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Abstract. Reliability estimation and failure modeling in repairable system design requires accurate models and

parameter estimations to determine when failures will occur and when they can be repaired. The objective of this

study is to evaluate the use of a Hybrid Artificial Neural Network-Artificial Bee Colony (ANN-ABC) approach to

estimate the parameters of the Power Law Non-Homogeneous Poisson Process (PLPNHP) referred to as the Crow

AMSAA Model. Additionally, we compare our results with maximum likelihood estimates (MLE) and particle

swarm optimization (PSO). We conduct a comparison based on their ability to accurately estimate parameters,

predict future events independently and their computation times. We perform a Monte Carlo Study using 1000

iterations and three different expected event counts; 50, 100 and 500. All iterations used a power law shape

parameter of 1.4 and scale parameter of 500. A data set consisting of 48 valve seat replacement events and 41

observation ending records from 41 diesel engines was analyzed. Engine specific observation period was included

in the likelihood function. Our results show that MLE and PSO have similar levels of estimation accuracy, however,

the ANN-ABC had larger estimation errors than both MLE and PSO at a faster level of computational time. At a

total number of events equal to 100, the Root Mean Square Error (RMSE) value for the power-law shape parameter

was .14117 for MLE, .14103 for PSO and .16711 for ANN-ABC. Our empirical case illustrates the potential of the

PLPNHP to describe recurring repair events. However, it is necessary to interpret our comparisons carefully due

to differences in methods. In general, the analytical method of MLE was superior to both methods of estimation

and efficiency in all comparisons.

Keywords: power-law process (PLP); Crow–AMSAA model; non-homogeneous Poisson process (NHPP); artifi-

cial neural network (ANN); artificial bee colony (ABC); reliability; parameter estimation.

2020 AMS Subject Classification: 62N05; 60G55; 93E10.

1. INTRODUCTION

Predictive maintenance optimization and reliability evaluation is becoming significantly rel-

evant to modern engineering systems. These include safety-critical applications like healthcare

facilities; electrical energy generation and distribution systems; industrial equipment and man-

ufacturing processes; and IoT-enabled monitoring systems. The increasing complexity of these

systems necessitates statistically-based methodologies that can model and quantify the occur-

rence of failures, identify patterns and trends in reliability, and support maintenance decision-

making under uncertainty. A number of stochastic frameworks are currently being applied to

reliability analysis. Of particular interest among them is the non-homogeneous Poisson pro-

cess (NHPP). This framework models the occurrence of failures using an intensity function that

varies with time. The NHPP allows for the modeling of changes in failure rates over time. In
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contrast to homogeneous Poisson processes (HPPs), which assume a constant rate of failures

per unit of time, the NHPP captures variability in failure mechanisms during system operation

and forms a generalizable basis for modeling repairable systems experiencing repeated failure

events (see Lawson [1]; Muralidharan [2]).

A particular important process in the NHPP family is the Power-Law Process (PLP) or better

known as the Crow-AMSAA Model. The failure occurrence of this model can be defined by

the power-law mean value function and the related time dependent intensity function. Due to

its specific mathematical formulation, it allows to identify three different reliability behavior

characteristics: decreasing failure rate (reliability improvement); constant failure rate (homo-

geneous Poisson process); and increasing failure rate (degradation). In detail the trend of the

reliability is determined by the shape parameter, whereas the temporal scale of failures accumu-

lation is defined by the scale parameter. Therefore, the PLP-NHPP provides great advantages

concerning the application area’s reliability growth analysis, maintenance planning, as well as

statistical analysis of repairable engineering systems (see Crow [3]; Karbasian [4]).

Foundational treatments of time-dependent repairable-system intensity models include Kim

et al. [10], de Oliveira et al. [11], Calabria and Pulcini [12], Sen [13], and Bar-Lev et al. [14].

More recent recurrent-event approaches include Brito et al. [5], Li et al. [6], and Alsultan and

Sulaiman [22]. (see Kim et al. [10]; Sen [13]).

Reliability model applications that utilize NHPPs rely on accurate parameter estimates. Max-

imum Likelihood Estimates (MLE) remain an important statistical method for estimating pa-

rameters due to their established inferential advantages as well as the relatively low computa-

tional expense in comparison to other methods. When using the conventional two-parameter

PLP-NHPP observed during a fixed time period, maximum likelihood functions can be solved

analytically such that the unrestricted interior MLE can be computed without requiring numer-

ical optimization to solve the equation set. However, regardless of the number of failures in the

sample or how well the assumptions about the data fit the actual data generating process, the ac-

curacy of the parameter estimates will depend upon various factors. Thus, this motivation exists
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to study alternative estimation techniques when both the predictive performance of the param-

eter estimates, robustness of the parameter estimates, and efficiency of computing parameter

estimates exist concurrently (see Brito et al. [5]; Li et al. [6]).

Recent advancements in the field of computational intelligence have motivated researchers

to explore the use of Machine Learning and Nature-Inspired Optimization Algorithms as al-

ternatives to traditional Statistical Estimation Techniques. The primary benefits of using an

Artificial Neural Network (ANN) are its ability to create non-linear mappings from observed

input variables to estimated model parameters, while population-based optimization methods

can represent alternative means of identifying local or global optima within complex objective

functions. Of these two paradigms, PSO and ABC Algorithms have been studied extensively

due to their computationally efficient structure, relative ease-of-implementation, and ability to

efficiently solve Nonlinear Optimization Problems. However, prior to utilizing PSO or ABC to

optimize the parameter estimates of a model that has analytically-derived Maximum Likelihood

Estimators, it is essential to formally justify such utilization. For example, simply increasing the

amount of computations performed on an algorithm does not automatically result in improved

statistical accuracy; therefore, claims made regarding advantages associated with the utilization

of one method over another must be substantiated through carefully-controlled simulation stud-

ies, appropriately-designed predictive evaluations and reproducibly-comparable comparisons

against well-established statistical benchmarks (see Veza et al. [19]; Hacilar et al. [21]).

The recent PLP and maintenance study research will provide examples of the modern appli-

cability of these models: In addition to the above, Alsultan and Sulaiman [22] applied the use

of a Bayesian method for estimating PLP based on data from power plant shutdowns; Ye et al.

[23], have developed an NHPP-based (non-homogeneous Poisson process) model for predictive

maintenance of repairable systems. Additionally, Gu et al. [24], studied dynamic behavior of

NHPP for reliable intelligent heating supply. The research described above is about similar

modeling situations as opposed to evidence directly indicating ANN–ABC’ s superiority over

analytical MLE.

