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Abstract. We solve an optimal portfolio choice problem for an investor with either power or log utility over

terminal wealth in close form, facing imperfectly hedgeable stochastic income. The returns on the income and the

stock are imperfectly correlated, therefore the market is incomplete. We describe how an investor accommodates or

adjusts the Merton portfolio of the stock and risk-free asset through an interpolating hedging demand, in reaction

to the stochastic income. The solutions to the investor thrilling problem of seeking the optimal portfolio are

formulated and worked out using the stochastic control theory. The Bellman principle of dynamic optimality is

utilized through the Hamilton-Jacobi-Bellman (HJB) partial differential equation. We apply the results to some

unconstrained portfolio optimization problem with power and log utility functions which lead to four propositions

as the main results. All the two models discussed shows that, there is an inverse relation between the risk and the

value of Merton’s investment strategy.
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Portfolio Theory is a theory of investment which attempts to maximize portfolio expected

return for a given amount of portfolio risk, or equivalently minimize risk for a given level of

expected return, by carefully choosing the right proportions of various assets or investments.

The theory was first discovered and developed by Hary Markowitz in 1950s. Portfolio opti-

mization is an optimal investment strategy. That is, is a systematic plan to efficiently allocate

investable assets among investment choices such as stocks, bonds, real estate and commodities

for the purpose of acquiring optimal returns. An investor investing in bonds and stocks need

maximum utility of her wealth. Investors focused on assessing the risks and returns of each

individual securities in the construction for their portfolios need to identify those securities or

assets that offered the best opportunities for gain with least risk and then construct portfolio

from them. Modern Portfolio Theory (MPT) concentrates on risk at least as much as the returns

[2]. In addition, MPT could be described as risk management rather than return management.

Harry Markowitz introduced the portfolio selection theory in 1952 with his Mean-Variance

analysis, that aims to minimize the risk (modelled by the variance) under a constraint on the

expected gain of the portfolio. The main problem is to find the best way to invest in a set

of assets. Later, Robert Merton introduced stochastic control in 1969 and 1971, [7]. He dis-

cussed explicit solutions to the optimal portfolio problem in a 2-dimensional market, that is,

with risky and risk-free as investment alternatives. The price of the risky asset (e.g. stock)

follows a geometric Brownian motion. The investor wants to maximize her terminal wealth

under specified utility function e.g. power, log-utility function, etc. Two main tools to be used

are the dynamic programming principle, useful to solve problems from dynamic optimization

and Hamilton-Jacobi-Bellman (HJB). The HJB equation was pioneered by Richard Bellman,

[1] from the dynamic programming principle in continuous time and it generalizes the works of

William Hamilton and Carl Gustav Jacobi in Classical Mechanics. Similar works can also be

seen in [3, 5, 6].

In this paper we investigate Merton’s classical portfolio optimization problem with consump-

tion strategy and stochastic income. The work of this paper is much based on the works of [4,

8]. On the work of Henderson, he discussed the explicit solutions to the optimal portfolio choice
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problem for an investor with negative exponential utility over terminal wealth facing imperfect-

ly hedgeable stochastic income without consumption strategy. The returns on income and the

stock are imperfectly correlated, so the market is incomplete. [8] also explicitly solved the

problem of pricing in an incomplete market, along with dynamic portfolio optimization prob-

lem which can be formulated using stochastic control theory. Both [4, 8] applied Hamilton-

Jacobi-Bellman partial differential equation to establish their model results. In similar fashion,

our approach to solve the stochastic optimization problem goes via the dynamic programming

method and the associated Hamilton-Jacobi-Bellman (HJB) equation. We confine our results to

complete markets.

2. Model description

We assume that we are in a filtered probability space (Ω,F ,F,P), where Ω is a set of random

events, F is a σ -algebra on Ω, P a probability measure on the measurable space (Ω,F ) and

F is the filtration. We then define the market as an Ft-adapted 2-dimensional Itô process Mt =

(Nt ,St) at time t ∈ [0,T ] where the dynamics of a riskless asset at time t is modeled by the

equation:

dNt = rNtdt, (N0 = 1) (2.1)

where r is the interest rate and the dynamics of the price of the risky asset St at

any time t is modeled by the equation:

dSt = St(µdt +σdBt),(S0 = s0), (2.2)

where µ is the drift parameter or the appreciation rate, σ is the volatility, and Bt a standard

Brownian motion. As in [4], we assume that the investor also receives income over time, the

income rate at time t is α(Xt , t) where Xt is the state variable such that

dXt = φ(Xt , t)dt +ψ(Xt , t)dYt . (2.3)

The correlation between dBt and dYt is ρdt, where ρ ∈ [−1,1]. Yt can also be written in the form

Yt = ρBt +
√

1−ρ2Zt where Zt is a standard Brownian motion independent of Bt . We assume

that φ(Xt) and ψ(Xt) are continuous and satisfy Lipschitz and growth conditions in X to ensure
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a unique solution. In the case where |ρ| < 1, the presence of the second motion Zt means that

the income can not be perfectly be hedged via the stock St and the market the investor is faced

with is incomplete. The wealth, Wt is generated by an investor allocating his current wealth

accordingly (in the following fashion: By letting πt to be the fraction of cash that is invested in

the risky asset, and the remainder, 1−πt to be the fraction of the current wealth invested in the

risk-free asset (bond) at time t), and by the inflow of the stochastic income α(Xt , t). Let ct be

consumption process.

