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Abstract. Many problems in mathematics are to find fixed point of the mapping T : X — X, that is T(x) = x
and to study the existence and uniqueness of these points. These results are applied in differential and integral
equations. Because of this, many authors proved existence and uniqueness of fixed point of mappings under some
contractions in different spaces. The aim of this paper is to study some fixed point theorems for contractions in
complete E-fuzzy metric spaces by using y function and ¢ function. The uniqueness and continuity of this fixed
point is studied. Also an example is given to illustrate the main theorem and presented some applications in integral
equations of obtained results. The theorems in this study generalized some well-known comparable results and
introduced a novel approach to show the existence and uniqueness of solution of integral equations.
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1. INTRODUCTION

The concept of fuzzy sets was introduced by L A Zadeh [1] in 1965. With the concept of
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fuzzy sets almost all existing branches of mathematics were fuzzified. Fuzzy metric was in-
troduced by Kramosil and Michalek [2]. George and Veeramani [3] modified this concept and
several results were studied. Many authors proved several fixed point theorems for contraction
in fuzzy metric spaces.

The notion of 2-metric spaces was introduced by Gahler in 1963 [4] inspired by the map that
maps vertices of a triangle to its area. 2-metric spaces are not topologically equivalent to metric
spaces and there is no relationship between the results obtained in these two spaces. Dhage [5]
introduced D- metric space in 1992 and presented an example, D(X,y,z) is the perimeter of a
triangle formed with vertices x,y,z in R?. Mustafa and Sims [6] showed that most of topological
properties of D-metric spaces were not correct and this led them to generalize the metric space
by defining G-metric from X x X x X to [0, o) in 2005 [7]. W Shatanawi [8] studied some fixed
point theorems using ¢ contraction in Complete G-metric spaces. Many fixed point theorems
established in this G-metric spaces and these results are used to find the existence of solutions
of integral equations [9, 10, 11, 13]. Following this G-metric space Sun and Yang [14] intro-
duced Generalized fuzzy metric space called Q-fuzzy metric space and established some fixed
point theorems in generalized Q-fuzzy metric space. In 2017 Sukanya K P and Magie Jose [15]
modified this concept and defined generalized E- fuzzy metric spaces and obtained a Hausdorff
topology. Some fixed point theorems were obtained in this E-fuzzy metric spaces [16].

The purpose of this paper is to prove some fixed point theorems using contractions in general-
ized E-fuzzy metric spaces. Some fixed point theorems are established using the contraction
defined by a continuous, non decreasing map y : (0,1] — (0,1] with y(z) > ¢, y(1) =1 and
lim, . y"(t) = 1 for all t € (0,1) and some other fixed point theorems are proved using con-
traction related to the function ¢ : (0,c0) — (0,0) such that ¢(¢) > ¢ and lim,,_,. ¢"(t) = O for
all# > 0. Also provide an example to illustrate the result and give some applications in integral

equations of main result. These results generalize and improve some existing results.

2. PRELIMINARIES

Definition 2.1. [12] A continuous ¢—norm is a function * :[0,1]x [0,1]—[0,1] which satisfies

the following properties:
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(1) a*b = bxa (commutative) and (a*b) xc = ax (b+*c) (associative),
(2) *is continuous,
3) foralla € [0,1],ax1 =a,
(4) forall a, b,c,d € [0,1]and a <cand b <d, a*b < c*d.

Definition 2.2. [15] A 3-tuple (X, E, *) is called a E- fuzzy metric space if X is an arbitrary set,*
is a continuous t-norm and E is a fuzzy set on X> x (0,c0) satisfying the following conditions

for each x,y,z,a€ X and t,5 > 0,

(1) E(x,y,z,t) > 0 and E(x,x,y,t) > E(x,y,z,t) for all x,y,z € X with z #y,
(2) E(x,y,z,t) =1,forallt > 0 ifand only if x =y =z,

(3) E(x,y,z,t) = E(p(x,y,2),t) (symmetry), where p is a permutation function,
4) E(x,a,z,t)*E(a,y,z,s) < E(x,y,z,t +5),

(

(5) E(x,y,z,.) : (0,00) — [0, 1] is continuous,

Example 2.1. [16] Let X = R and G is a G—metric on X. The t— norm is a xb = ab for all
a,b € [0,1]. For each t > 0 and E(x,y,z,t) = [exp( S e ))]_1. Then (X,E,x) is a E-fuzzy

metric space.

Lemma 2.1. [15] If (X, E, %) be a E-fuzzy metric space, then E(x,y,z,t) is non decreasing with

respect to t, Vx,y,z € X.