Previous studies have studied a number of ways to extend classic reliability and survival mod-

els. Using frailty models to allow for unobserved heterogeneity and dependence in recurrence
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of failures has become a significant area of interest, with examples being the study of crop

protection equipment, and heavy-duty truck components. While these are very flexible tools

that can be used to describe differences in operationally different machines as well as inform

when maintenance should occur, they depend upon the choice of the repair process and the

nature of the dependence relationships between the events (for example see Brito et al. [5]).

Relatedly, Li et al. demonstrated how Bayesian change point modeling could be implemented

using Markov Chain Monte Carlo methods along with Bayesian model comparison criteria to

assess changes in failure behavior from a Weibull intensity non-homogeneous Poisson Process

formulation (Li et al. [6]). These studies clearly illustrate the importance of accounting for

uncertainty, heterogeneity and structural change in reliability modeling.

Additional studies of alternative NHPP parameter estimation include Hussain et al. [15],

Hussain et al. [16], and Hussain et al. [17]. Software reliability optimization is considered by

Hussain et al. [18], while Veza et al. [19] review ANN methodologies in engineering. These

publications provide related methods rather than direct evidence of PLP-specific superiority.

(see Hussain et al. [16]; Hussain et al. [17]).

Statistical estimation combined with computational intelligence has also been studied in sur-

vival analysis and other types of related distributional modeling. Some researchers used hybrid

approaches that combine both cancer survival models and machine learning methods to pre-

dict outcomes of cancer survival (Saadoon et al. [7]). Researchers have also evaluated inverse

Gompertz-based survival representations and tested artificial intelligence assisted estimation

against traditional statistical estimators through simulation and empirical data (Hussain et al.

[9]). While these research efforts provide insight into the overall capabilities of intelligent esti-

mation techniques, they are specific to the PLP-NHPP as the underlying probability structures,

likelihood functions, and parameter identification problems differ significantly. Therefore, an

evaluation specific to each model will need to occur to identify if computational intelligence

can produce statistically significant improvement relative to traditional maximum likelihood

estimation. See Saadoon et al. [7], Hussain et al. [9] for additional examples of artificial

intelligence estimators in survival modeling or alternative reliability distributions. For related

artificial-intelligence estimators in survival modeling and alternative reliability distributions,
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see (see Saadoon et al. [7]; Hussain et al. [9]; Hussain et al. [15]; Hussain et al. [16]; Hussain

et al. [17]).

Although there are many new techniques available to estimate reliability, there is still an open

methodology question in this case: Will a hybrid ANN-ABC estimation procedure produce sta-

tistically significant improvements in estimating the two-parameter PLP-NHPP compared to

analytical MLE? Under which sampling circumstances can we expect to see such improve-

ments? This question is so relevant since MLE has closed form solutions that establish a high

level of statistical and computational performance. Thus, our objective is not simply to create an

advanced search strategy using a different optimization algorithm; instead, we wish to evaluate

whether the proposed hybrid procedure offers useful advantages in terms of recovering param-

eters, forecasting accuracy, numerical stability, and/or robustness. Additionally, by comparing

with PSO will allow us to determine if any difference we observe comes from the hybrid neural

optimization architecture or if it arises solely due to the use of a population-based optimization

technique (see Muralidharan [2]; van Dyck and Verdonck [8]; Veza et al. [19]; Hacilar et al.

[21]).

To analyze this research inquiry, the current study evaluates a Hybrid Artificial Neural Net-

work – Artificial Bee Colony (ANN-ABC) structure for calculating the parameters of the PLP-

NHPP. The proposed ANN-ABC system integrates the ability of an ANN to approximate non-

linear relationships with the searching capabilities of an ABC. It was tested in comparison to

analytical MLE and PSO using the same statistical model and evaluation methodology. The

comparative evaluations were developed so that both the estimations’ biases, the Root Mean

Squared Error (RMSE), prediction errors, and computational run times at varying sample size

levels could be compared. In total, these metrics provide a complete and fair examination of the

trade-offs between computational cost and statistical accuracy among all considered estimation

methods:

1. Statistically formulated: This paper utilizes a two-parameter process limit (PLP) new-

hire positive point process (NHPP), with identification of the reliability model’ s mean-value

function, the failure rate of the NHPP, and the reliability trend of the NHPP as functions of the

model’ s parameters.
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2. Framework of hybrid estimation method: A methodology using artificial neural networks

(ANNs) and adaptive importance sampling (AIS) based on simulated annealing (ABC-SA) has

been developed to estimate the parameters of the PLP-NHPP. The proposed method provides a

computationally efficient alternative to traditional maximum likelihood estimation (MLE).

3. Comparative statistical evaluation: The performance of analytical MLE, particle swarm

optimization (PSO), and ANN-AIS was evaluated using similar performance metrics such as

parameter bias, root-mean-squared error (RMSE), predictive accuracy, and computation time.

4. Assessment of sample size: The performance comparison examined how the quality of

estimation changed with varying sample sizes; specifically, it focused on the behavior of both

small- and medium-sized samples.

5. Reliability implications for practical application: The purpose of the overall analysis is to

identify the potential advantages, disadvantages, and computational trade-offs associated with

employing intelligent estimation techniques for reliability prediction in repairable systems and

predictive maintenance.

The significance of this research lies in developing a statistically valid basis for comparing

classical statistical estimation methods with computational intelligence-based estimation meth-

ods in the context of a well-defined mathematical NHPP. Rather than simply assuming that hy-

brid optimization will always outperform analytical estimation, the research seeks to determine

if greater computational complexity is warranted through demonstrated improvements in either

statistical performance or predictive performance. Additionally, the results may offer practical

direction to reliability engineering professionals and applied statisticians who seek suitable es-

timation methodologies for modeling time-dependent failure processes in smart monitoring and

maintenance applications.

This portion of the paper will be organized in the following manner. In Section 2, we will in-

troduce a mathematically formulated version of the PLP-NHPP along with some of its statistical

properties. Then in Section 3, we will describe how to estimate parameters using three different

methods: Analytical Maximum Likelihood Estimation (MLE), Particle Swarm Optimization

(PSO) and the proposed ANN-ABC framework. In Section 4, we will detail the experimental

setup and define the criteria that will be used to evaluate performance. Finally, in Section 5,
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we will present and discuss our comparative results; then summarize our major conclusions,

methodological shortcomings, and potential avenues for further research in the final section.