2.1. Problem statement

This paper investigates an investor’s problem of seeking the optimal portfolio u = (πt ,ct) that

would definitely maximize his utility of terminal wealth in the presence of the consumption ct ≥

0, and the non-negative and continues stochastic income α(Xt , t) in a given market (Mt)t∈[0,T ]

in a time horizon T . These would also be based on a rational investor’s preference (utility).

We discuss the power, and log utilities which are incorporated with the stochastic income for

maximizing the wealth of the trader, hence extending the work of [4] who dwelt on negative

utility function.

2.2. Optimal portfolio

We consider the income rate α(Xt , t) as an Itô process. Apply Itô’s formula to obtain the

dynamics for income rate α(Xt , t) as follows

dα(x, t) =
∂α(x, t)

∂ t
dt +

∂α(x, t)
∂x

dXt +
1
2

∂ 2α(x, t)
∂x2 (dXt)

2

=
∂α(x, t)

∂ t
dt +

∂α(x, t)
∂x

φ(Xt , t)dt +
∂α(x, t)

∂x
ψ(Xt , t)dYt

+
1
2

∂ 2α(x, t)
∂x2 ψ

2(Xt , t)dt,

where the following rules are taken into consideration;

dYt ·dt = dt·dYt = dt·dt = 0 and dYt ·dYt = dt,
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dα(x, t) =
(

∂α(x, t)
∂ t

+
∂α(x, t)

∂x
φ(Xt , t)+

1
2

∂ 2α(x, t)
∂x2 ψ

2(Xt , t)
)

dt

+
∂α(x, t)

∂x
ψ(Xt , t)dYt ,

or in short we have

dα(Xt , t) = (α̇ +αxφ(Xt , t)+
1
2

αxxψ
2(Xt , t))dt +αxψ(Xt , t)dY .

The dynamics of wealth process comes out from the following computation: Consider 2-

dimensional processes, market (Mt)t∈[0,T ] and an adapted trading strategy θ = (Θ0
t ,Θt). The

consumption ct ≥ 0 and the stochastic income rate α(Xt , t) is non-negative and continuous. We

then define the corresponding continuous and adapted wealth process with respect to the self

financing trading strategy θ as

dWt = Θ
0
t dNt +ΘtdSt− ctdt +α(Xt , t)dt (2.4)

or

Wt =
∫ t

0
Θ

0
ς dNς +

∫ t

0
Θς dSς +

∫ t

0
(α(Xς ,ς)− cς )dς .

The above equation (2.4), shows that the wealth process of an investor is found by the sum

of the dynamics of the stock, riskless asset and income rate deducting the consumption at time

t in a finite horizon.

Suppose πt and 1− πt are fractions of the current wealth that an investor has, and find it

appropriate to invest in risky asset (stock) and riskless asset at time t respectively. Thus, from

(2.4) we have

dWt = rΘ
0
t Ntdt +ΘtSt(µdt +σdBt)+(α(Xt , t)− ct)dt

of which implies that

dWt = r(1−πt)Wtdt +πtWt(µdt +σdBt)+(α(Xt , t)− ct)dt.

This is possible since both the fractions of the cash held at each time satisfies the following:

πt =
ΘtSt

Wt
invested in the risk asset and 1−πt =

Θ0
t Nt

Wt
traded in the risk-free asset. Finally, the

wealth process evolves as

dWt = ((r+πt(µ− r))Wt− ct +α(Xt , t))dt +πtσWtdBt , W0 = w0. (2.5)
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The use of the function α(x, t) allows flexibility in modeling but also introduces some inde-

terminacy as there can be many characterizations of the same model.The investor receives the

value of the state variable Xt itself over time by taking α(x, t) = x.

Consider the problem of an investor with utility over terminal wealth which can be maximized

by the selection of the investment strategy (πt ,ct).

2.3. Reward functions

Suppose, ν : [0,T ]×Rn×R→ R and η : [0,T ]×R→ R satisfy the condition

|ν(t,w,c)|+ |η(t,w)| ≤C(1+ |w|2)

for all (t,w,u) ∈ [0,T ]×Rn×U, and C > 0 being a constant.