Definition 2.3. [16] (X,E, x) be a E-fuzzy metric space. An open ball center xo and radius r is

given by Bg(xo,rt) = {x € X;E(x0,x,x,¢) > 1 —r}.

Definition 2.4. [16] (X,E,*) be a E-fuzzy metric space. A sequence (x,) in X converges to a

point x € X if E(x,,x,x,t) — 1 as n — co.

Proposition 2.1. [16] If (x,) is a sequence in (X, E,*) converges to x € X, then
(1) E(xy,X4,x,¢) = lasn — o
(2) E(xy,Xm,x,t) = lasn— oo

(3) E(xy,Xm,x,t) > 1—¢€ for € >0 and m,n > ny.

Definition 2.5. [16] A sequence (x,) in (X, E,x) is said to be a Cauchy sequence if for each

0 < & < 1 andr > 0 there exists ng € N such that E(x,,,x,,x;,t) > 1 — € for each I,m,n > ny.
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Proposition 2.2. [17] A sequence (x,) in (X, E,*) is said to be a Cauchy sequence if for each

0 < € < 1 andr > 0 there exists ng € N such that E(x,,, X, X,,t) > 1 — € for each m,n > ny.

Definition 2.6. [16] A E-fuzzy metric space in which every Cauchy sequence is convergent is

said to be a complete E-fuzzy metric space.

Definition 2.7. [16] (X|,E},*) and (X;,E>,*) be two generalized E-fuzzy metric spaces. A
function f : X; — X; is said to be continuous at a point a € X if Ve > 0 there exists 6 > 0 such

that E>(f(x), f(a), f(a),s > 1 — € whenever E|(x,a,a,t) > 1—0,t,s > 0.

Proposition 2.3. [17] Let (X1,E,*) and (X;,E»,*) be E-fuzzy metric spaces. A function
f X1 — X5 is continuous at a point x € X if and only if every convergent sequence (x;,)

converges to x in X1, (f(x,)) converges to f(x) in X5.

3. FIXED POINT THEOREMS FOR CONTRACTIVE MAPPING SATISFYING Y - MAPS

In this section some fixed point theorems in complete E-fuzzy metric space are proved
using the Y map, which is defined below.

Let y: (0,1] — (0, 1] be a continuous, non decreasing mapping with following properties:
(1) w(t) >t forallz € (0,1)

2) y(1)=1
(3) lim, e y"(t) = 1 forallz € (0,1)

Theorem 3.1. Let (X, E, *) be a complete E-fuzzy metric space and the map 7 : X — X satisfies
E(T(x),T(y),T(2),t) > WE(x,,2,1),Vx,y,z € X and 1 > 0.
Then T has a unique fixed point and 7 is continuous at that point.

Proof. Choose x( € X, consider a sequence (x,) in X such that x, = T'(x,_),n € 4. First we

prove (x,) is a Cauchy sequence. For m,n € .4 with m > n,
E(xmxmame) = E(T(xn—l)>T<xm—l)7T(xm—l>7t)
> WE(xn—laxm—lyxm—lvl)

> YE(T(xp—2),T (xm—2),T (xp—2),1)
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Z W2E<xn727xm72axm727t)

2 l’/nE(_X(),Xm,n,Xm,n,t)

— lasn— oo, since Y"'(¢) — 1 asn — oo.

Hence (x,) is a Cauchy sequence in (X,E,x). Since X is a complete E—fuzzy metric space,

(x,) converges to some x” € X. To prove T (x') = x’. We first prove T (x,) — T (x’). For
E(T(X),T(x,),T(xn),t) > WE(X xu,%u,1)
> E(X,x,,x,,t), since y(t) >t
— lasn— o

Hence T (x,) — T (x').

Now E (xn, T (xn), T (xn),t) = E(T(x4—1),T (xn), T (xn),1)

Z WE(xn—lvxnaxnvt)
> WE(T(xn—Z)aT(xn—l)aT(xn—1)>t)
Z ‘I/ZE(xnfonfl 7xn71 7l)

> ‘l/nE(X(),Xl,Xl,t)-

Letting n — oo and since E is continuous on its variable, we get E (X', T'(x’), T (x),¢) — 1. Hence

x' is a fixed point of 7. To prove uniqueness, suppose x; is another fixed point of T with x’ # x;.
E(X x1,x1,t) = E(T(X),T(x1),T(x1),t)
> WE(X,x1,x1,1)
> E(X,x1,x1,t).

Which is a contradiction. Thus 7 has a unique fixed point x’. Also we have proved (x,) —

x' = T(x,) = T(x'). Therefore T is continuous at x'. O
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Corollary 3.1. Let (X, E, ) be a complete E-fuzzy metric space and the map T : X — X satisfies
E(T"(x), T™(y),T"(2),t) > WYE(x,y,z,t) form € A" Vx,y,z € X and t > 0.
Then T has a unique fixed point.