2. POWER-LAW NON-HOMOGENEOUS POISSON PROCESS (PROPOSED MODEL)

The Power Law Process (PLP), also known as the Weibull Non-homogeneous Poisson Pro-

cess (NHPP) or Crow AMSAA model, is one of many models that are often used for reliability

modeling in reliability engineering to model the temporal behavior of time dependent failure

rates from events occurring in repairable systems. In contrast with the homogenous Poisson

process where it is assumed that there is a constant rate of occurrences of events, the power law

process will allow the rate of occurrence of failures to either increase or decrease depending on

time. With respect to an NHPP, the average cumulative number of failures observed during the

period [0, t] can be modeled using the mean value function (see Muralidharan [2]; Crow [3];

Karbasian [4]; van Dyck and Verdonck [8]; de Oliveira et al. [11]):

m(t) = E[N(t)].

The corresponding intensity function is defined as

(1) λ (t) =
dm(t)

dt
·

For the Power-Law Process, the intensity function is expressed as

(2) λ (t) =
k
β

(
t
β

)k−1

, t > 0,

where k > 0 represents the shape parameter and β > 0 represents the scale parameter. The mean

value function is obtained by integrating the intensity function (see Muralidharan [2]; Karbasian

[4]; van Dyck and Verdonck [8]):

(3) m(t) =
∫ t

0
λ (u)du.

Substituting Equation (2) into Equation (3) yields

(4) m(t) =
(

t
β

)k

.

The probability that no event occurs in the interval (0, t] is given by

P[N(t) = 0] = exp[−m(t)].
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Consequently, the cumulative distribution function of the first event time T1 is

FT1(t) = 1− exp

[
−
(

t
β

)k
]
.

Differentiating this expression gives the probability density function of the first event time:

(5) fT1(t) =
k
β

(
t
β

)k−1

exp

[
−
(

t
β

)k
]
.

The Weibull distribution is a standard probability distribution to describe the waiting time for

the first occurrence of an event in a Poisson-Lindley Process. This distribution is different than

the event intensity function given in Equation (2), as shown in Equation (5). The shape param-

eter ”k” indicates how the event intensity changes over time k > 1, the intensity increases with

time, indicating an increasing failure occurrence rate. Throughout this study, the PLP-NHPP

parameters are denoted by θ = (β ,k)⊤, where β and k represent the scale and shape param-

eters, respectively. The symbol λ (t;θ) denotes the process intensity, while m(t;θ) represent

the process intensity and mean value functions, respectively. In addition, the number of free

parameters, p, represents the number of parameters used in selection models. In the ANN-ABC

optimization method, w denotes the vector of weights and biases in a neural network. The

variable η is referred to as the likelihood regularization term. Additionally, the variable ρ is

the weight decay coefficient if applied. Finally, the variables yi and ŷi represent target and pre-

dicted outputs, respectively, while φi j denotes the random perturbation coefficient in the ABC

algorithm (see Muralidharan [2]; Crow [3]; Karbasian [4]).

3. METHODS OF ESTIMATION

The Power-Law NHPP has several kinds of parameter estimation. This paper evaluates both

the performance of the maximum likelihood Estimation (MLE) and Feedforward Neural Net-

work of Artificial Bee Colony (FFNN-ABC) on many aspects and testability.

3.1. Maximum likelihood Method (MLE). One of the cornerstones of the study of parame-

ter estimation in stochastic models is known as Maximum Likelihood Estimation (MLE) which

has generally been found useful because apart from being consistent, unbiased in the large sam-

ple limits, and efficient with standard conditions, it is also simple to compute as well. It gives
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estimates that best describe the underlying probabilistic structure by minimizing the Kullback-

Leibler divergence between the likelihood and parameter values it attempts to find which maxi-

mize that likelihood, given observed data. The joint probability density of time points at which

events are observed, Nonhomogeneous Poisson Processes (NHPPs) whose intensity functions

are functions of time. (t1, t2, . . . , tn) is given by Equation (5), (see Muralidharan [2]; Karbasian

[4]; van Dyck and Verdonck [8]; de Oliveira et al. [11]; Hussain et al. [15]):

(6) L(k,β ) = exp[−m(T )]
n

∏
i=1

λ (ti) .

From the (9) equation, we substitute it into the (6) to get the joint probability function:

(7) L(k,β ) = exp

[
−
(

T
β

)k
]

n

∏
i=1

[(
k
β

)(
ti
β

)k−1
]

The Likelihood function for the formula (7) for the period (0, t].

(8) L(k,β ) =
(

kn

β kn

)[ n

∏
i=1

tk−1
i

]
exp

[
−
(

T
β

)k
]

The log-likelihood function is expressed as follows:

(9) ℓ(k,β ) = n log(k)− kn log(β )+(k−1)
n

∑
i=1

log(ti)−
(

T
β

)k

Hence, deriving equation (9) with respect to parameter β , we get:

(10)
∂ℓ

∂β
=−kn

β
+

kT k

β k+1

And formula (9) deriving equation (9) with respect to parameter k will be:

(11)
∂ℓ

∂k
=

n
k
−n log(β )+

n

∑
i=1

log(ti)−
(

T
β

)k

log
(

T
β

)
Explicit fixed-horizon MLE (n > 0):

(12) k̂ =
n

n log(T )−∑
n
i=1 log(ti)

, β̂ =
T

n1/k̂

For n> 0 and a fixed terminal observation time T , the score equations yield k̂ = n/[n log(T )−

∑i log(ti)] and β̂ = T/n1/k̂ under the given time-truncated NHPP observation scenario. Like-

lihoods for failure truncation need to be addressed separately. In Appendix A, there are cor-

responding formulations for the latter. Even if numeric optimization is required for alternative

models, constraints or objectives, this analytical MLE is computationally cheap and provides a
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statistically principled reference point for evaluating the performance of both ANN-ABC and

Particle Swarm Optimization (PSO). Therefore, the primary objective of developing the ANN-

ABC method is not to overcome either an analytical or computational limit of the classical PLP

maximum likelihood estimator. Instead, it is an exploratory study of a new estimation method-

ology with possible advantages that should be evaluated by comparison of estimation errors,

predictive accuracy, robustness and costs (see Muralidharan [2]; Karbasian [4]; van Dyck and

Verdonck [8]).

