can be used in scientific studies in numerical semigroups to 

improve effectiveness and accuracy. Our product can contribute to: 

 New product implementations,  

 Scientific studies on related sciences and multidisciplinary studies, 

 Similar and new approaches in numerical semigroups.  
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