Proof. Using above theorem we can conclude that 7™ has unique fixed point x’. Since T (x') =
T(T™(x')) = T (x') = T™(T(x)). Thus T (x') is also a fixed point of 7”". By uniqueness of

fixed point, we get T'(x') = x'. O
Theorem 3.2. Let (X,E, ) be a complete E— fuzzy metric space and suppose that the map
T : X — X satisfies
E(T(x),T(y),T(2),t) =2 ¥ min {E(x,y,2,1),E(x,T (x),T(x),1),E(y, T (y), T (v),1),
E(T(x),y,z,t)},VYx,y,z€ X and t > 0.

Then T has a unique fixed point and 7 is continuous at that point.

Proof. Choose x € X, consider a sequence (x,) in X such that x, = T'(x,_1),n € A" To prove

(x,) is a Cauchy sequence in X, for m,n € A" with m > n,
E(xn, Xy Xmyt) = E(T(xp—1), T (xm—1),T (Xm—1),t)
> Yy min{E (X;—1,Xm—1,%m—1,1),E(xp—1, T (x4—1), T (Xn—1),1),
E(xpm—1,T (xm—1),T (xm—1),2), E(T (Xp—1),Xm—1,%m—1,1) }
Case 1:
min {E (X;—1,Xm—1,%m—1,1), E(Xxn—1, T (Xn—1), T (xn—1),8), E(Xm—1,T (X—1), T (Xm—1),1),

E(T(xn—l)axm—laxm—lat)} = E(xn—hxm—l»xm—lat)

Then E (X, Xim, Xm,t) > WE(Xp—1,Xm—1,Xm—1,1)

> WZE(xn—27xm—2>xm—27 t)

> Y'E(x0,Xm—n,Xm—n,t) — 1 as n — oo,



FIXED POINT THEOREMS FOR CONTRACTIONS IN COMPLETE E—-FUZZY METRIC SPACES
Case 2:
min {E(xn—l s Xm—1 7xm—17t)7E(xn—l ) T(xn—1)7 T(xn—l)at)vE(xm—l ) T(xm—l)a T(xm—l)at)v

E(T(xnfl),xmfl,xmfl,t)} = E(xnfl,T(xnfl), T(xnfl),l‘)

Then E (x;;, Xy, X, 1)

Y]

V/E(xn_l,T(Xn_l),T(xn_l),t)

VE (X—1,Xn,Xn,1)

Y]

v

1//2E (xn—27xn—l yXn—1 7t)

Vv

Y"E (xp,x1,x1,¢) = lasn — oo
Case 3:

min {E(Xn,1,mel,xmfl,t),E(xn,I,T(anl),T(.X'nfl),t),E(.xm,I,T(mel), T(mel),t),

E(T(xn_l),xm_l,xm_l,t)} = E(xm_l, T(xm_l),T(xm_l),t)

ThenE(xnaxmu-xm,t) Z II/E(-XWZ717T(xmfl)vT(xn’I71)7t)

> l[/E(mel,Xm,Xm,t)

> l//E(Xm,Xm_],Xm,t)

> l,UzE(xm—l ;xm—Zaxm—lat)

Z WsE(xmfza-xm737-XM727t)

= lI/nE(Xm—(n—l)7xmfnaxm—(n—1)al‘)

— lasn— o

Case 4:
min {E(xn—l,xm—lrxm—l7t)7E(xn—17T(-xn—l)7T(xn—1)7t)7E(xm—l;T(xm—l)aT(xm—l)at)7
E(T(xn—l)axm—laxm—bt)}:E(T(xn—1>7-xm—l7xm—17t)
ThenE(xn,xm,xm,t) > WE(T(xn—l)vxm—laxm—lat)

> WE(xnaxm—lvxm—lat)

v

WZE(T(xnfl)axm727xl’I1727 t)
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> lIJZE (xn7xm727xm727 t)

> l//nE(xn yXm—nsXm—n, t)
— lasn— o
Hence (x,) is a Cauchy sequence in (X, E, *). Since X is a complete E-fuzzy metric space, (x;,)

converges to some x’ € X.

Now to prove T'(x,) — T (x). For

E(T (xn),T (xn),T(x'),¢) > wmin {E (x,,%,,x',), E (xn, T (x,), T (x,),1),
E(xn, T (x,),T (x,),2),E(T (x),%0,%',2)}

Case 1:
min {E (x,,%,,% 1), E (X0, T (), T (x)2), E (6, T (), T (%), 2), E(T (), X, %', 1)

= E(x,%0,%,1).