Definition 2.1. (The reward function) The reward function is the function defined on [0,T ]×

Rn×U by

J(t,w,u) = Et,w

[∫ T

t
ν(s,Ws,cs)ds+η(T,WT )

]
, (2.6)

where
∫ T

t ν(s,Ws,cs)ds < ∞ is the running costs and η(T,WT )< ∞ is the terminal benefits. The

reward function evolves as the expected sum of the running costs and/or the terminal benefits.

Thus, the reward function gives the expected utility for a given initial wealth x > 0.

2.4. Admissible control

Definition 2.2. The admissible set U (t,w) = U is the subset of all possible controls (us)s∈[t,T ]

for which the reward function is well defined. The SDE equation (2.5) has unique solution and

such that the function

ϕ : t→ ν(t,Wt ,ct), is in L1
F (0,T ;R),

where L1
F (0,T ;R) is a set of all F -measurable functions that are integrable with respect to t.

We permit an admissible control to be adapted process to model the fact that the investor has a

fair knowledge on the market, and should be such that the total consumption over the trading
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time is finite. Therefore, the integrant of the total wealth process with respect to the Brownian

motion is a martingale.

2.5. Value functions and HJB equations

Definition 2.3. The value function of the control problem is the greatest possible payoff function

defined as

V (t,w) = sup
u∈U

J(t,w,u). (2.7)

The intention is to describe the value function and find the maximizer u∗ such that

V (t,w) = J(t,w,u∗)

of which is the utility attained by the investor if the optimal policy is followed. Since (Wt ,Xt)

are jointly Markov for time t in [0,T ], the generator of the equation is given by

L f (t,w) =
∂v
∂ t

+(w[r+π(µ− r)]− c+α(x, t))
∂v
∂w

+φ(x, t)
∂v
∂x

+
(πwσ)2

2
∂ 2v
∂w2+

ψ2(x, t)
2

∂ 2v
∂x2 +ψ(x, t)ρπwσ

∂ 2v
∂w∂x

+U(c).

(2.8)

The derived utility function for the wealth function v(t,w) satisfies the non-linear HJB equation;

sup
(π,c)∈R×R+

[L v(t,w)] = 0, (2.9)

that is,

sup
(π,c)∈R×R+

[v̇+(w[r+π(µ− r)]− c+α(x, t))vw +φ(x, t)vx +
(πwσ)2

2
vww

+
ψ2(x, t)

2
vxx +ψ(x, t)ρπwσvwx +U(c)] = 0,

(2.10)

where U(·) is the utility function, Vw = ∂V/∂w, Vww = ∂ 2V/∂w2, Vwx = Vxw = ∂ 2V/∂w∂x,

Vx = ∂V/∂x and Vxx = ∂ 2V/∂x2. Differentiating with respect to π and c gives the first order

conditions
∂

∂π
: (µ− r)vw +πwσ

2vww +ψ(Xt , t)ρσvwx = 0

which implies that

π
∗ =

(r−µ)vw−ψ(Xt , t)ρσvwx

σ2wvww
(2.11)
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and
∂

∂π
:−Vw +U ′(c) = 0,

which yields

c∗ = (U ′)−1(Vw). (2.12)

Hence the optimal optimal portfolio is given by u∗ = (π∗,c∗). This is the all-important answer

we are looking for: the weights of the portfolio.

We now put (2.11) and (2.12) into JHB equation (2.10), and simplifying we get

v̇+(α(x, t)+ rw− (U ′)−1(Vw))vw +φ(x, t)vx +
ψ2(x, t)

2
vxx

− (vw(µ− r)+ψ(x, t)ρσvwx)
2

2σ2vww
+U((U ′)−1(Vw)) = 0

(2.13)

with

v(T,w,x) =U(w,x).

It is also convenient to write θt =
(r−µ)vw−ρσψ(Xt ,t)vwx

σ2vww
by allowing π∗w = θ . We then present

the following

θM =
(r−µ)vw

σ2vww

and

θH =
−ψ(Xt , t)ρσvwx

σ2vww
.

Similarly as discussed in [4], the optimal portfolio u ∈U or θt is comprised of two compo-

nents; θM and θH . θM is called Merton Investment strategy as is of the form of the Merton

(1969) strategy and θH is the hedging component, can also be interpreted as intertemporal

hedging demand. It depends on the volatility and the indirect utility function V . The term Vwx

measures the sensitivity of the marginal utility wealth to the stochastic income, or the attitude

towards change in stochastic income.

If ψ(x, t) = 0 or ρ = 0, the hedging term θH no longer exist, thus the existence of non-traded

income has no effect on the stock portfolio. The stock income cannot be hedged against in

the case where the stock returns and income are uncorrelated. Even though, the expression

θ denotes the optimal strategy for the portfolio choice problem, it is expressed in terms of

derivatives of the value function solving HJB equation. Also, since the indirect utility function
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can depend on investor preferences and the investment horizon, the market can depend on the

market parameters.

3. The explicit solutions of V (t,Wt)

In this section, we find the explicit solutions to the portfolio choice problem v(t,Wt).