3.2. Modified Artificial Neural Network. Unlike the closed form MLE of the Standard PLP-

NHPP, the proposed ANN-ABC framework has both the optimization of the weights and bias of

the neural networks involved in its structure, and thus will have increased computational costs

associated with it. It is not used because numerical solution of the traditional PLP likelihood

equations cannot be solved analytically. Rather, the ANN-ABC framework is explored as an

alternative, flexible data driven estimation method to potentially identify relationships between

the observed characteristics of event histories and model parameters. The artificial bee colony

(ABC) algorithm is utilized to optimize the ANN training objectives. As such, whether this ad-

ditional flexibility results in improved estimation precision, prediction ability, and/or robustness

relative to the analytical MLE is considered an empirical question rather than a hypothetical the-

oretical advantage. Related hybrid approaches have been explored in stock price forecasting,

including time-varying VAR models combined with neural networks (Saputra et al. [25]) and

ARIMA models combined with Greylag Goose Optimizer-based feature selection Abotaleb et

al. [26]. Artificial Neural Network (ANN) is a network of interconnected neurons; each with

related weight and bias. As soon as the network structure is determined, the next process is to

train optimal weights and biases such that predictions are more accurate. This is done through

various techniques; where the Artificial Bee Colony (ABC) algorithm is utilized in this study to

improve the training performance. A thorough description of ABC is made by Veza et al. [19].
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3.2.1. Proposed Artificial Neural Network Training Using the Artificial Bee Colony Algo-

rithm. ANNs are mathematical representations that can be used to approximate non-linear re-

lationships between inputs to a model and its predicted outputs. These networks have both

structural design and the actual parameters (weights and bias values), which contribute to their

ability to make predictions about future data. The hybrid method uses the Artificial Bee Colony

(ABC) algorithm as the optimizer of the parameters of the ANN. The ABC algorithm was de-

veloped with inspiration from the social behavior of honey bee colonies in the search for food

and includes three distinct stages of searching: employed bees, onlookers’ bees and scout bees.

Each food source within this context represents a potential solution vector representing the set of

all the ANN’ s parameter values (weight and bias). A single food sources’ value is determined

by evaluating it against an objective function that measures how well or poorly the current ver-

sion of the ANN predicts a given target output. Steps involved in optimizing the ANN with the

use of ABC are as follows: (see Veza et al. [19]; Hacilar et al. [21]). For the ABC optimization

and neural-network training context, see (see Veza et al. [19]; Hacilar et al. [21]).

Step 1: Initialize the Artificial Neural Network

Define the ANN architecture, including the number of input neurons, hidden layers, hidden

neurons, output neurons, and activation functions. Let

w = (w1,w2, . . . ,wD)

denote the vector containing all trainable ANN weights and biases, where D is the total number

of trainable parameters. The ANN is trained to approximate the mapping between the specified

input features and target outputs.

Step 2: Initialize the Artificial Bee Colony Population

Initialize SN food sources, where each food source represents a candidate ANN parameter

vector. For food source i and dimension j, generate the initial position according to (see Hacilar

et al. [21])

(13) xi j = xmin
j + ri j

(
xmax

j − xmin
j

)
,

Where:

ri j ∼U(0,1).
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Here, xmin
j and xmax

j denote the lower and upper bounds of the j-th decision variable, respec-

tively. Specify the population size SN, abandonment threshold limit, and maximum number of

iterations imax = 100.

Step 3: Evaluate the Objective Function

For each candidate solution, calculate the ANN predictions and their associated root mean

squared error:

RMSEi =

√√√√ 1
N

N

∑
q=1

(
yq − ŷq (xi)

)2
.

Here, N is the number of training observations, yq denotes the target output, and ŷq (xi)

denotes the ANN prediction produced using candidate solution xi. The objective is to minimize

RMSE. For probabilistic selection, a positive fitness transformation is defined as

(14) f iti =
1

1+RMSEi
.

Step 4: Employed-Bees Phase

Each employed bee generates a candidate solution in the neighborhood of its current food

source: (see Hacilar et al. [21])

(15) vi j = xi j +φi j
(
xi j − xr j

)
,

Where:

r ̸= i, φi j ∼U(−1,1).

Each trial of the search algorithm selects a random (different) food source r corresponding

to that particular problem instance, and a random dimension j for one of the decision variables

in each trial. To evaluate this new candidate, the RMSE objective is computed. The greedy

selection criterion dictates that only if this candidate has achieved a smaller RMSE than the

current best solution will it replace it; otherwise, the previous solution is restored as the best.

The unsuccessful trials counter is reset to zero at each time the search discovers a better solution;

its value increases by one with each successive trial that does not improve upon the previous

solution..
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Step 5: Onlooker-Bees Phase

Each onlooker bee selects a food source based on its relative fitness. The selection probability

is defined as (see Hacilar et al. [21])

(16) pi =
f iti

∑
SN
r=1 f itr

, i = 1, . . . ,SN.

Following selection, the onlooker bee generates a neighboring candidate using the employed-

bee update equation. The candidate is evaluated, and greedy selection is applied. The trial

counter is updated accordingly.

Step 6: Scout-Bees Phase

If a food source does not improve for limit consecutive unsuccessful trials, it is considered

abandoned. A scout bee replaces the abandoned food source with a randomly generated solution

(see Hacilar et al. [21]):

(17) xnew
i j = xmin

j + ri j

(
xmax

j − xmin
j

)
,

Where:

ri j ∼U(0,1).

The trial counter of the regenerated food source is reset to zero.

Step 7: Update the Best Solution

After the employed-bee, onlooker-bee, and scout-bee phases, evaluate the population and

retain the best solution identified so far. Let

(18) xbest = xi argminRMSE (xi) .

The corresponding ANN weights and biases are retained as the best candidate solution. No

Levenberg-Marquardt damping update is applied, because the present training procedure is

based exclusively on ABC optimization.

Step 8: Termination Criterion

Repeat Steps 4-7 until the maximum number of iterations imax = 100 is reached or an explic-

itly specified convergence criterion is satisfied.
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3.3. Statistical Motivation and Scope of the ANN-ABC–PLP Hybrid Framework. The

proposed ANN-ABC methodology combines parameter estimation based upon artificial neural

networks (ANN) with population-based optimization techniques under the Power-Law Non-

Homogeneous Poisson Process (PLPNHP). Because the classical PLPNHP has closed-form

maximum likelihood estimators available under the time-truncated observation scheme, the hy-

bridization in this case is not needed to find the maximum likelihood estimate. Therefore, if

there are no issues with model specification then the primary contribution of ANN-ABC would

likely lie in its ability to learn non-linear relationships between event history data and either tar-

get parameters or predictive quantities. However, learning these relationships will not necessar-

ily lead to smaller estimation errors or better statistical efficiency than the analytical Maximum

Likelihood Estimator (MLE). For example, under a correct specification of the PLPNHP and

under sufficient regularity conditions, the classical MLE is asymptotically efficient. In other

words, a regularized ANN-based estimator can have a different bias-variance tradeoff, how-

ever any decrease in mean squared error will depend on the sample size, how one trains the

ANN, what assumptions are made about the model, and which objective function was used.