Then E(T (x,),T (x,),T(x'),t) > WE(xp,xn,%,1)
> E(xp,xn,x 1)

— lasn— oo

Case 2:
min {E (x, %0, % 1), E (0, T (), T (%) 2), E (s T (), T () 2), E(T (), X0, %', )

=E(xp,T(x),T (x5),1)

Then E(T (x,),T (x,), T(x'),t) > WE(x,, T (xn), T (x1),t)

v

V/E(xn;xn—i-l ;xn—i—l;t)
> E(xnaxn+17xn+lat)

— lasn— o
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Case 3:
min {E (x,,x,,% 1), E (0, T (), T (%) 2), E (6, T (), T (%), 2), E(T (), X, %', 1)

:E(T(xn),xn,x/,t)

Then E(T (x,), T (x,),T(x'),t)

v

WE (T (x,), %, X 1)

v

lVE‘(-XYH—I 7xn7-x/7t)
> E(xn+1,x,,,x/7t)

— lasn— o

Hence T (x,) — T (x') in each case.

/

Now to prove x’ is a fixed point of 7, that is T (x) = x". For

E(xp, T (xn),T(x),8) = E(T(xp—1),T(xn),T (xn),t)
> ymin {E(x,—1,%n,%n,1), E(xp—1,T (xp—1), T (X4—1),1),
E(xp, T (x), T (x),), E(T (xp—1),%n,Xn,t)}
Case 1:
min {E (X, 1,Xn,Xn, 1), E(Xn—1, T (xp—1), T (xp—1),2), E (xp, T (x,), T (x),,1),
E(T (xp—1),%n,%n,1)} = E(Xp—1,Xn,Xn,1)-
Then
E(xp, T (xp),T (xp),t) > WE(Xp_1,%n,Xn,1)
> E(Xp—1,%n,Xn,1)

Asn— oo, E(X,T(X),T(x),t) = 1
Case 2:
min {E(xn—bxmxnvt)?E(xn—lvT(xn—1>7T(xn—l)vt)7E<xnaT(xn)aT(xn)at)7
E(T(xn—l)axn;xn;t)} :E(xn—l7T(xn—1);T(xn—1>at)

Then

E(xp, T (x),T (xp),t) > WE(xy—1,T (xp—1),T (xp—1),1)
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> YE(Xn—1,%n, Xn,t)
> E(Xy—1,Xn,%Xn,1)
Asn— oo, E(X,T(X),T(x),t) =1
Case 3:
min {E (X, 1,Xn,Xn, 1), E(Xn—1, T (xn—1), T (xp—1),1), E (xp, T (x,), T (x),,1),
E(T (xp—1),%n,%n,t)} = E(x, T (x), T (x),1)

Then

E(xp, T (xn),T(xp),t) > WE(Xp,Xpt1,%n+1,1)
> E(Xn,Xpt1,Xn+1,1)
Asn— oo E(X,T (X)), T(x),t) > 1
Case 4:
min {E (X,—1,Xn,Xn, 1), E(Xn—1, T (xXn—1), T (xp—1),2), E (xn, T (x,), T (x),1),
E(T (x4—-1),%n,Xn, 1)} = E(T (X4—1), X, Xn, 1)
Then
E(xp, T (xn), T (x),2) > WE(T (X4—-1),%n,Xn,t)
> YE (X3, X, Xn,1).
Asn— oo E(X',T(X),T(x),1) — 1.

Hence T (x') = x’ for each case. That is x’ is a fixed point of T

To prove uniqueness, let x| be another fixed point of T with x’ # x;. Then

E(x1,x1,x,t) = E(T(x1),T(x1),T(x),t)
> min {E(x1,x1,4.1), E(x1, T(x1), T(x1),1),
E(x1,T(x1), T (x1),0), E(T (x1),x1,%,1)}
> WE(xy,x1,x,1)

> E(x1,x1,x,1).
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Which is impossible. Hence x; = x'.

Since x, =+ x = T(x,) = T(X), T is continuous at x’.

4. FIXED POINT THEOREMS FOR CONTRACTIVE MAPPING SATISFYING ¢ - MAPS

Let ¢ : (0,00) — (0,00) be the function such that ¢ (¢) < ¢ and lim, . ¢"(¢) =0 for any
t > 0. Using this ¢ function, some fixed point theorem for ¢ contraction in complete E — fuzzy

metric spaces are obtained in this section.

Theorem 4.1. Let (X, E, %) be a E-fuzzy metric space. If Vx,y,z € X andt > 0, E(x,y,z,0(t)) >

E(x,y,z,t)thenx =y =z.