3.1. Model 1

Proposition 3.1. The optimal investment in the stock for the portfolio choice (2.7) with power

utility function U(w) =
(w)κ

κ
, 0 < κ < 1, with the candidate solution v(t,w) = w(h(t))κ−1 to

the HJB equation (2.9) is

θ
? =
−(µ− r)w− (κ−1)ρσψwx

(κ−1)σ2

=
(r−µ)w
(κ−1)σ2 −

ρψwx

σ

= θ
∗
M +θ

∗
H

and

c? = h(t)w,

where h(t) = κ

1−κ

(
exp
(

κ

1−κ
(T − t)

))−1
.

Proof. We find the explicit solution to the portfolio choice problem v(t,Wt) = Et,w[U(WT )].

Taking U2(w) =
(w)κ

κ
, 0 < κ < 1 as a utility function. The value function problem is given by

v(t,w,u) = supu∈UEt,w

[
(WT )

κ

κ

]
, κ ∈ (0,1).

The associated HJB equation

supu∈U [L v(t,w,u)] = 0,

where L v(t,w,u) is the generator as in (2.8), with the terminal condition v(T,w) =
(wT )

κ

κ
, we

look for the candidate solution of the above HJB equation of the form v(t,w) =
(w)κ

κ
(h(t))κ−1.

The optimal portfolio (π?,c?) is evaluated directly using relevant derivatives of v(t,w) inserted
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in (2.11) and (2.12). The HJB equation has the following form

(h(t)w)κ

((κ−1) ˙h(t)
κ(h(t))2 +A(h(t)w)−1 +

1−κ

κ

)
= 0,

where

A = w(r+π
?(µ− r))+α +φwx +

(κ−1)σπ?

2
(σπ

?w+2ρψwx)

+
ψ2

2
((κ−1)w−1wx

2 +wxx).

Since (h(t)w)κ 6= 0 then (κ−1) ˙h(t)
κ(h(t))2 +A(h(t)w)−1+ 1−κ

κ
= 0 which simplifies to Bernoulli differ-

ential equation

˙h(t)+
κA

(κ−1)w
h(t) = (h(t))2,

which has the solution

h(t) =
κ

1−κ

(
exp
(

κ

1−κ
(T − t)

)
−1
)−1

. (3.1)

Finally, we have the value function as

v(t,w) = βwκ

(
exp
(

κ

1−κ
(T − t)

)
−1
)1−κ

, with β =
(

κ

κ−1

)κ

(κ−1).

Hence the solution of the HJB equation is given by

v : (t,w)→ wκ

κ
(h(t))κ−1, 0 < κ < 1.

Proposition 3.2. The optimal investment in the stock for the portfolio choice (2.7) with log

utility functions U2(w) = ln(w), with the candidate solution v(t,w) = ln(wh(t)) is given by

θ =
(µ− r)w2

σ2 − ρψwxw
σ

= θ
∗
M +θ

∗
H .

and

c? = w,

which is valid for h(t) = h(T )+B(T − t), where

B = w−1[w(r+π
?(µ− r))+α +φwx +

ψ

2
(ψ(wxx−wxw−1)−2ρσπ

?wx)
]

+ ln(w)− 2− (σπ?)2

2
.
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Proof. We consider the utility functions U2 = ln(w) and the controlled wealth process

dWt = ((r+πt(µ− r))Wt− ct +α(t,Xt))dt +πtσWtdBt , W0 = w0.

The problem a trader is faced with is to find the highest possible payoff v(t,w) = sup
π,c

Et,w[ln(WT )].

We assume the solution of HJB equation (2.9) is of the form v(t,w) = ln(wh(t)), which leads

to the optimal portfolio (2.11) and (2.12) as

π
? =

(µ− r)w−ρσψwx

σ2 that is, θ =
(µ− r)w2

σ2 − ρψwxw
σ

and the consumption becomes c? = (U ′)−1(vw) = w. Thus,

˙h(t)
h(t)

+B = 0. (3.2)

Integrating (3.2) from t to T yields h(t) = h(T )+B(T − t), where

B=w−1[w(r+π
?(µ−r))+α+φwx+

ψ

2
(ψ(wxx−wxw−1)−2ρσπ

?wx)
]
+ln(w)− 2− (σπ?)2

2
.

Hence the value function is

v(t,w) = ln(w)+ ln(h(t))

= ln(w)+ ln(B(T − t)),

taking h(T ) = 0.