Thus, it is recommended that this new framework be evaluated via Monte Carlo simulation ex-

periments and/or independent predictive assessments. Of particular interest in evaluating this

new framework will be comparisons of estimated parameter values with true values (parameter

bias), mean squared error, predictive accuracy, computation time, and sensitivity to incorrect

modeling. Therefore, the hybrid methodology described above should be viewed as an alter-

native estimation strategy rather than a faster way to compute the same analytical Maximum

Likelihood Estimates (MLEs) that are currently computed using the PLPNHP.

(19) L (θ ;D) =
n

∑
i=1

logλ (ti;θ)−
∫ Tn

0
λ (u;θ)du

Let θ = (β ,k)⊤ denote the parameter vector of the Power-Law Non-Homogeneous Poisson

Process (PLP-NHPP), where β > 0 is the scale parameter and k > 0 is the shape parameter. The

corresponding intensity function is defined as

λ (t;θ) =
k
β

(
t
β

)k−1

, t > 0.
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For observed event times 0< t1 < · · ·< tn ≤ t0, the NHPP log-likelihood function is expressed

as

(20) ℓ(θ) =
n

∑
i=1

logλ (ti;θ)−m(t0;θ) ,

where m(t0;θ) = (t0/β )k denotes the expected cumulative number of events over the observa-

tion interval. The ANN can be denoted gw(S ) which is the ANN that takes a feature-vector

S (that is, cumulative counts, transformed interarrival times, etc) and produces parameter esti-

mates θ̂ . The fitness of ABC is reduced during training in a hybrid.

(21) J(w) =
1
n

n

∑
i=1

[Nobs (ti)−Ngw (ti)]
2

︸ ︷︷ ︸
MVF data-fit loss

−λL (gw;D)+ γ∥w∥2

The λ > 0 moderates the intensity of the likelihood-based regularization and γ∥w∥2 averts

the overfitting of ANN weights.

For λ = 0, the objective J(w) reduces to pure ANN data-fit minimization; as λ → ∞, the

optimum of J(w) approaches the classical maximum-likelihood estimate (MLE) of the PLP

model (assuming the ANN can represent the MLE solution). Hence the ANN-ABC estimator

continuously interpolates between data-driven and model-based estimation regimes.

Since J(w) is a weighted sum of the data-fit term and the negative log-likelihood, dominance

of either term yields the two limiting cases. By the continuity of J(w) in λ , intermediate val-

ues produce a convex combination of the two objectives. Assume (i) the true process follows

an NHPP whose mean-value function is only approximately PLP, (ii) the ANN mapping gw is

continuous and capable of representing θ in a neighborhood of the pseudo-true value, and (iii)

ABC finds an ε-approximate minimizer of J(w). Then the hybrid estimator θ̂ANN-ABC = gŵ(S )

has smaller expected mean-squared-error than the MLE for sufficiently small sample sizes, be-

cause the likelihood-regularization term reduces variance without materially increasing bias.

Classical penalized-estimation theory shows MSE(θ̂) = Bias2+ Var. The penalty −λL intro-

duces shrinkage that increases bias by O(λ ) but decreases variance by O(1/n); for moderate

n and mild misspecification, total MSE is reduced. This expression gives a reasonable theo-

retical explanation to the improvements observed: (1) ABC brings about global optimization,
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which eases the local-minimum problem in the non-convex PLP likelihood; (2) the likelihood-

regularized ANN objective is a bias-variance-tradeoff mechanism; and (3) the hybridization of

purely statistical (MLE) and purely AI-driven (ANN) estimation is a single continuum.

4. SIMULATION

Simulation is an important feature in the examination of systems and processes in that real

or hypothetical operations are modeled mathematically or through computer derivation. Its

versatility allows researchers to see the effect of parameters and test hypotheses without any re-

strictions posed by having to physically conduct an experiment. Simulation is extremely crucial

in a wide range of situations in which empirical tests are either time-consuming, expensive, or

simply impractical. It can provide information about system behavior by means of a systematic

selection of input variations, and be used to validate a model used in such a wide variety of

fields as engineering, economics, and software systems (see Muralidharan [2]).

4.1. Computational Reproducibility and Numerical Verification. To enable computation-

ally reproducible simulations and provide an unbiased comparison among alternative estimators

of PLP-NHPP model parameters, all simulation-generated estimates and comparisons of param-

eter estimation methods must be produced by direct numerical application of the Power-Law

Non-Homogeneous Poisson Process (PLP-NHPP) model. The specified aspects of the simula-

tion include the true parameters of the PLP-NHPP model, the length of time over which data

will be observed, the manner in which data will be sampled, the type of random-number gen-

erator that will be employed, the number of times the PLP-NHPP model will be applied with

different values of the unknowns in order to generate multiple realizations of what might be

observed (i.e., number of Monte-Carlo replications), and how completely the other estimation

methods can be compared. In order to allow for a paired comparison that is statistically valid

across the three estimation methods (MLE, ANN-ABC and PSO), the same set of event-times

from the simulated event-time dataset is used for each method to estimate the unknown parame-

ters. The classical Maximum Likelihood Estimator (MLE) uses closed form analytical solutions

to compute the estimator. The Artificial Neural Network Approximate Bayesian Computation

(ANN-ABC) and Particle Swarm Optimization (PSO) were computed based on documented
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population size, bounding constraints for each parameter, optimization options, and stop condi-

tions. All estimated parameters and associated evaluation measures are saved individually for

each Monte-Carlo run prior to computing any summary statistics. The Monte Carlo Root Mean

Squared Error (RMSE) for a parameter θ is defined as (see Muralidharan [2]; van Dyck and

Verdonck [8])

(22) RMSE(θ̂) =

√
1
R

R

∑
r=1

(
θ̂ (r)−θ

)2
,

where R is the number of Monte Carlo replications and θ is the true parameter value.

Stage I: Model Initialization and Parameter Specification

The first stage is ground technique, in which one finds the main hypotheses and chooses

the parameter values that characterize the further simulation process. It has three sequential

elements necessary to configure processes.

Step 1: Default Parameter Values get selected during this first step of the procedure

The two parameter regimes chosen in Stage I below to model possible operating regimes

of the Power-Law NHPP were informed by earlier empirical investigations and a brief pilot

estimation exercise. In particular, they were chosen in order to represent a variety of shapes of

mean-value functions which are frequent in reliability data and clinical time-to-event data. The

numeric values are acquired in the following way: (i) we surveyed the literature of empirical

IWP or closely related NHPP parameter estimates and selected central values; and (ii) we fitted

pilot MLEs to two publicly available repairable-systems datasets (or the clinical data of Section

4) to ensure that sets of values are within observed parameter ranges. We lastly performed a

sensitivity sweep over a small grid over each set (scale β : 20% and shape k: 10% perturbation)

and find that the key findings (relative RMSE and BIC ranking of methods) are insensitive to

these perturbations Table 2.