Proof. Since ¢(t) <t for any ¢ > 0, implies E(x,y,z,¢(¢)) < E(x,y,z,t) and also from theo-
rem statement, we get E(x,y,z,0(t)) = E(x,y,2,t) Vx,y,z € X and ¢ > 0. From this for n > 1,
E(x,y,z,0"(t)) = E(x,y,z,t) ¥Yx,y,z € X and t > 0. To show E(x,y,z,¢t) =1 V¢ > 0. Suppose
there exists 7o > 0 such that E(x,y,z,79) < 1. Since lim,_.E(x,y,z,t) = 1, there exists some
f1 > to such that E(x,y,z,t;) > E(x,y,z,t9) Vx,y,z € X. Since tp > 0 and lim, 0" (t;) =0,
there exists ng € .4 such that " (1) < to. Hence E(x,y,z,t0) > E(x,y,z,0™ (1)) = E(x,y,2,1),

which is a contradiction. Hence E(x,y,z,¢) = 1 Vx,y,z € X andt > 0. Thus x =y = z. O

Theorem 4.2. Let (X, E, %) be a complete E-fuzzy metric space. Suppose that the map 7" : X —
X satisfies

E(T(x),T(y),T(z),0(t)) > E(x,y,2,t),VYx,y,z€ X and ¢ > 0.

Then T has a unique fixed point and 7 is continuous at the fixed point.

Proof. Let xo € X be an arbitrary point and let x,, = T'(x,,—1),n € 4. To prove (x,) is a Cauchy

sequence in (X,E, ). Forn € .4,

E(xo,xl,xl,t) < E(T(XO), T(xl), T(xl),q)(t))

IN

E(x1,x2,x2,0(1))

IN

E(T(x1),T(x2),T (x2),%(1))

IN

E(XZ,X3,X3,¢2(I))
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< E(xnaxn+l>xn+la¢n(t))
For any 0 < 6 < 1 there exists 0 < € < 1 such that

(1) (I—&)x(1—¢€)*...x(l—€)>(1—-8) Vne .

. S
-~

n

We have sup{E(xo,x1,x1,¢),t >0} = 1. Forany t > 0 and 0 < € < 1, there exists 7o > 0 such
that E (xo,x1,X1,%9) > 1 — €. Since ¢"(f9) — O there exists kg € .4 such that ¢" (z9) < ¢ Vn > k.
By monotonicity,
E(Xp, Xnt 1, %04 1,1) > E(Xn, Xt 1,%041,9" (f0)) Vi > ko
> E(x0,x1,X1,%)
> l1—e¢.
Thus for any ¢ > 0 there exists 0 < € < 1 such that
2) E(xp, Xpt1,X%n41,) > 1—¢€.
Similarly, for any ¢ > O there exists 0 < € < 1 such that
3) E (Xp,Xp, Xnt1,1) > 1—¢€.

For m,n € A4 with m > n.

t t
(4) E(xn;xmaxm;t) Z E(xnaxn—H s Xms 5) *E(xn-i-] s Xm s Xms E)

Now, using the properties of E-fuzzy metric space and applying (2) and (3), we get

t t
E(xmxn—i-l;xma_) = E<xmaxn7xn+l>_)
2 2
t t
> E(xnaxn—i-l:xn—i-laZ)*E(xn—i-l»xn—i-%xn—i-%E)
t t
*E(xn+27xn+37xn+37 6_4) oo *E(xm_l,xm,xm, W)

t t
*E(xn+17xn+17xn+27 g) *E(xn+2,xn+2,xn+3, 3_2)

t t
#E (Xn43, X043 Xn+4, @) # ok E (X1, Xm—1,%m, W)
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) (m—n) (m—n—1)
and,
t t
EQtnet,XmsXms 5) = E (s X X1, 7)
t t
2 E(xn+17xmaxn+1;Z)*E(xmaxn+laxn+1az)

t t

(6) Z E(-xma-xn+17x}’l+17Z)*E(-XM7XI’£+17XI’I+17Z)

Now, by using (2) and (3), and by the definition of E— fuzzy metric space,

t t t
E<xm7xn+17xn+17z) > E(xn+17xn+17xn+27 g) *E(xn+27-xn+27xn+37 3—2)

t t
*E(Xn+3,xn+3,xn+4, m) *... *E(Xm—hxm,xm, W)

t t
*E (Xn42, X042, Xn+1, E)  E (Xn43,Xn43,Xn42, a)

)

t

*... *E(Xm,xm,xm_],m

(7 (m—n—1) (m—n—1)

By using (1), (5),(6) and (7), (4) becomes E (x,,Xp,Xm,t) > (1 — ). So (x,) is a Cauchy se-

quence in (X, E,*) and convergent to some x’ in X. Now

EX,TW),T()t) = EX %1, T),t = () *E(xur1, T(x), T(x),0())