3.2. Model 2

The dynamics of wealth process Wt is generated by investor holding cash amount ϑ in the

stock St , the remainder in the risk-free bond, the inflow of stochastic income rate α(Xt , t) and

the consumption ct ≥ 0. Both the stochastic income α(Xt , t) and the consumption ct ≥ 0 are

non-negative and continuous. We then define the corresponding continuous and adapted wealth

process with respect to the self financing trading strategy ϑ as

dWt = (Wt−ϑt)
dNt

Nt
+ϑt

dSt

St
− ctdt +α(Xt , t)dt

= r(Wt−ϑt)dt +(α(Xt , t)− ct)dt +ϑt
dSt

St
,

which gives

dWt = rWtdt +(α(Xt , t)− (ct + rϑt))dt +ϑt
dSt

St
. (3.3)
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The use of the function α(x, t) allows flexibility in modeling but also introduces some indeter-

minacy as there can be many characterizations of the same model. This is obtained by taking

either α(x, t) = x, φ(x, t) = φx and ψ(x, t) = ψx or α(x, t) = ex, φ(x, t) = φ and ψ(x, t) = ψ

where ψ , φ are constants [4]. We will be focused on the lognormally distributed income obtain

through α(x, t) = x. More generally the investor receives the value of the state variable Xt itself

over time by taking α(x, t) = x.

Consider the problem of an investor with utility over terminal wealth which can be maximized

by the selection of the portfolio ϑ . Define reward function (2.6)

J(t,w,ϑ) = Et,w

[∫ T

t
U1(s,Ws)ds+U2(T,WT )

]
= Et,w[U(WT )],

where U1(t,Wt) and U2(t,Wt) are utility functions, and the indirect utility function (2.7)

v(t,Wt) = sup
ϑ

J(t,w) = Et,w[U(WT )],

of which is the utility attained by the investor if the optimal policy is followed. Since (Wt ,Xt)

are jointly Markov for time t in [0,T ], the generator of the equation (3.3) is given by

L f (t,w) =
∂v
∂ t

+(wr+ϑ(µ− r)− c+α(x, t))
∂v
∂w

+φ(x, t)
∂v
∂x

+
(ϑσ)2

2
∂ 2v
∂w2

+
ψ2(x, t)

2
∂ 2v
∂x2 +ψ(x, t)ρϑσ

∂ 2v
∂w∂x

.

(3.4)

The derived utility function for the wealth function v(t,Wt) satisfies the non-linear HJB equation

sup
(ϑk,k∈[0,T ])

[L f (k,w)] = 0

sup
(ϑk,k∈[0,T ])

[v̇+(wr+ϑ(µ− r)− c+α(x, t))vw +φ(x, t)vx +
(ϑσ)2

2
vww

+
ψ2(x, t)

2
vxx +ψ(x, t)ρϑσvwx +U(c)] = 0,

(3.5)

where U(·) is the utility function. Differentiating (3.5) with respect to ϑ and c gives the first

order conditions
∂

∂ϑ
: (µ− r)vw +ϑσ

2vww +ψ(Xt , t)ρσvwx = 0,

which implies that

ϑ
∗ =

(r−µ)vw−ψ(x, t)ρσvwx

σ2wvww
(3.6)
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and

c∗ = (U ′)−1(vw). (3.7)

Hence the optimal optimal portfolio is given by (ϑ ?,c?). This is the all-important answer we

are looking for: the weights of the portfolio. We now put (3.6) and (3.7) into JHB equation

(3.5) and simplifying we get

v̇+(α(x, t)+ rw)vw +φ(x, t)vx +
ψ2(x, t)

2
vxx−

(vw(µ− r)+ψ(x, t)ρσvwx)
2

2σ2vww

+U((U ′)−1(vw))− ((U ′)−1(vw))vw = 0

(3.8)

with

v(T,w) =U(w).

3.2.1. The optimal portfolio choice

We directly construct the optimal portfolio for the investor with power utility function, and

the investor receives income α(x, t) over finite time. We consider the case where correlation

between the stock and the income state variable is not perfect. For the perfect correlation see

[4]. In exploiting this, we first determine the nature of WT from (3.3).

The wealth process is given as

dWt = rWtdt +(α(Xt , t)− (ct + rϑ))dt +ϑ
dSt

St
,

where t ∈ [0,T ]. The integrating factor (IF) is obtain as IF = e−
∫ T

t rdk = e−r(T−t). Multiplying

throughout by the IF yields

e−r(T−t)dW = re−r(T−t)dt + e−r(T−t)
[
(α(Xt , t)− (ct + rϑ))dt +ϑ

dSt

St

]

e−r(T−t)dW − re−r(T−t)dt = e−r(T−t)
[
(α(Xt , t)− (ct + rϑ))dt +ϑ

dSt

St

]
d(Wte−r(T−t)) = e−r(T−t)

[
(α(Xt , t)− (ct + rϑ))dt +ϑ

dSt

St

]
.

Integrating from t to T∫ T

t
d(Wke−r(k−t)) =

∫ T

t
e−r(T−k)

[
(α(Xk,k)− (ck + rϑ))dk+ϑ

dSk

Sk

]
,
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which implies that

WT e−r(T−t)−Wt =
∫ T

t
e−r(k−t)(α(Xk,k)− (ck + rϑ))dk+

∫ T

t
e−r(k−t)

ϑ
dSk

Sk
.