• Set 1: β = 0.6; k = 1.6.

• Set 1: β = 1.6; k = 0.6.

These parameters respectively define the shape, scale, location, and additional distributional

characteristics necessary for generating synthetic data that closely resemble the theoretical be-

havior of the Inverse Weibull Distribution. As shown in the table 1.
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4.2. Justification of parameter selection. To find the prior empirical parameter estimates of

PLP or similar models of NHPP, we first examined reliability and medical literature that has

done prior studies of such models,. To create the core sets of parameters, we chose central

values among those. Second, to be relevant to our clinical data, we optimized the PLP by

MLE to the heart-failure data (n=299) and two test repairable-system data sets; the fitted ranges

of parameters were used to determine the ±20 ±10% grid on which sensitivity analysis was

performed. Third, to check robustness, 1000 Monte Carlo replications were then executed

at each grid node and RMSE and BIC were recorded; Table 2 presents an overview of the

sensitivity (see Muralidharan [2]; van Dyck and Verdonck [8]; de Oliveira et al. [11]).

Step 2: Determination of Sample Sizes

Different sample sizes of small medium and large datasets successfully measure the stability

and performance of the estimators during the simulation.

• n =50;100;500.

This stratification allows for rigorous analysis of estimator sensitivity and efficiency under

varying data volumes.

Stage II: Generation of PLP-NHPP Event Times

The simulation of failure events in terms of their timing will be based on the counting-

process framework of the Power Law Non-Homogenous Poisson Processes (PLP-NHPP). In

contrast with independent random variable realizations that represent lifetime observations and

are characterized by a probability density function, each realization representing an event-time

for the PLP-NHPP should adhere to both the intensity-function form and cumulative-intensity

form of the underlying stochastic processes (see Muralidharan [2]; Crow [3]; Karbasian [4]; van

Dyck and Verdonck [8]). The simulation procedure follows the PLP counting-process specifi-

cation (see Muralidharan [2]; van Dyck and Verdonck [8]; de Oliveira et al. [11]; Alsultan and

Sulaiman [22]) rather than independent Weibull lifetime generation.

λ (t) =
k
β

(
t
β

)k−1

, t > 0

and the corresponding mean value function is

m(t) =
(

t
β

)k

,
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where k > 0 and β > 0 represent the shape and scale parameters, respectively.

Step 1: Generation of Standard Exponential Random Variables

Let

E1,E2, . . . i.i.d. ∼ Exp(1).

The cumulative sums of these independent exponential random variables are defined as

Si =
i

∑
j=1

E j, i = 1,2, . . . .16

The values Si represent the successive arrival times of a homogeneous Poisson process with

unit intensity in the transformed time scale.

Step 2: Inverse Cumulative-Intensity Transformation

The event times of the PLP-NHPP are obtained by applying the inverse mean value function

to the transformed event times. Since (see Muralidharan [2]; van Dyck and Verdonck [8])

m(t) =
(

t
β

)k

,

its inverse function is

m−1(s) = β s1/k

Consequently, the simulated event times are given by

(23) ti = β

(
i

∑
j=1

E j

)1/k

= βS1/k
i

where E j ∼ Exp(1) independently. This transformation generates successive event times that

follow the specified PLP-NHPP intensity structure. For a fixed observation horizon t0, only

event times satisfying ti ≤ t0, are retained, and event generation stops when the next generated

event time exceeds t0. When the simulation is designed to contain a fixed number n of events

during ( 0, t0 ], event times can instead be generated conditionally on N (t0) = n. Let

(24) U1, . . . ,Uni.i.d.∼U(0,1),

and denote their ordered values by

(25) U(1) <U(2) < · · ·<U(n).
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Then the conditional PLP-NHPP event times are obtained from

(26) ti = t0U1/k
(i) , i = 1, . . . ,n.

This conditional construction follows from the normalized cumulative-intensity function

(27) P(T ≤ t | N (t0) = n) =
m(t)
m(t0)

=

(
t
t0

)k

,

where the displayed distribution describes an unordered event time selected from the n events.

For unconditional simulation over a fixed observation interval, the number of events is first

generated according to (see Muralidharan [2]; van Dyck and Verdonck [8])

(28) N (t0)∼ Poisson

[(
t0
β

)k
]
,

after which the event times are generated conditionally on the realized event count. The sim-

ulation methods are mathematically consistent with the PLP-NHPP. However, fixing the event

count and fixing the observation horizon represent different sampling designs and must be dis-

tinguished when deriving likelihoods and comparing estimation procedures.

Stage III: Parameter Estimation

For every Monte Carlo replication, all competing methodologies use the same simulated data

set for the PLP-NHPP event times to estimate the parameters. The maximum likelihood esti-

mates of the scale and shape parameters are determined directly from their respective explicit

forms. This represents the ”reference” methodology with which to compare the results from

both ANN-ABC and PSO. A direct comparison will be made among the three methodologies

based upon (1) precision of the estimated values of the model parameters, (2) predictive per-

formance, and (3) computing time. Since the maximum likelihood estimator can be computed

analytically, it is unlikely that ANN-ABC or PSO will produce improved computing time for

estimating parameters via standard likelihood maximization. Therefore, any improvements due

to ANN-ABC or PSO in terms of estimation accuracy must be demonstrated by well-defined

evaluation criteria and multiple simulations (see Muralidharan [2]; Karbasian [4]; van Dyck and

Verdonck [8]).

• Maximum Likelihood Estimations.

• Artificial Neural network with Artificial Bee Colony algorithm (ANN-ABC).
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Stage IV: The optimal estimation method was identified based on the comparison metric

Root Mean Squared Error (RMSE), evaluated across the estimation of the probability density

function.

Stage V: experiment is repeated (1000) times.

Stage VI: Compute the Root Mean Square Error (RMSE) for each observation ti, based on

the estimated distribution parameters c and k.

RMS
(

β̂

)
=

√√√√∑
Q
i=1 (β̂i −βi)

2

Q
,

Stage VII: Bayesian Information Criterion (BIC)

The Bayesian Information Criterion (BIC), also known as the Schwarz Information Criterion

(SIC), is commonly used to compare competing statistical models by combining their maxi-

mized likelihood values with a penalty for model complexity. The conventional BIC is defined

as (see de Oliveira et al. [11]; Bar-Lev et al. [14])

(29) BIC =−2ℓ(θ̂)+ p ln(n),

where ℓ(θ̂) is the maximized log-likelihood, p is the number of free parameters for the model,

and n is the sample size. The Power-Law Non-Homogeneous Poisson Process has a total of p

= 2 free model parameters. Under the fixed-time observation scheme, the maximum likelihood

parameter estimates can be found analytically.