> E(T),x xp11,t —0(t)) *E(xy, X', %' 1)
t—9()
2

t—9()

> E(T(x/)7xn+17xn+1> D) )

) *E('XVH-] ,X/,X,,H_],

*E (xp,x , X', 1)

t—0()
2

t—9(t)
> )

> E(T(),T(xa),T (), §( ))*E (X1, Xns1,

*E (xp,x X' 1)

t—9(t) t—¢(t)
2

) E (i 1,% X1, 5 Yk E(X' X x,,1)
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As n — oo and since E is continuous on its variable, we get E(x',T(x'),T(x'),r) = 1. Hence
T(x") = x'. Hence X is a fixed point of 7. Now to prove uniqueness, let x; be another fixed

point of T with x’ # x.

E(X X x1,t) = E(TX),T(X),T(x1),t)

> E(X X x1,1)
It is a contradiction, hence x' = x;. To prove T is continuous,
E(T(X/), T(Xn), T(xn)ﬂt) > E(T(x/)a T(Xn), T(x”l)7 (P(t))
> E(X,xp,%n,t)

Since the sequence (x,) converges to X', E(T (x'), T (x,),T (xn),t) — 1, as n — . Hence T (x,)
convergent to 7' (x'). So T is continuous at the fixed point x'.

0

Example 4.1. Let X = [0,0). Define a *b = min (a,b). Define G(x,y,z) = |[x—y|+ |y —z| +

N S
|Z—x| and E(x,y,z’t) — +G(x,y,z) t < G(X,y,z) ‘
1 > G(X,y,z)

Then (X,E,*) be a complete E-fuzzy metric space. Define T : X — X by T(x) = 5 and ¢ :
(0.29) = (0.%) by 9(0) = £.

If ¢ () > G(T (x),T(y),T(z)), then E(T (x),T(y),T(z),9(t)) = 1.

Hence E(T (x),T(y),T(z),9(t)) > E(x,y,2,1).

If ¢(t) < G(T(x),T(y),T(z)), then

(1)
¢(t)+G(T(x),T(y),T(2))

E(T(x),T(y),T(2),9(t)) =

Q W~

(x.,2)
R

t
t+G(x,2)
= E(x,y,z,1).

Then by Theorem 4.2 T has a fixed point and the fixed point is x = 0.
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Corollary 4.1. Let (X,E,*) be a complete E-fuzzy metric space. Suppose that the map T :

X — X satisfies forn € A,
E(T"(x),T"(y), T"(2),¢(t)) = E(x,y,2,1),Vx,y,z € X and > 0.
Then T has a unique fixed point.

Proof. By Theorem 4.2 we get T" has unique fixed point say x" that is 7"(x') = x'.
T(W)=T(T"(¥)) = T""'(x') = T"(T(¥)). Hence T(x') is a fixed point of T". Since the

uniqueness of fixed point T'(x") = x'. O

Corollary 4.2. Let (X,E, ) be a complete E-fuzzy metric space. Suppose there is k € (0,1)

such that the map T : X — X satisfies
E(T(x),T(y),T(z),kt) > E(x,y,2,1),Vx,y,z € X and > 0.

Then T has a unique fixed point and 7T is continuous at this fixed point.
Proof. Define ¢ : (0,1) — (0,1) as ¢(¢) = kt. Then by Theorem 4.2 we get the result. O

Theorem 4.3. Let X be a complete E-fuzzy metric space and 7 : X — X be the map satisfies
E(T(x),T(y),T(2),¢(r)) = min{E(x,T (x),T(x),2),E(», T (y), T (y),1), E(x,y,2,1),

E(T(x),y,2,1)},

Vx,y,z € X and ¢t > 0. Then T has a unique fixed point and 7 is continuous at this fixed point.

Proof. letxg € X and x,, = T'(x,—1),n € A". Assume x, # x,,_1 forn € 4. Sincet > ¢(¢) and
E is non decreasing, we have
E(%n Xn1,%041,8) > E(Xns Xy 1, Xn 41,9 (1))
> E(T(xp-1), T (xa), T (), 0(7))
> min {E (X1, Xn,%0,1), E (Xns X1, Xn4158) s E (Xn—1, %, X, 1),
E (xp,Xn,Xn,1)}

> min {E(xnfl7xnaxnat)7E(xn7xn+l7xn+1J)}-
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If min {E (x,—1,%n,Xn,1), E (Xn, Xn+1,%n+1,2) } = E(Xn,Xn+1,%n+1,1), which is impossible.

If min {E (x,—1,%n,%n,1), E (Xn, Xnt1,Xn+1,1) } = E(Xn—1,Xn,Xn,1).