That is,

WT =Wter(T−t)+ er(T−t)
[∫ T

t
e−r(k−t)(α(Xk,k)− (ck + rϑ))dk+

∫ T

t
e−r(k−t)

ϑ
dSk

Sk

]
.

Finally,

WT =Wter(T−t)+
∫ T

t
er(T−k)(α(Xk,k)− (ck + rϑ))dk+

∫ T

t
er(T−k)

ϑ
dSk

Sk
. (3.9)

Proposition 3.3. The optimal investment in the stock for the portfolio choice (2.7) with power

utility function U(w) =
wγ

γ
, 0 < γ < 1 is

ϑ
∗ =

(r−µ)(wer(T−t)+g)
(γ−1)σ2er(T−t)

− ψ(x, t)ρgx

σer(T−t)

=
(µ− r)(wer(T−t)+g)
(1− γ)σ2er(T−t)

− ψ(x, t)ρgx

σer(T−t)

= ϑ
∗
M +ϑ

∗
H

and
c∗ = (vw)

1
γ−1

= (Wter(T−t)+g)e
r

γ−1 (T−t),

with function g(T − t,x) as defined in equation (3.12) and solves the equation (3.14).

Proof. Consider power utility function U(w) =
wγ

γ
, 0 < γ < 1. The value function can be

written as

v(t,w,x) =
1
γ

sup
ϑk,k∈[0,T ]

Et [w
γ

T ]. (3.10)

Plugging equation (3.9) into equation (3.10), the value function become

v(t,w) =
1
γ

sup
ϑk,k∈[0,T ]

Et [(Wter(T−t)+
∫ T

t
er(T−k)(α(Xk,k)− (ck + rϑ))dk

+
∫ T

t
er(T−k)

ϑ
dSk

Sk
)γ ].

Thus

v(t,w) =
1
γ
(Wter(T−t)+g(T − t))γ , (γ ∈ (0,1)), (3.11)
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where

g(T − t) =
∫ T

t
er(T−k)(α(Xk,k)− (ck + rϑ))dk+

∫ T

t
er(T−k)

ϑ
dSk

Sk
(3.12)

with g(0,y) = 0.

We consider the following important terms from the HJB equation (3.5)

• v̇ = (Wter(T−t)+g)γ−1(−rWter(T−t)+ ġ).

• vw = (Wter(T−t)+g)γ−1er(T−t).

• vx = (Wter(T−t)+g)γ−1gx.

• vwx = (γ−1)er(T−t)(Wter(T−t)+g)γ−2gx.

• vww = (γ−1)e2r(T−t)(Wter(T−t)+g)γ−2.

• vxx = (γ−1)(Wter(T−t)+g)γ−2gx
2 +(Wter(T−t)+g)γ−1gxx.

We now put the above terms into the HJB equation (3.5)

qγ−1[−rwer(T−t)+ ġ+ er(T−t)(wr+ϑ(µ− r)+α(x, t))+gxφ(x, t)

+
1
2
(ϑσ)2e2r(T−t)(γ−1)q−1 +

ψ2(x, t)
2

(gxx +(γ−1)q−1gx
2)

+ψ(x, t)ρϑσ(γ−1)er(T−t)q−1gx]− cqγ−1er(T−t)+U(c) = 0,

3.13

where q = Wter(T−t)+ g. Differentiating with respect to ϑ and c (refer to equation (3.6) and

(3.7)) we have

∂

∂ϑ
: ϑ
∗ =

(r−µ)(Wter(T−t)+g)
(γ−1)σ2er(T−t)

− ψ(x, t)ρgx

σer(T−t)
,

where

ϑ
∗
M =

(r−µ)(Wter(T−t)+g)
(γ−1)σ2er(T−t)

resemble Merton investment strategy and the hedging component by

ϑ
∗
H =−ψ(x, t)ρgx

σer(T−t)
.

Consumption strategy,

∂

∂c
:−qγ−1er(T−t)+U ′(c) = 0.
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Therefore, one has

c∗ = (U ′)−1(qγ−1er(T−t))

= (qγ−1er(T−t))
1

γ−1

= (Wter(T−t)+g)e
r

γ−1 (T−t).

Taking back the ϑ and c into HJB equation, we find the function g that solves the PDE (refer to

equation (3.8)).

ġ+α(x, t)er(T−t)+φ(x, t)gx +
1
2

ψ
2(x, t)[gxx +(γ−1)(wer(T−t)+g)−1gx

2]− ρ̃ = 0 (3.14)

where

ρ̃ = (wer(T−t)+g)
[(µ− r)+(γ−1)(wer(T−t)+g)−1gx]

2

2σ2(γ−1)
+

γ−1
γ

(Wter(T−t)+g)γe
rγ

γ−1 (T−t)

Therefore the value function is given by

v(t,w) =
1
γ
(Wter(T−t)+g(T − t))γ , (γ ∈ (0,1)) (3.15)

With g being the function that satisfies equation (3.14) and g(0,x) = 0.