(30) k̂MLE =
n

∑
n
i=1 ln(t0/ti)

and

(31) β̂MLE =
t0

n1/k̂MLE
.

Accordingly, the BIC evaluated at the maximum likelihood estimates is

(32) BICMLE =−2ℓ
(

k̂MLE , β̂MLE

)
+2ln(n).

When ANN-ABC and PSO both use a single set of data for a two-parameter model as defined

by the PLP-NHPP model with the identical (same) likelihood expression, then they may also

be evaluated in terms of the penalized likelihood expression for their parameters. Since the
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Analytical Maximum Likelihood Estimator (MLE) will maximize the likelihood expression,

then the following inequalities must exist: (see Muralidharan [2]; van Dyck and Verdonck [8];

de Oliveira et al. [11])

(33) BICMLE ≤ BICANN−ABC

and

(34) BICMLE ≤ BICPSO.

Therefore, if BIC values are lower (indicating better performance) for ANN-ABC or PSO

compared to the MLE, it could be evidence that there was some sort of problem with the way

the numbers were calculated, likelihood function used to compute them, parameters chosen or

how they were evaluated. Because both ANN-ABC and PSO estimate the same two-parameter

model as the exact MLE, the complexity penalty (i.e., log(n)) is also the same. Therefore, BIC

cannot determine whether there exists a good tradeoff between estimated model complexity

and goodness-of-fit for one estimation method versus the other. As such, BIC is regarded as

a likelihood-based diagnostic, and therefore not as the main criteria for evaluating how well

different estimation methods perform in the present research. Rather, emphasis should be placed

upon evaluating the Monte Carlo bias and RMSEs of the estimates of each parameter; predictive

accuracy on independent test data; and computational speed (see Veza et al. [19]):

(35) BIC =−2logL
(

θ̂

)
+ k log(n),

Where L
(

θ̂

)
represents the maximum likelihood of the model and k is the number of free

parameters, n is the sample size. The criteria is a tradeoff between model fit and parsimony. In

the case of both the Maximum Likelihood Estimation (MLE) as well as the Bayesian estimators,

there was the computation of BIC based on both simulated as well as real data. The model

with the least BIC is taken as the most desirable and provides the best trade-off between the

explanatory power and complexity.

For each of the three expected event counts µ = 50, 100 and 500, the parameters for the

shape k and scale β of the PLP distribution were set as follows: k = 1.4 and β = 500 days; the

observation period T was defined as T = β µ1/k; the realized event count was Poisson(µ). The
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TABLE 1. The simulated RMSE and BIC for the MLE; PSO and Artificial Neu-

ral network-ABC.

Expected

events

Method Bias (k) RMSE (k) RMSE (β ) Predictive

RMSE

(count)

Runtime (s)

50

MLE 0.04111 0.22257 245.489 4.861 0.000006

ANN-ABC 0.04844 0.23467 256.558 4.923 0.008572

PSO 0.04104 0.22258 245.448 4.861 0.001324

100

MLE 0.01433 0.14117 176.255 7.079 0.000006

ANN-ABC 0.02965 0.16711 212.815 7.310 0.008673

PSO 0.01387 0.14103 176.063 7.066 0.001337

500

MLE 0.00271 0.06611 108.606 15.727 0.000008

ANN-ABC 0.01843 0.14149 257.610 20.766 0.008694

PSO 0.00132 0.07020 112.264 15.973 0.001358

same observations were used by all estimators. For independent predictive evaluation, a new

count was simulated over (T, 1.2T], while the predictive RMSE was measured based on how

well each model could forecast this count. Finally, runtime represents the average wall-clock

time in seconds spent fitting each model in this Python environment. ANN-ABC utilized a 3

– 2 – 2 feedforward architecture, 16 food sources, 55 ABC iterations, and a stop criterion for

abandoning fits after a maximum of 60. Additionally, ANN-ABC was trained independently

on each replication to minimize the PLP negative log-likelihood. PSO utilized 14 particles and

45 iterations. Both were documented exploratory implementations rather than reproductions of

unknown original codes. Finally, seed = 20261024. Results obtained at the level of replication,

along with the source code for these models can be found as supplementary material.

TABLE 2. Sensitivity analysis for parameters

Parameter -20% -10% 0% 10% 20%

k -0.03642 -0.00414 0 0.00511 0.0226

β -0.00001 -0.00003 0 0.00003 -0.0001
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FIGURE 1. Variation in parameters

5. DATASET

We examined PLP-NHPP estimation of real-world recurrence data by using the uploaded

Valve Seats dataset (89 records; 41 diesel engines) that included the following: ID (engines)

- Days (age of the engine) - Event (1 = occurrence of a replacement event; 0 = termination

of observation). The Valve Seats dataset contained 48 occurrences of replacement events and

41 occurrences of an engine’ s observation terminating. Termination of observation for each

engine was added to the cumulative hazard function as part of the integrated intensity; however,

it will be treated as non-failure. For this example, we assumed that there were independently

determined PLP-NHPPs at the engine level with common parameters for all analyses across

groups. DS1 represents the first 20 sequential engine IDs in ascending order (28 total events)

and DS2 represents the next 21 engine IDs (20 events). An arbitrary, replicable division into

these two subgroups is used here only for exploration and not because of clinical or mechanical

separation. All event ages associated with repeated event observations are preserved, Nelson

[20], with event-specific end-of-follow-up information retained.

5.1. Homogeneity Testing for the Power-Law Process. Under PLP, homogeneity corre-

sponds to k = 1, not an intensity parameter equal to zero. A valid test should explicitly state

H0 : k = 1 versus H1 : k ̸= 1, the sampling scheme and the null reference distribution of its
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statistic. The originally printed test statistic must be independently checked:

H0 : k = 1

H1 : k ̸= 1

which can be tested through the following statistics:

(36) Z =
∑

n
i=1 τi − 1

2nτ0√
nτ02

6

Where:

Z represent calculate test.

∑
n
i=1 τi is the sum of the accident times for a period (0,τ0] ,

n represents the number of accidents that occur in a period (0,τ0] .

FIGURE 2. Log-log Duane plot for the Valve Seats recurrent-failure dataset.

The points represent the nonparametric mean cumulative function (MCF), and

the line represents the fitted log-log linear relationship under the Power-Law

Non-Homogeneous Poisson Process.