Then E (X, Xp41,Xn+1,1) > E(T (xp—1),T (%), T (x5),9(t)) > E(Xp—1,Xn,Xn,1).

Then from proof of Theorem 4.2, we get (x,) is a Cauchy sequence in (X,E,*). Since X is a

complete E-fuzzy metric space, (x,) converges to some x’ € X. Now, forn € 4/,

E(T(), X\ 201) > B ¥,1/2) $ E(T(Y), %0, 1/2)

E (0, X Xt )+ EQC T () 00t = 9(e1) + (1)), putr/2=1!

v

E(xmxlrxlvll) *E(xl7xfl7xn7tl - q)(tl)) *E('xm T(x/)7xn7¢(tl))

v

v

E(-xn7-x,7-x,7t1) *E(x’,xn,xn,tl - (P(tl))

$E(T (x0—1), T (x0—1), T (x), 0 (1))

v

E(xp, X' X )« E(X 0, x0,11 — ¢ (e1)) s min {E (x,_1, X, X, 1),
E(xn—l7xn7xn7t)7E<xn—l7xn—17x/7t)7E(xnaxn—17x/7t)}
In each cases of minimum, as n — o, we get E(T (x'),x',x’,t) = 1. That is T (x") = x’. Hence x’
is a fixed point of T. Let x; be another fixed point of 7 with x’ # x;.
E(x’,x/,xl,t) > E(xlaxl,xlaq)(t))
> E(T(X),T(X),T(x1),0())
> min {E(X, XX, t), E(X X X 1), E(xX X xq,0), E(X ¥ x1,1)}
> E(X X, x1,t)
which is a contradiction. Hence X’ = x7.
To prove T is continuous at x’, let (x,) is a sequence in X converges to x’.
E(W X\ T(x),1) = E(T(W),TR),T(x),1)
> E(T(x'),T(x'),T(xa), (1))
> min {EX, X, x,t), E(X % X 1), E(x,x ,x,8), E(X', X', x,,1) }

> E(X X x,,1).
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As n — oo, T(x,) convergent to 7' (x') = x’. Thus T is continuous at x’.

0

Corollary 4.3. Let (X,E, x) be a complete E-fuzzy metric space. Suppose k € (0,1) such that

the map 7T : X — X satisfies
E(T(x),T(y),T(2),kt) > min{ E(x,T (x),T(x),2),E(y, T (y), T (y),1),

E(x,,2,1),E(T (x),y,2,1)},

Vx,y,z € X and ¢t > 0. Then T has a unique fixed point and 7 is continuous at this fixed point.
Proof. Define ¢ : (0,1) — (0,1) as ¢(¢) = kt. Using Theorem 4.3 we obtained the result.  [J

5. APPLICATIONS

Integral equations have applications in many fields such as Chemistry, Physics, Engineer-
ing and Biology. The aim of this section is to give the existence and uniqueness for a solution

of the following integral equations using Theorem 4.2.

(1) Let X = CJ[0, 1] be the set of all continuous functions defined on [0, 1].
Define E : X? x (0,00) — [0,1] by

E HN=—
(.5.2,1) 1+G(x,y,2)

where G(x,y,z) = supy¢jo x(#") —y(')] + SUpPyefo,1] y(t) —z(t')[ + SUPy/¢(0,1] j2(t") —
x(t")|, Vx,y,z € X.
Then (X, E,*) be a complete E-fuzzy metric space. Let ¢ : (0,00) — (0,00) be defined

as ¢(t) = rt, 0 < r < 1. Consider the following integral equation

1
T(x(t')) = /0 k(&' ) f (5, x(s))ds for s € [0, 1],

where

(@) k:[0,1] x [0,1] — (0,00) is continuous

) f£:[0,1] xR =R

(c) there exists a constant A > 0 such that |f(¢',x) — f(¢',y)| < A|x—y]|
(d) A || k ||< r where || k ||cc=sup {k(¢';s) : ;s € [0,1]}.
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Then the integral equation has unique solution in C[0, 1] by Theorem 4.2.
E(T (), T((r')), T(=(t")), (1)) = ¢(t)+G(T(x(t’)(€7([T)(y(t’))»T(z(t’)))

=0(t)/(¢(t) +supycio, 1] [T (x(t") = T (y(t")| +supyepo, i [T (0(t')) — T (z(t'))]
+supyeqo, i) 7 (2(t) — T (x(¢'))]

— 9(6)/(9(1) + supycjo 1y | Jo k() F s x(s))dls — Ji k(t',) £(5.3(5) )]
- supyrcio) | o K(E',5) £ (5,9())ds — 3 k(1) £(s.2(5))ds]
- supyeio ) i k(') F(s.2(5))ds — [ k(t',s) f(s.x(5))ds])