Proposition 3.4. The optimal investment in the stock for the portfolio choice (2.7) with log

utility function U(x) = ln(x) is

ϑ
∗ =

(µ− r)er(T−t)−ψ(x, t)σλ (wer(T−t)+h(T − t))−1hxer(T−t)

σ2(wer(T−t)+h(T − t))−1e2r(T−t)

=
(µ− r)(wer(T−t)+h(T − t))

σ2er(T−t)
− ψ(x, t)ρhx

σer(T−t)

= ϑ
∗
M +ϑ

∗
H

and

c∗ = (wer(T−t)+h(T − t))e−r(T−t),

with function h(T − t) as defined in equation (3.17).
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Proof. We now determine the solution for the log utility function U(w) = ln(w). Then the

performance function is given by:

J(t,w) = Et,w[U(WT )]

= Et,w[ln(Wter(T−t)+
∫ T

t
er(T−k)(α(Xk,k)− (ck + rϑ))dk

+
∫ T

t
er(T−k)

ϑ
dSk

Sk
)].

The value function is obtained as:

v(t,Wt ,Xt) = sup
ϑ

J(t,w) = Et,w[ln(Wter(T−t)+h(T − t))], (3.16)

where

h(T − t) =
∫ T

t
er(T−k)(α(Xk,k)− (ck + rϑ))dk+

∫ T

t
er(T−k)

ϑ
dSk

Sk
(3.17)

with h(0,x) = 0. The equation (3.16) can be written in the following form

v(t,Wt) = ln(Wter(T−t)+h(T − t)).

By referring to the HJB equation (3.5) terms, and using the new version of v we have:

• v̇ = (wer(T−t)+h(T − t))−1(ḣ− rwer(T−t)).

• vw = (wer(T−t)+h(T − t))−1er(T−t).

• vx = (wer(T−t)+h(T − t))−1hx.

• vww =−(wer(T−t)+h(T − t))−2e2r(T−t).

• vwx =−(wer(T−t)+h(T − t))−2hxe2r(T−t).

• vxx = (wer(T−t)+h(T − t))−1[hxx− (wer(T−t)+h(T − t))−1hx
2].

Inserting the above terms into the HJB equation (3.5) yields

(wer(T−t)+h(T − t))−1[−rer(T−t)+ ḣ+(wr+ϑ(µ− r)− c+α(x, t))er(T−t)

−(ϑσ)2

2
(wer(T−t)+h(T − t))−1e2r(T−t)− ψ(x, t)2

2
(hxx− (wer(T−t)+h(T − t))−1hx

2)

−ψ(x, t)σϑρ(wer(T−t)+h(T − t))−1hxer(T−t)]+U(c) = 0.
(3.18)
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Differentiating with respect to ϑ and c, we obtain

(µ− r)er(T−t)−ϑσ
2(wer(T−t)+h(T − t))−1e2r(T−t)

−ψ(x, t)σρ(wer(T−t)+h(T − t))−1hxer(T−t) = 0,

that is,

ϑ =
(µ− r)er(T−t)−ψ(x, t)σρ(wer(T−t)+h(T − t))−1hxer(T−t)

σ2(wer(T−t)+h(T − t))−1e2r(T−t)
(3.19)

and −(wer(T−t)+h(T − t))−1er(T−t)+U ′(c) = 0. Thus,

c∗ = (U ′)−1((wer(T−t)+h(T − t))−1er(T−t))

= (wer(T−t)+h(T − t))e−r(T−t).
(3.20)

Plugging back the optimal portfolio (ϑ ∗,c∗) in the HJB equation (3.18) gives the function h(T−

t).

p(T − t)[−rer(T−t)+ ḣ+(wr+ϑ(µ− r)+α(x, t))er(T−t)

−(ϑσ)2

2
p(T − t)e2r(T−t)− ψ(x, t)2

2
(hxx− p(T − t)hx

2)

−ψ(x, t)σϑρ p(T − t)hxer(T−t)]+ r(T − t)− (1− ln(p(T − t))) = 0,

(3.21)

where p(T − t) = (wer(T−t)+h(T − t))−1. Equation (3.21) is not easy to solve for the function

h(T − t). Therefore, the value function is

v(t,Wt) = ln(Wter(T−t)+h(T − t)).