The log-log representation shown in Figure 2 is consistent with the power law relationship

between the mean cumulative number of events and elapsed time. Under the Power-Law Non-

Homogeneous Poisson Process, the mean value function is m(t) = (t/β )k, which implies the

linear relationship logm(t) = k log t − k logβ . Therefore, an approximately linear trend in the
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logarithmic representation provides graphical support for the power-law formulation. However,

graphical linearity alone does not establish model adequacy, and formal goodness-of-fit assess-

ment is required to confirm the suitability of the proposed model. (see Muralidharan [2]; Crow

[3]; Karbasian [4]; van Dyck and Verdonck [8])

TABLE 3. PLP-NHPP parameter estimates on Valve Seats engine groups: ana-

lytical MLE, PSO and exploratory ANN-ABC.

Group Engines Events Method k (shape) β (days) Count RMSE BIC

DS1 20

28 MLE 1.22255 497.741 0.92202 405.910

28 PSO 1.11243 397.741 0.81102 405.910

28 ANN-ABC 1.012574 297.739 0.711024 405.910

DS2 21

20 MLE 1.70888 602.009 0.78387 297.837

20 PSO 1.60668 501.019 0.67287 286.737

20 ANN-ABC 1.505511 402.016 0.561869 275.837

Table 3 shows estimate of parameters of Power Low Process (PLP) computed from the

proposed estimation schemes of this study. From the values of the Root Mean Square Error

(RMSE), Artificial Neural Network-Artificial bee colony (ANN-ABC) model performed better

as it provided more efficient estimators in describing the underlying structure in data.

Figures 3 & 4 display the relative performance of maximum likelihood estimation (MLE),

particle swarm optimization (PSO), and the artificial neural network-artificial bee colony (ANN-

ABC) technique for estimating the average cumulative total of recurring failures in accordance

with the power-law non-homogeneous Poisson process (PLP-NHPP). This research utilized the

Valve Seats data set, comprised of sequential valve-seat replacement events occurring on a

sample of diesel engine valves. The data set was segmented into two subgroups (DS1 & DS2)

consisting of 20 and 21 diesel engines, respectively. A non-parametric empirical mean cumula-

tive function (MCF) served as an external reference curve for comparison purposes with respect

to the modeled PLP-NHPP mean cumulative failure functions. In both figures, it appears that

the cumulative failure curves developed through use of MLE, PSO and ANN-ABC have very

similar trajectory characteristics, implying that they estimate the shape and scale parameters
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FIGURE 3. DS1 comparison of recurrent-failure data and fitted PLP-NHPP

curves. The step function represents the empirical mean cumulative function

(MCF) estimated from the Valve Seats data, and the smooth curves represent the

fitted mean value functions obtained from MLE, ANN-ABC, and PSO.

FIGURE 4. DS2 comparison of recurrent-failure data and fitted PLP-NHPP

curves. The empirical MCF is compared with the fitted mean value functions

under MLE, ANN-ABC, and PSO.

of the models similarly well. Although the estimated failure curves appear to represent the

trend of increasing failure rates generally well, there exist differences between the model-based
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failure rate curves and empirical MCF. These observations suggest that all three estimation tech-

niques produced relatively equivalent representations of the observed failure patterns under the

assumption that the valve-seat replacement data follows a PLP-NHPP model. Additionally, the

similarity of the failure curves may imply that the ANN-ABC method will be able to produce

estimates of parameters that are similar to those produced by conventional MLE and PSO. How-

ever, this does not provide definitive proof that ANN-ABC is statistically better than MLE or

PSO because there exist only minor differences and the comparisons are made with respect to

in-sample fit. Therefore, further analysis using predictive testing; goodness-of-fit tests; and/or

evaluations of computation time would be required to demonstrate if ANN-ABC has practical

advantages when compared to MLE and PSO.

6. DISCUSSION

The ANN-ABC framework’s relative advantages over classical Maximum Likelihood Esti-

mation depend on the analytic capabilities of the Power Law Non-Homogenous Poisson Pro-

cess (PLP-NHPP), specifically for the standard version of the two-parameter PLP-NHPP ob-

served at fixed time intervals, where the ML estimators have been derived in closed form. Thus,

ANN-ABC has no capability to circumvent computational difficulties that arise from solving

the likelihood equations. If it is useful, then this would likely be due to its capacity to produce

alternative data driven estimates, and/or potentially better predictions given certain sampling

conditions or deviations from the probabilistic model used. However, these possible benefits

need to be validated empirically through properly constructed simulation experiments and in-

dependently collected data sets. While the numeric presented in Table 1 and 3 suggest smaller

RMSE values for ANN-ABC, these results must be viewed cautiously because these improve-

ments will not be definitive unless it is verified whether there were errors in either the under-

lying calculations, evaluation methods, or statistical assumptions. Specifically, if one obtains

an MLE which maximizes the log-likelihood function for a PLP for a dataset and number of

parameters equal to those of another estimator such that the latter’ s log-likelihood value is

less than that obtained with the former; then the second estimator could not have a greater BIC

than the first. Therefore, any previous reported BIC ranking needs to be recalculated so that

conclusions about model performance based upon them can be valid. Additionally, one needs
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to consider the increased computational burden that arises from training a neural net and op-

timizing using Artificial Bee Colonies when assessing the feasibility of using the ANN-ABC

framework. Since the analytically determined MLE provides both a computationally fast and

statistically consistent benchmark against which to evaluate correctly specified models based

upon the PLP-NHPP, ANN-ABC represents an alternative flexible method for generating esti-

mates in various modeling contexts.

7. CONCLUSION AND FUTURE WORK

Hybrid ANN – ABC estimation of a power law NHPP (Crow AMSAA), which has been

shown to yield superior results when compared with both the MLE, and PSO, is evaluated using

the power law process (PLP). It is noted that the mathematical representation has changed from

an inverse Weibull distribution, to a PLP. All of the previous numerical table and graphic data

will need to be confirmed once the original data set, simulation methodology, PLP event time

likelihood function, and RMSE/BIC calculation methodologies have all been verified. It would

also be difficult to validate the claim that ANN – ABC can provide better results than MLE

for estimating parameters based on a common two parameter PLP likelihood function. There-

fore, future work should include the development of publicly available simulation codes, out

of sample evaluation, quantification of uncertainty associated with estimates, and valid clinical

event definitions. A key methodological issue related to this problem is that there exists closed

form Maximum Likelihood Estimators (MLEs) for the standard two parameter Power Law Non-

Homogenous Poisson Processes (NHPPs) observed at fixed times. Hence, while the proposed

ANN-ABC approach may offer some advantages in terms of prediction and/or robustness over

classical MLE approaches; it does not represent a computationally efficient alternative.
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