N

I
I

~—

(5)

(5)

= 0(1)/(9() +supycio | Jo k(t',5)(f(s5,2(5)) = f(5,¥(5)))dls]
+suppeio,i) | Jo k(&',5)(f(5,3(s)) = f(5,2(s)))ds]
+supyeqo ) | Jo k(t',5)(f(5,2(5)) — £ (s,x(s)) )ds|)

> 9(1)/($(1) + Asupyepo 1] fo k(t',s)|x(s) = ¥(s)lds
+A SUP;e(o,1] fOl k(tlas) |y(s) —z(s)|ds
+ A supyo,n) Jo k(t'ss)lz(s)) — x(s)|ds)

Using Cauchy Schwarz inequality, we have

/kt s)|x(s) —y(s)|ds < /kzt sds1/2/|x 5)|2ds)'/?

!

< Tk [loo suprrego ylx(2) —y(2')]

S|
—~
~
—~
=
—
~
~
~—
~—
~
S
~
—~
-~
~
~—
S—
~
—~
2
—~
~
~
N—
N—
<
—
~
~—
N—
v

0(1)/(9(t) + A || k |loo supyrcfo 1y x(¢') = y(t')]
+A |1k [l supyeo,yy(t') = 2(t')]

+ |1k lleo supyre(o11]2(t") = x(t')])

= 50+ A Tk (GO ()
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rt

rt +r(G(x(t'),y(t"),z(t"))
t

= (G ),20)
> E(x,y,2,t).

>

It satisfies Theorem 4.2.

(2) Consider the following integral equation,

T(x(1)) = /0 (e, 5.x(5))ds + £(0) for 5.1 € [0,1].

Let X = C[0, 1] be the set of all continuous functions defined on [0, 1].
Define E : X3 x (0,00) — [0,1] by E(x,y,z,t') = HJW’

where G(x,7.2) = sup,efo ] (1) — ¥(0)| + up,eio 1] [y(1) — 2(0)| + supyegoy 2(6) —x(1)
Vx,y,z € X. Then (X, E,x*) is a complete E-fuzzy metric space. Let ¢ : (0,00) — (0,0)
be defined as ¢ (¢') = rt’, 0 < r < 1. Suppose the following hypotheses hold,

(@) k:[0,1] x [0,1] x RT — R" and f: [0,1] — R™ are continuous.

(b) There exists a continuous function k" : [0, 1] X [0, 1] — [0,00) such that |k(z,s,x) —

k(t,s,y)| <Kk(t,s)|x—y| foreach x,y € R and t,s € [0,1].
(€) sup;epo1] Jo K (2,5)ds < r for some 0 < r < 1.
Then the integral equation has a solution x € C[0, 1] by Theorem 4.2. For
)

E(T(x(1)),T(y(t)),T(z(t)),¢(t')) = ¢(;/)+G(T(x(?)()l: OO TE0)

= 0(")/(@(") +sup,epo 1) [T (x(t)) = T (y()) |+ sup,epo 1) [T (v(1)) = T (2())]
+suprejo 1) |7 (2(2)) = T (x(1))])

= 0()/(O(") + suprepo )] Jo k(t,5,x(s)) = k(t,5.(5))ds| + supepo )| Jo k(t,5,3(s)) —
k(1,5,2(5))ds| + supyepo.| Jo k(t,5,2(5)) —k(t,5,x(s))ds])

> 9(t")/(9(t') +supieio) Jo K (1.5) x(s) = y(s)|ds +supiejo.n) Jo K (2,5)]¥(s)
—2(s)lds +supyeio 1] Jo K (1,5)|2(s) —x(s)lds)
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> o(t")/(o(1) T+ SUPefo,1] f()1 k/(t,s)ds{sup,e[()’” [x(t) — ()] "‘S”Pte[o,l]b’(t) —2z(1)]
‘|‘S”Pte[0,l]‘z(t) —x(1)[})

>rt'[(rt' +1G(x,,2))
>/t +G(x,y,2))

> E(x,y,z,t').
Thus all conditions of Theorem 4.2 are satisfied. Hence there exists a solution

x € C|0, 1] of the given integral equation.

6. CONCLUSION

Fixed point theory finds applications in many fields of mathematics, such as mathematical
economics, nonlinear programming, mathematical modeling, theory of integral equations and
so on. In this paper some results concerning the existence and uniqueness of fixed points via ¢ —
contraction and y— contraction in complete generalized E— fuzzy metric spaces are proved.
These results generalized some fixed point results existing in the literature for fuzzy metric
space. Some applications in the existence and uniqueness of solutions to integral equations are

presented.
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