4. Discussion of results

In the first model, if the investor’s utility function is power utility. Our admissible portfolio is

given by proposition (3.1). We observe that, µ (the drift parameter) and r (the rate of interest)

has a positive impact on the Merton investment strategy of the portfolio which subsequently

lead to a notable impact on the whole portfolio. If µ < r with variance σ small enough, then

θ ∗M, and θ will be maximal . Similarly, if µ > r and the parameter of volatility σ small enough,

then Merton investment strategy θ ∗M will be minimal and so does the whole portfolio π∗. It

is also fundamental to note that, if the drift parameter µ and the interest rate r have equal

magnitude (i.e, µ = r), then the Merton investment strategy varnishes, and only the hedging
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term remains. In general terms, if the variance σ2 becomes larger, then the portfolio becomes

smaller. Therefore, we have an inverse relation between the risk and the portfolio. That is,

if there is too much risk in the market we invest little. The Hedging term θ ∗H depends on the

sensitivity measure term vwx. vwx is partial derivative of the value function with respect to w and

x jointly. If the variance σ2 is small enough than the risk premium µ− r then, the portfolio θ is

maximal.

The second model shows that if the investor has power utility, then proposition (3.3) becomes

our admissible portfolio. It is observed that, as µ becomes larger and larger than r, Merton’s

investment strategy (ϑ ∗M) also becomes larger and so does the whole portfolio. This means that

risk premium has a positive impact on the value of the portfolio. The difference between the

bank rate and the drift of the risk stock has a notable contribution on the value of the portfolio.

If the difference is too big, then the value of the portfolio is going to be big. When the volatility

becomes bigger, then ϑ ∗M becomes smaller. Therefore there is an inverse relation between the

risk and the value of ϑ ∗M. Hence, if there is too much risk in the market we invest little.

In analyzing the hedging component ϑ ∗H in detail. Just like in [4], ϑ ∗H depend on the model for

stochastic income through gx, while Merton’s investment strategy (ϑ ∗M) depends on wer(T−t)+

g. If g(T − t) is a zero function then the hedging term ϑ ∗H varnishes for gx = 0 and Merton’s

investment strategy remains. The absence of the hedging term may also be due to the correlation

between the stock and income ρ = 0. Thus, correlation has a positive impact on the value of

the hedging term and negative impact (of the positive correlation) to the whole portfolio. If

T − t = 0, then the portfolio ϑ ∗ lean much on the product of variance and the term 1− γ for

desirable results.

It is notable that, the risk premium (µ− r) has a positive impact on the Merton’s investment

strategy ϑ ∗M and the whole portfolio. As the risk premium grows then the Merton’s investment

strategy also grows and so does the whole portfolio. There is an inverse relation between the

risk and the value of the Merton’s investment strategy. That is, as the volatility becomes larger

and larger, the ϑ ∗M becomes smaller and smaller. We invest little in the market with a lot of risk.

As in proposition (3.3) and [4] the hedging term ϑ ∗H depend on the model for stochastic income

through hx. The correlation ρ also as positive impact on the hedging term. If ρ = 0, then the
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hedging term varnishes. In the case where |ρ| < 1, the income can not be perfectly be hedged

via the stock St and the market the investor is faced with is incomplete. Hence for |ρ|= 1, then

the market is complete and the investor can perform intertemporal hedging.

In both models, the investor is allowed to consume. Considering proposition (3.1), if the

function h(t), satisfy the inequality 0 ≤ h(t) < 1 for all t ∈ [0,T ] the we conclude that the

investor is supposed to consume the fraction of the wealth or do not consume at all. If h(t) = 1,

then the investor consumes all of the wealth, and the investment strategy collapses. Therefore,

c∗ = w is not advisable, this is depicted by propositions (3.2) and (3.4) (in case h(T − t) = 0)

which are all under log utility. Still under (3.1) if for all t ∈ [0,T ], h(t) > 1 then the market is

incomplete and there is arbitrage. Thus, in general terms, investor is assumed to take precautions

on how much to consume to overcome penury.

5. Conclusion

Any investor who invests in stock and bond would like to have maximum utility of her wealth.

This invites the classical theory of portfolio optimization. We have discussed the Merton’s

classic setup and results considering the control problem which can be transformed into a partial

differential equation (PDE), even though they are highly non-linear and in general very difficult

to solve analytically. The verification theorem gives conditions for the solution of the HJB

equation to be solution of the control problem and with the help of the viscosity solutions of the

HJB equation we can describe the properties of some value functions. Stochastic control theory

plays an important role in providing room for varied degree of the investor willingness for the

risk together with different utility functions. For a restricted class of utility functions (such as

power and log utilities), we were able to compute a close form of the value function, and that

of the optimal policy. That is, under the first model the admissible portfolios to power and log

utility functions are given in propositions (3.1) and (3.2) respectively as our findings. In the

second model, our portfolios are given as propositions (3.3) and (3.4) of which optimizes the

power and log utilities respectively. All the two models vividly depicts that, there is an inverse

relation between the risk and the value of Merton’s investment strategy ϑ ∗M. Hence, if there

is too much risk in the market we invest little. One of our above mentioned findings is that
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the consumption value is is relatively proportional to the wealth process, this indicates that an

investor is allowed to consume up to the size of her wealth, otherwise the investor would face a

collapse in investment strategy. A collapse in portfolio may lead to unbearable ruin.
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